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by
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DOCTORATE IN COMPUTATIONAL NEUROSCIENCE

ABSTRACT

The brain is composed of interconnected cortical areas that dynamically coordinate to
support conscious functioning. Consciousness is reliably disrupted by general anesthetics,
providing a means through which the signatures of consciousness can be identified by
contrasting across states. We leveraged dynamical systems theory to explore changes in
neural dynamics between consciousness and anesthetic-induced unconsciousness. We focused
on two fundamental dynamical systems properties: dynamic stability , the robustness of
dynamics to perturbation, and control , how inputs can be coordinated with system dynamics
to steer behavior. To evaluate these phenomena, we developed and applied two complementary
methodologies. First, Delayed Linear Analysis for Stability Estimation (DeLASE) infers
dynamic stability from delay-embedded neural recordings. We applied DeLASE to local
field potentials (LFPs) recorded from non-human primates during propofol infusion and
found that propofol anesthesia destabilized cortical dynamics relative to the awake state.
This destabilization generalized to recordings under anesthetics with distinct molecular
mechanisms (ketamine and dexmedetomidine), suggesting a shared dynamical signature of
anesthetic-induced unconsciousness. Second, we constructed JacobianODE, a deep learning
framework that estimates the time-varying Jacobian of nonlinear dynamics from data, and
used it to characterize how subsystems within a complex network control one another. We
applied this control-theoretic analysis to the same multi-area cortical recordings during
propofol anesthesia. We found a broad disruption of intracortical control, both in terms of
how easily brain areas could drive each other toward novel states, and how well they could
control each other to produce reliable dynamics. Together, these contributions offer rigorous,
data-driven tools for probing stability and control in neural dynamics. More broadly, they
frame anesthetic-induced unconsciousness as a joint breakdown of the stability and directional
control required for consciousness.
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Introduction

“Consciousness is everything you experience. It is the tune stuck in your head, the
sweetness of chocolate mousse, the throbbing pain of a toothache, the fierce love
for your child and the bitter knowledge that eventually all feelings will end.”
– Christof Koch1

To understand consciousness is to understand the full range of humanity, all of the beauty, pain
and mundanity that humans are capable of experiencing. However, this vast, all-encompassing
nature of consciousness means that understanding its origins is an extraordinarily challenging
problem.2–4 Accordingly, the pursuit to understand consciousness has vexed philosophers (and
much more recently, psychologists and neuroscientists) since at least the time of ancient Greece
and the late Vedic period.5–10 The problem can broadly be separated into understanding
two kinds of consciousness: “access consciousness” (the availability of information for use),
and “phenomenal consciousness” (experience itself),11,12 though even this distinction is not
without controversy.13 Much deep thought has gone into creating theories of consciousness
capable of capturing even a small part of its manifold complexities.14–24

In this thesis, I do not present a theory of consciousness. Instead, I aim to rest on the
shoulders of mathematical giants, and leverage the ensuing tools to characterize what changes
in the brain between consciousness and unconsciousness. Thus the approach in this thesis
might be best described as a data-driven approach to understanding consciousness.

The brain is a complex system that changes over time. As such, it is subject to the laws of
dynamical systems theory, which captures and characterizes how systems change over time.25

Having existed for centuries, dynamical systems theory has developed a rich and rigorous
foundation in which to situate an understanding of the world. The theory has been applied
across a huge range of systems, including a long history of use in neuroscience.26–36

We will focus on two essential concepts in dynamical systems theory: dynamic stability
(henceforth, stability) and control. Stability is the robustness of a system to perturbations.
Control is the ability of one system to influence the behavior of another system. The two
are naturally interrelated, and together constitute a useful toolset for characterizing neural
dynamics.

Consciousness rests on the interplay of reliability and flexibility. We are extraordinarily
consistent in our cognitive computations (e.g., we would never mistake the coffee mug on our
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desk for anything else), and yet remarkably flexible (e.g., we can generate pieces of music
that have never been heard before). Our brains are stable enough that we can control our
attention, focus, respond, and act appropriately, and yet unstable enough that we can drive
ourselves to think differently, to reappraise, to be creative, and to imagine. These dynamic
attributes are exactly what is captured by the mathematical tools of stability and control.

Armed with this mathematical toolset, we approach an understanding of consciousness by
performing a data-driven analysis of neural dynamics. We constructed rigorous approaches for
characterizing dynamical features of neural data, we validated our approaches on simulated
data, and finally we applied them to neural data and interpret the results.

Crucially, we investigated these dynamical systems concepts in the context of anesthetic-
induced unconsciousness. Anesthesia enables the induction of a transition from consciousness
to unconsciousness and its reversal, providing a rich setting in which to study changes in
neural dynamics. We furthermore studied the universal impacts of three different unconscious-
rendering anesthetics: propofol, ketamine, and dexmedetomidine. Our goal is to understand
the dynamical mechanisms through which unconsciousness is induced by anesthesia. Through
an understanding of how consciousness is disrupted, we seek to gain insight into the neural
signatures of consciousness itself.

We found that dynamic stability decreased during propofol, ketamine and dexmedetomidine.
We furthermore found that the capacity for interareal control decreased during propofol. This
was true both when considering the ability of areas to control each other to produce reliable
dynamics, and how well they could drive each other to reach novel states.

A complete and formal understanding of consciousness is currently out of reach. My hope is
simply that by leveraging what little certainty can be gained through the elegance of mathe-
matical formalism, consciousness, and by extension ourselves, may become infinitesimally
less mysterious.

Organization of the thesis

This thesis is divided into four chapters. In Chapter 1, we introduce a rigorous approach,
Delayed Linear Analysis for Stability Estimation (DeLASE), for measuring dynamic stability
in partially observed high-dimensional nonlinear systems. We applied DeLASE to neural
activity from two non-human primates before, during, and after induction into unconsciousness
by propofol anesthesia. We found that neural dynamics were destabilized relative to the awake
state, and that this destabilization was evident in neural responses to sensory stimuli. This
chapter is derived from Eisen & Kozachkov [37], which was published in Neuron in 2024. In
Chapter 2, we extend this analysis to include neural data from ketamine and dexmedetomidine
in addition to propofol. We found that neural dynamics were destabilized relative to the
awake state in all three anesthetics, pointing to a shared signature of unconsciousness. This
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chapter is derived from Eisen et al. [38], which was published in Cell Reports in 2026. In
Chapter 3, we develop a nonlinear control theoretic framework for pairwise characterization
of control between interacting subsystems, and a deep learning framework for learning the
Jacobian of dynamical systems from data. We validated it on high-dimensional chaotic
systems, and then used it to evaluate interareal control in a task-trained recurrent neural
network. This chapter is derived from Eisen et al. [39], which was published as a spotlight
paper at NeurIPS in 2025. Finally, in Chapter 4, we apply the JacobianODE framework to
evaluate interareal control in neural data from propofol anesthesia. We found that anesthesia
decreased the ability of areas to control each other, both in terms of driving towards novel
states and stabilizing along existing trajectories. This chapter is derived from Eisen et al.
[40], which is available as a preprint on bioRxiv as of 2026.
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1.1 Abstract

Every day, hundreds of thousands of people undergo general anesthesia. One hypothesis is
that anesthesia disrupts dynamic stability, the ability of the brain to balance excitability
with the need to be stable and controllable. To test this hypothesis, we developed a method
for quantifying changes in population-level dynamic stability in complex systems, Delayed
Linear Analysis for Stability Estimation (DeLASE). Propofol was used to transition animals
between the awake state and anesthetized unconsciousness. DeLASE was applied to macaque
cortex local field potentials (LFPs). We found that neural dynamics were more unstable
in unconsciousness compared to the awake state. Cortical trajectories mirrored predictions
from destabilized linear systems. We mimicked the effect of propofol in simulated neural
networks by increasing inhibitory tone. This in turn destabilized the networks, as observed
in the neural data. Our results suggest that anesthesia disrupts dynamical stability that is
required for consciousness.

1.2 Introduction

The pharmacological action and neurophysiological response of propofol is well understood, but
how it renders unconsciousness is not. Propofol boosts inhibition through GABAA receptors
and significantly alters cortical dynamics.41–46 This could disrupt the cortical communication
on which consciousness depends,41,42,47 but the exact link to theories of consciousness is not
clear. Many theories of consciousness have focused on the representation and network structure
involved in integrating information or linking together cortical representations.14,15,17–20,48 For
example, one prominent theory of consciousness posits that awareness follows from an “ignition”
that produces widespread cortical spiking much like a few claps can lead to a whole audience
applauding.16,48,49 However, overly excitable and unstable states are uncontrollable, indicative
of pathological conditions.50,51 Thus, we hypothesize that a key factor in consciousness is
dynamic stability . Brain states should be sufficiently excitable for generation of widespread
activity and information integration. But they also need to be controllable and stable, reliably
producing the same computations.36,52–55

Stability has long been known to be critical for brain function but early computational work
investigated it in the context of convergence to a single state, involving a kind of “freezing”
of neural activity.56–58 However, normal neural activity is rarely so stationary; rather it
constantly evolves through dynamic trajectories.34,59 Thus, stability, and hence consciousness,
needs to be understood in terms of a dynamic brain.36,54 Here, we approach the analysis
of anesthetic unconsciousness through the lens of dynamic stability (henceforth stability)
(Figure 1.1A), a fundamental concept in dynamical systems theory and control. Essentially,
dynamic stability is a measure of the robustness of a dynamical system. The system needs to
be able to recover from disturbances (e.g., distractions, random fluctuations in activity) to
its normal state.
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A B Hypotheses

Hypothesis H1: Unconscious states are more 
unstable than awake states

Hypothesis H2: Awake states are more 
unstable than unconscious states

Null hypothesis: no significant differences in stability 
between awake and unconscious states

Stability in Dynamics Instability in Dynamics

Initial Condition A

Initial Condition B

Initial Condition A

Initial Condition B

C

Figure 1.1: Introduction: stability and instability, and hypothesis candidates. (A) (left, top)
Depiction of stability in dynamics: starting from two distinct initial conditions, system trajectories converge.
(left, bottom) Diagram of a stable system—a pendulum with friction—that will converge to the bottom
position regardless of the starting point. (right, top) Depiction of instability in dynamics: starting from
two similar initial conditions, system trajectories diverge to distinct paths. (right, bottom) Cartoon of an
unstable system—the weather—where a small perturbation, like a butterfly’s wings flapping, may cause a
large-scale change such as a tornado.60 (B) Three hypotheses regarding the impact of propofol anesthesia on
neural dynamics: dynamics can be more unstable, more stable, or show no significant change compared to
awake dynamics. (C) Sample neural data from the propofol dataset: (top row) LFPs during the awake (left)
and unconscious (right) states. (bottom row) Spike rasters during awake (left) and unconscious (right) states.
In the awake state, LFP signals are lower amplitude with higher frequency activity, and spiking is consistent
without coordinated bursting. In the unconscious state, LFP signals display low-frequency, hypothesized to
underlie loss of consciousness.41,42 Spiking during the unconscious state shows up-state/down-state bursting
patterns.
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Previous work on cortical stability during anesthesia has produced contradictory results,
suggesting that anesthesia either destabilizes61,62 or excessively stabilizes63–65 neural dynamics
(Figure 1.1B). This could be due to a paucity of studies using high-density intracortical
electrophysiology and the inability to therefore apply sufficiently rich dynamical tools to assess
stability. Thus, we used a dataset of local field potential (LFP) recordings with hundreds of
electrodes from multiple brain regions in two non-human primates (NHPs, specifically adult
rhesus macaque monkeys) as they lost and regained consciousness due to propofol anesthesia
(Figure 1.1C).

We introduce a new approach - Delayed Linear Analysis for Stability Estimation (DeLASE).
DeLASE directly quantifies changes in stability in neural data. We show that this method
produces high-quality models of nonlinear circuit dynamics while maintaining the simplicity
and tractability of a linear dynamical system. We validated the model’s estimates of changes
in dynamic stability in systems for which the ground truth stability is known. We found that
propofol-induced unconsciousness is associated with destabilized neural dynamics.

1.3 Results

1.3.1 Dynamical systems approach: DeLASE method

There are three major challenges to a dynamical systems analysis of neural data.

a) Partial observation: Neural dynamics are high-dimensional. Any one sample of
neural data can only hope to capture a few of the dimensions of the overall system.
This means we are restricted to partial observation.

b) High-dimensionality: These partial observations are nonetheless high-dimensional.
Electrophysiology can employ hundreds of electrodes and a high LFP sampling rate.
This generates thousands of neural data points every second. Therefore, analysis of
neural dynamics requires a computationally efficient model-fitting procedure to handle
vast amounts of data.

c) Nonlinearity: Neural dynamics are highly nonlinear. Nonlinear models are computa-
tionally intensive. Any model must be optimized for computational tractability while
still capturing nonlinear dynamics.

In this section, we propose a new method that leverages advances in data-driven dynamical
systems analysis with strong theoretical guarantees to solve each of these challenges.
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Partial observations

Takens’ Delay Embedding Theorem is a powerful result from dynamical systems theory
which shows how the full attractor of a dynamical system can be reconstructed from partial
observation of data by appending lagged copies of the subset of observed variables onto the
existing measurements.66 In other words, remarkably, it is possible to trade time (multiple time
observations of a subset of variables) for space (the full attractor of the system) to characterize
a nonlinear dynamical system. As an example of this delay embedding principle,67–78 the
famous “butterfly attractor”60 of the three-dimensional Lorenz system can be reconstructed
from observing a single dimension over the full time period (Figure 1.2A). The key takeaway
is that information is gained through considering the trajectory history of a system, in
conjunction with its current state. As we hope to convey in this paper, this has tremendous
implications for neural data, which is likely capturing a very small fraction of the information
contained in the full neural system. Delay embeddings have been widely harnessed as a tool
for elucidating dynamical insights from partially-observed data,79–86 including examples in
the context of neural data.73,87–92

The trajectory history also enables reconstruction of the time-resolved dynamics from partial
observations.88,93–98 For instance, if we observe a snapshot of a pendulum’s position but
not its velocity (a partial observation), we cannot predict its next state (Figure 1.2B). By
including the position history, the upcoming dynamics of the pendulum become clear. We
harness the information provided by the trajectory history of neural data in a similar way to
predict future states.

High-dimensionality and nonlinearity

There are many efficient tools for accurate prediction of linear systems. However, neural and
neural circuit dynamics are highly nonlinear, and nonlinear prediction is often both challenging
and computationally expensive. Here we leverage a second deep insight from dynamical
systems, the Koopman operator theory, which shows that a nonlinear dynamical system
can be represented without approximation as an infinite dimensional linear system99–101

(Figure 1.2C). The major challenge in practically exploiting this theoretical insight is to
find large but finite-dimensional representations that allow the Koopman operator theory to
approximately hold.

Given that incorporating trajectory history through delay embedding reconstructs the under-
lying attractor from partial observation, we might surmise that the dimension-expansion from
delay embeddings constitutes a reasonable finite-dimensional representation in which the
Koopman theory approximately holds.67,68,72,73,102–104 An approach that exploits exactly this
insight is the Hankel Alternative View of Koopman (HAVOK),67 which uses a decorrelated
and low-rank representation of the delay embedding matrix (known as eigen-time-delay
coordinates) as an embedding space in which to estimate the Koopman operator. The
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stability in the system
at current time

impact of dynamics
1 time step back

impact of dynamics
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impact of dynamics
p time steps back

A B

C Nonlinear dynamics (difficult to estimate) Linear representation of nonlinear dynamics
(can be estimated with regression)

Trajectory history resolves partial observation (geometry)

?

?

Trajectory history resolves partial observation (dynamics)

D

E

Figure 1.2: DeLASE: measuring stability through linear delayed dynamical models. (A) Trajectory
history enables attractor reconstruction from partial observation. (left) With only a single observation of
the three-dimensional Lorenz system, it is not clear what the attractor geometry is. (right) However, by
performing a delay embedding, the famous butterfly attractor geometry can be reconstructed. We plot the
first two eigen-time-delay coordinates of the data, equivalent to performing principal component analysis
(PCA) whitening on the delay embedding matrix. (B) Trajectory history enables prediction in partially
observed systems. (left) With only the position of a pendulum, no prediction of future states can be made.
(right) The trajectory history illuminates the impact of the unobserved variable (the pendulum velocity)
on the observed variable (the position). (C) A cartoon depiction of the Koopman operator. A flow on a
nonlinear manifold can be expanded (in this case through time-delay embedding) into a high-dimensional
embedding in which there exists a linear representation for the dynamics. (D) Dynamical modeling of the
partially-observed second dimension of the nonlinear Van der Pol oscillator. The HAVOK model was able to
achieve a fully autonomous linear representation of the nonlinear oscillator. (E) A cartoon of the approach
for assessing stability from delay differential equations is illustrated. The impacts of modeled dynamics are
weighted based on how far back they are from the current state.

resulting decorrelated representation used to estimate the dynamics is relevant for neural
data, which can often be highly correlated. Under certain conditions, the HAVOK approach
has been shown to find an optimal finite-dimensional space for representing the Koopman
operator.68 HAVOK is a variant of Dynamic Mode Decomposition (DMD),105–107 an approach
to estimating the Koopman operator which has been explored in many varieties,102,105,108–117

including applications to neuroscience.73,115,117–121 To demonstrate the predictive power of
HAVOK models, we take a partial observation of the Van der Pol Oscillator (a two-dimensional
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nonlinear system).122 HAVOK models are able to autonomously reproduce this nonlinear
time series with purely linear dynamics (Figure 1.2D). By “autonomously reproduce”, we
mean that future predictions are generated by previous ones.

Therefore, we use HAVOK to construct efficient and accurate dynamical models of partially
observed neural circuits, resolving the challenges of high-dimensionality and nonlinearity.

Estimating stability from delayed dynamical systems models

We use the accurate dynamical models constructed with HAVOK to estimate the stability
of the observed dynamics. We rearrange the dynamics equation, shifting from a Koopman
representation in eigen-time-delay coordinates to a delay differential equation in the original
neural space. Delay differential equations make explicit the dependence of the future states
of the systems on past states. The stability of a system described by a delay differential
equation is determined by the roots of its corresponding characteristic equation.123

These roots, known as characteristic roots, are complex-valued numbers. The real part
corresponds to the (inverse) characteristic timescale at which the system will respond to
a perturbation along a particular direction. The sign in front of the timescale determines
whether the system will grow (a positive sign) or decay (a negative sign) in response to
a perturbation. For instance, a negative root of -100 s-1 will decay quickly in response to
perturbation (in this case, with a characteristic timescale of 0.01 s). A negative root of -10
s-1 is more unstable than a negative root of -100 s-1 , because the response will decay more
slowly–namely, with a timescale of 0.1 s. The imaginary part of the characteristic root is the
frequency of the perturbation response.

To numerically approximate a finite portion of the (infinitely-many) roots of a given delay
differential equation, we harness the TRACE-DDE algorithm.124 This algorithm broadly
estimates stability by discounting the impact of the previous time steps based on how far
back they are from the current time (Figure 1.2E).

DeLASE, our approach to directly estimating changes in stability in neural data, consists of
four primary steps:

1) Performing a grid search across key HAVOK hyperparameters (the size of the delay
embedding, the rank of the eigen-time-delay coordinates) to identify the optimal
parameters for all the dynamic states being compared.

2) Fitting HAVOK dynamical systems models to the data.

3) Using the TRACE-DDE algorithm to extract characteristic roots from the delay
differential equations representation of the models as an estimate of stability.

4) Compare the estimated stability from each of the dynamic states.
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1.3.2 DeLASE tracks changes in stability in simulated neural
networks from partial observations

To validate the DeLASE procedure, we attempted to accurately predict changes in stability
from partial observations of systems for which the ground truth stability is known.

We began by considering noise-driven linear dynamical systems of varying stability. We picked
10 different degrees of stability of such systems, all of which were close to the transition to
unstable dynamics (as awake and unconscious neural states are hypothesized to be).52,61,63,125

We altered the degree of stability by varying the maximum eigenvalue of the linear system
matrix. For the stability analysis, we randomly chose 10% of the dimensions of the system for
partial observation and fit HAVOK models. The correlation of the mean instability estimated
from DeLASE with the ground truth stability is 1 (Figure 1.3A).

To further validate the DeLASE procedure on more brain-like systems, we considered numerous
randomly connected recurrent neural networks (RNNs) with a gain parameter g. The gain
parameter scales the synaptic weights and induces a transition to chaos in these networks.27 We
ran DeLASE on a randomly chosen partial observation of approximately 1% of the dimensions
from each network. DeLASE predicted relative changes in the stability of RNNs with a
correlation of 0.993 (Figure 1.3B). For reference, we compare DeLASE to vector autoregression
(VAR), a simple linear dynamical systems model, which has been used previously to estimate
stability in neural data.63,64,126 Both methods perform somewhat comparably on stability
estimation where ground-truth is known (i.e., on simulated data). However, on actual neural
data, DeLASE consistently outperforms VAR on next time-step prediction. This is explained
in the following section.

1.3.3 Delayed linear dynamical systems models capture neural
dynamics

Good estimates of stability depend on good models of dynamics. In other words, if we are
to trust a statistical method for estimating dynamical variables from data via model fitting,
then that model should do a good job of predicting the future data. We chose HAVOK
models because they use a history of neural states to construct simpler linear dynamics from
a nonlinear system (like the brain). Our first step towards estimating changes in stability
in real neural data, therefore, was to confirm that HAVOK was a good model for capturing
neural dynamics.

We compared HAVOK to three other models. (1) A persistence baseline model. This model
predicts that the neural state at each time step will be identical to the previous time step. For
instance, given a time series with values: [1, 4, 5, 7], when predicting the second time-point
the persistence baseline is 1 and when predicting the third one, the persistence baseline is 4.
Better models of neural dynamics should thus be able to outperform the persistence baseline
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Figure 1.3: Validating DeLASE on simulated and empirical neural data. Data are represented as
mean ± SEM. (A) Linear systems. The x-axis and right y-axis show the maximal real part of the dynamics
matrix eigenvalues (orange line). The left y-axis displays instability estimated from DeLASE (black dotted
line), using the maximal 10% of the real parts of characteristic roots from delay differential equations analysis
(averaged over 10 simulations). DeLASE was fit to 10 out of 100 system dimensions and achieved a Pearson
correlation of 1. (B) RNN Models. (left) The x-axis is the gain parameter, which scales synaptic weights and
increases network instability. The right y-axis shows the maximum Lyapunov exponent (blue curve), averaged
over 10 simulations, determining stability. The full system state and dynamics are needed to compute this in
the standard approach we used.127 The left y-axis displays instability estimated from DeLASE (black dotted
line), with the same approach as (A). DeLASE was fit 10 out of 1024 system dimensions and achieved a
Pearson correlation of 0.993. (right) The VAR stability estimation approach is shown, fit to a large temporal
window and using the maximal 10% of real parts of eigenvalues. VAR was fit to 10 out of 1024 dimensions
and achieved a Pearson correlation of 0.714. Both methods struggle between synaptic gains of 1 and 1.2,
where networks transition from quasiperiodic to chaotic dynamics, which are difficult to distinguish.128 (C)
Comparison of different models’ one-step predictions on neural data (LFPs from four recorded areas, sampled
at 1 kHz). The persistence baseline, predicting the next state as identical to the previous one, is plotted as
the gray bar and dotted line. HAVOK models were the only ones to surpass this baseline in prediction tasks.
(D) Similar to (C), but using AIC, showing that HAVOK's superior performance was not due to having more
parameters than other models. See also Figure A.4.

model. (2) + (3) Two forms of vector autoregression (VAR) models, which were previously
used to study stability in propofol-induced unconsciousness.63,64 Here we use 1st-order VAR
(VAR(1)) models, which generate predictions for the next state using only the most recent
state - but also take into account the dynamics across the training set. One VAR model
(VAR-small) used 500 milliseconds of neural data for training, as in previous work.63 The
other VAR model (VAR-large) used a 15 second window. VAR-large was included because
we used 15 second windows for HAVOK. All models were tested on a window of data of
equal size to the training window, and temporally immediately following the training window.
HAVOK, in contrast to VAR, predicts future states by taking into account the history of
multiple preceding timesteps.
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We computed the mean-squared error (MSE) of one-step model predictions averaged over
all sessions (Figure 1.3C). The VAR-small models were significantly outperformed by the
persistence baseline models (p < 1e-6, one-sided Wilcoxon signed rank-test). The VAR-large
models achieved an MSE much closer to the persistence baseline but were still outperformed
(p < 1e-6, one-sided Wilcoxon signed rank-test). Only the HAVOK models were capable of
beating the persistence baseline (p < 1e-6, one-sided Wilcoxon signed rank-test). Akaike
Information Criterion (AIC) was also used to assess the models’ prediction quality relative to
the number of parameters. AIC penalizes models for complexity and thus guards against
overfitting data. HAVOK models have more parameters. Again, only the HAVOK models
outperformed the persistence baseline models on one-step prediction (Figure 1.3D, p < 1e-6,
one-sided Wilcoxon signed rank-test). All results held when considering the prediction quality
for each NHP separately (Figure A.4).

Thus, through the inclusion of the history of neural states, HAVOK models form accu-
rate dynamical models of the multi-electrode activity while preserving the tractability and
interpretability of linear methods.

1.3.4 Propofol anesthesia destabilizes cortical neural dynamics

To determine the impact of propofol anesthesia on the stability of neural dynamics, we analyzed
multi-electrode activity recorded from two non-human primates (NHPs).42 Electrodes were
placed in four areas: ventrolateral prefrontal cortex, frontal eye fields, posterior parietal
cortex and auditory cortex. We found that propofol destabilized neural activity.

We first characterized the stability of every brain region separately using DeLASE (Fig-
ure 1.4A). Characteristic roots were used as a quantification of instability. One component is
the timescale at which the system will respond to a perturbation along a particular direction
(see “Estimating stability from delayed dynamical systems models”). The faster the response,
the more stable the system. While we later analyze neural responses to experimental per-
turbations in the form of stimuli, these perturbations are hypothetical and used to describe
the general system response. We analyzed the instability values from the upper 10% of the
distribution of characteristic roots (Figure 1.4A). We used the upper 10% because they have
the most impact on dynamic stability. For both animals and across all four cortical regions,
propofol anesthesia reliably destabilized neural dynamics (blue and gray curves, p < 0.001
for all combinations of NHP/area, one-sided Wilcoxon signed-rank test). The same was
true for all areas considered together as a single system (purple curves, p < 0.001 for both
NHPs, one-sided Wilcoxon signed-rank test). Note that for each curve, the instability values
increased after propofol induction. This means the system was slower to respond (i.e., less
stable).

Note that the absolute values of instability were variable across areas and NHPs. Because of
the nature of the instability values, their absolute value will capture details of the differences
in signals due to factors such as differences in their intrinsic dynamics, exact location of the
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Figure 1.4: Propofol anesthesia destabilizes cortical neural dynamics. All characteristic root
analyses refer to the maximal 10% of the distribution of characteristic roots extracted from delay differential
equations analysis. All figures (except C) reported as mean ± SEM. (A) Instability across the session in both
NHPs. DeLASE was fit to contiguous windows of 15 seconds across the session for each area individually.
The x-axis is time relative to the start of anesthesia. The y-axis is the mean real part of characteristic roots
(the inverse timescale of response) - a measure of instability. Instability increased during anesthesia for all
areas in both NHPs. The red line indicates the mean moment of eyes closing (used as a proxy for loss of
consciousness) and the green line indicates the mean moment of eyes opening (used as a proxy for return of
consciousness). Areas are ventrolateral prefrontal cortex (PFC), frontal eye fields (FEF), posterior parietal
cortex (PPC), and auditory cortex (STG). “ALL” refers to all areas considered together as a single system.
(B) The mean timescales of response normalized to the awake baseline for “ALL” areas considered together.
The awake baseline was computed for each session by taking the geometric mean of the timescales associated
with the characteristic roots across all windows in the awake section of the session. Then, for each window,
the geometric mean of the ratio of the timescales to the awake baseline was computed. After accounting for
the baseline awake instability, the degree of destabilization in the timescales in each NHP was very similar.
Vertical dotted lines are eyes close/eyes open, with color used to indicate the mean for each NHP. (C) The
distribution of instability values across sessions in each NHP. The x-axis is time relative to anesthesia start
and the y-axis is the real part of the characteristic roots. Color represents the density of characteristic
roots in a particular bin. In both NHPs, the distribution shifted upwards to be more unstable during the
unconscious state. (D) The mean instability grouped by section of the session, including at the higher loading
dose (0.58 mg/kg/min for NHP 1 and 0.285 mg/kg/min for NHP 2) and the lower maintenance dose (0.32
mg/kg/min for NHP 1 and approx. 0.075 mg/kg/min for NHP 2). For full section definitions, see Appendix
A.3.2 and Figure A.5. (E) Frequency information from computed roots. The x-axis is the real part of the
characteristic root and the y-axis is the imaginary part of the characteristic root (converted to a frequency in
Hz by dividing by 2π). See also Figures A.3, A.1 and A.5.
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electrodes relative to the neurons, electrode impedance, etc. The critical measure, therefore, is
the change in values over time. When normalized to baseline values, the change in instability
across areas differed in magnitude but followed similar time-courses (Figure A.3A). When we
considered all recorded areas as a single system, the ratio of change in instability values were
remarkably similar across the two NHPs (Figure 1.4B). For the remainder of this paper we
focus on models constructed from all areas as a single system (Figure 1.4B). Instability values
during unconsciousness were nearly twice that of awake states (pre-propofol), indicating that
the system’s responses to perturbation were much slower than the response during the awake
state (Figure 1.4B).

To better visualize the change in instability values, we plot the distribution of the top 10% of
values at each time point across all areas (Figure 1.4C). The entire distribution of instability
values shifted upward during propofol infusion (p < 0.01 for both NHPs, Wilcoxon signed-rank
test on the Cramér-von Mises criterion of awake-unconscious distributions for each session).
This was also true when considering the instability value distribution below the top 10%
(Figure A.3B). During recovery, the distribution of values shifted down to be more stable (p <
0.001, one-sided Wilcoxon signed-rank test), approaching that seen pre-propofol (Figure A.3C,
p < 0.001 for both NHPs, one-sided Wilcoxon signed-rank test on the Cramér-von Mises
criterion of awake-recovery distributions compared to unconscious-recovery for each session).

Instability changed throughout the session. It rose to a maximum during the large loading
dose, then gradually declined through the maintenance dose and finally recovery phases
(Figure 1.4D). The estimated integrated dosage of propofol was predictive of instability in the
system (Figure A.3D, R2 of 0.873 for NHP 1 and 0.853 for NHP 2 using a linear-log model).

Next, we considered another measure of system response to perturbation, the frequency of
the system response (Figure 1.4E). During unconsciousness, a larger portion of the frequency
components fell in the lower frequency bands than during the awake state (Figure A.3E, p <
0.01 for both NHPs, Wilcoxon signed-rank test on the proportion of frequencies in the delta
band). Conversely, during the awake state, more fell into the highest populated frequency
bands (Figure A.3E, p < 0.01 for both NHPs, Wilcoxon signed-rank test on the proportion
of frequencies in the beta band for NHP 1 and gamma band and NHP 2). This is consistent
with observations that propofol causes a large increase in lower frequency power and decrease
in higher frequency power in cortex.42

1.3.5 Destabilized dynamics explain sensory responses in
anesthetized cortex

In the previous section, we established that propofol measurably destabilizes cortical neural
dynamics. We now investigate how this destabilization changes sensory responses. We found
that sensory responses under anesthesia are consistent with destabilized linear filters.
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Figure 1.5: Destabilized dynamics explain sensory responses to tones and puffs during anesthetic
unconsciousness. Data in (D) and (E) are represented as mean ± SEM. (A) Mass-spring oscillators with
spheres of different masses hanging from identical springs. (1) Spheres perturbed upwards by equal force
(2) oscillate back to the resting state (3). Smaller mass (green) decays faster than larger mass (purple). (B)
Simulations show that increasing filter decay rate - thus stabilizing the filter - generates a phase shift and
amplitude decrease for oscillatory input. (C) Response to two oscillatory inputs and noise for two decay
parameters. Less stable (purple) yielded amplitude increase and phase shift relative to more stable (green).
(D, E) Mean tone-evoked LFP response for each NHP ((D) NHP 1, (E) NHP 2). Anesthetic unconscious
state shows a phase shift relative to awake state, matching destabilized linear filters.
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When more stable systems are perturbed, they recover faster than less stable systems. An
example of this is two systems in which spheres of different mass are hanging at rest from
identical springs (Figure 1.5A). A smaller mass causes the system to be more stable. Thus,
when perturbed with identical force, the spring with the smaller mass decays back to its
resting state more quickly.

We can describe the pattern of response to perturbation with a simple linear filter of the form
ẋ = −λx + u(t), where u(t) is a perturbation. In this filter, the parameter λ controls the
“stability” of the filter. For larger values of λ, the filter is more stable in that the filter will
take less time to recover in response to perturbations. We considered the response of such a
filter to a pure sinusoidal input (u(t) = sin(t)) across a wide range of λ values (Figure 1.5B).
Smaller values of λ corresponded to larger amplitude, phase shifted responses. To illustrate
such responses in a more neural-like setting, we simulated two different linear filters, driven
by a small amount of noise (Figure 1.5C). At times 0 and 1, sinusoidal inputs were provided
to the linear filter. The purple curve - having a less stable parameter λ - shows a response
with a phase shift relative to the green curve, which has a more stable parameter.

This simple model perfectly captured the qualitative change in neural responses to stimuli
from the awake state to the unconscious state. Throughout the entire session, tone and
puff stimuli were delivered to the NHPs. In our analyses, we focused on “tone-puff” trials
consisting of a 500 ms tone at time 0, followed by a 500 ms delay, and then a 10 ms airpuff
at time 1. We computed the mean cortical LFP response to the tones and puffs from all
sessions (Figure 1.5D,E). There was a phase shift in the sensory responses under anesthesia
and the responses are slower than during the awake state. This exactly matched the intuition
from the simulated systems: less stable systems decay back to rest more slowly after being
perturbed.

1.3.6 Sensory-evoked trajectories are consistent with destabilized
dynamics under anesthesia

We already demonstrated that sensory responses to perturbations are slower in unconsciousness
compared to the awake state. We now consider how this destabilization manifests in the neural
state-space. To gain some intuition for what we might expect, we consider a conceptual
diagram of what happens when stable systems with different timescales of response are
perturbed (Figure 1.6A). In a system with more stability, a perturbation may cause a brief
divergence from a baseline region of state-space (left). In a system with less stability, however,
the perturbation induces a prolonged rotational divergence from the baseline region, depicted
with slowly decaying oscillations (right).

We simulated two two-dimensional linear systems with different levels of stability (Figure 1.6B).
At times 0 and 1, the system was perturbed with constant inputs, matching the structure of
the tone and puff stimuli presented to the NHPs. As suggested in the conceptual diagram, the
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more stable system (shorter governing timescale) was perturbed and then quickly returned
back to the baseline. In contrast, the less stable system (longer governing timescale) responded
to perturbations with slowly decaying oscillations.

baseline
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(responds faster)A
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Simulated two-dimensional linear systems
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Figure 1.6: Low-dimensional sensory-evoked trajectories are consistent with destabilized
dynamics under anesthesia. (A) Cartoon depiction of dynamic responses to perturbation in stable
systems. Without perturbation (orange arrow), the system remains in a small state-space region (pink oval).
In more stable systems, there is a quick recovery to baseline after perturbation (left, green arrow); less
stable systems show slower recovery, potentially with decaying oscillatory dynamics (right, purple arrow).
(B) Two-dimensional noise-driven linear systems simulated with two different intrinsic timescales. Systems
were perturbed with 500 ms input at time 0 and 150 ms input at time 1, approximately matching the
stimuli provided to the NHPs. The systems exhibited different responses based on stability (left: more
stable, right: less stable). (C, D) State-space embeddings of the mean responses to tone-puff trials from
NHP 1 (C) and NHP 2 (D) during the awake state. Neural responses from tone-puff trials were each delay
embedded to illuminate the attractor structure and then averaged. PCA was performed on the mean delay
embedded trajectories for visualization (yielding scaled eigen-time-delay coordinates - see Appendix A.2.9).
Awake trajectories rapidly decayed in response to stimuli. (E, F) Same as (C, D), during unconscious state.
Trajectories decayed slower with oscillatory structure. (G, H) First coordinate from awake and unconscious
state tone-puff responses for NHPs. The unconscious response was slower. See also Figure A.2.

We performed dimensionality reductions for subspace coding on the LFPs from all brain
areas collected during both the awake and unconscious states. Our dimensionality reduction
approach involved first performing a time-delay embedding on neural data from tone-puff trials
from all sessions (we use a delay interval of 20 milliseconds and 32 delays). As discussed, delay
embedding can help with attractor reconstruction when the available data constitutes a partial
observation from a higher-dimensional system. We then averaged each delay embedding
coordinate across trials before performing principal component analysis (PCA) to obtain a
visualization of neural trajectories in two dimensions. This is equivalent to computing (scaled,
i.e. non-whitened) eigen-time-delay coordinates.
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We visualized two-dimensional state-space trajectories of neural responses to tone-puff trials
in eigen-time-delay coordinates (Figure 1.6C-F). During the awake state, the state-space
trajectories display two clear responses to the two stimuli: the response to the tone, at time
0, followed by the response to the airpuff at time 1 (Figure 1.6C,D). These perturbations
caused a deviation from the baseline region into other regions of state-space. The system
quickly recovered from the perturbation, returning to the baseline state. By contrast, in
unconsciousness, the perturbations due to tones and puffs caused prolonged deviations
into state-space (Figure 1.6E,F). These state-space trajectories are characterized by a slow
oscillatory decay back to baseline, as in the simulation. Furthermore, in the awake state,
after being first perturbed by the tone, the system was able to decay back to the baseline
region before the puff. However, in unconsciousness, the system did not recover from the
tone before the puff was delivered. To highlight the different timescales between states, we
also visualized the time course of the first eigen-time-delay coordinate (Figure 1.6G,H). The
unconscious curve depicts a slower neural response to stimulus perturbation, as suggested
by the results from the previous section. The results of this section were consistent across
variations in the delay embedding parameters (Figure A.2).

1.3.7 Increasing inhibition in random recurrent neural networks
destabilizes them

We now propose a simple mechanism through which propofol can induce destabilization in
neural circuits: increased inhibition.

Propofol is known to act as an agonist at GABAA inhibitory receptors, thus increasing
inhibitory tone. To model the effects of propofol on neural circuits, we alter the connec-
tivity of the randomly connected RNNs. These RNNs include a gain parameter g that
scales the synaptic weights and induces a transition to chaos in these networks.27 While
it is therefore known that increasing the magnitude of all the network weights leads to a
destabilization in these networks, the effects of changing only the inhibitory weights are
unknown (Figure 1.7A,B).

We tested the impact of scaling the magnitude of the inhibitory weights in networks of varying
baseline gain (thus impacting the baseline stability of the networks). We simulated the RNN
dynamics with a small amount of noise. We then measured the network instability through the
maximum Lyapunov exponent, computed using standard methods.127 We found that across
all baseline connectivity gains, increasing the inhibitory tone in the networks destabilized
them (Figure 1.7C,D). Furthermore, decreasing the inhibitory tone in the networks stabilized
them (p < 0.05 for all comparisons with one-sided Wilcoxon signed-rank test, see Figure A.6).

We emphasize that this is a somewhat surprising result, given that inhibitory connectivity is
often thought of as suppressing activity. In fact, it has been suggested that the increased
inhibitory tone during propofol anesthesia might shut off regions of the brain during uncon-
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Figure 1.7: Increasing inhibition in random recurrent neural networks destabilizes them. Data
in (C) and (D) are represented as mean ± SEM. (A) The effect of scaling only inhibitory weights in random
RNNs is unknown. (B) In an RNN driven by noise, scaling up inhibitory weights led to high amplitude
dynamics. Scaling down these weights suppressed amplitudes. (C) Mean instability (maximum Lyapunov
exponent) of RNNs for different scaling of inhibitory weights, averaged over (10) simulations and different
baseline gains. Increasing inhibitory weight magnitude destabilized networks, decreasing the inhibitory weight
magnitudes stabilized them. (D) Same as (C), but split by baseline gain. Increasing inhibitory weights
destabilized, while decreasing inhibitory weights stabilized networks. See also Figure A.6.

sciousness.46,129 Nevertheless, the demonstrated destabilization of RNNs through increased
inhibitory connectivity lends support to propofol’s action at GABAA receptors underlying
the observed destabilization and loss of consciousness during propofol anesthesia.

1.4 Discussion

Our results show that propofol anesthesia destabilizes cortical neural dynamics. We found that
the stability of brain dynamics was an excellent marker for anesthetic depth, as it smoothly and
monotonically varied with the depth of anesthetic state. We then examined neural responses to
sensory inputs. We found a longer timescale for recovery from perturbation in unconsciousness,
like that seen in destabilized linear systems. We also found that increasing inhibition (as
propofol does) in artificial recurrent neural network models produced destabilization.
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Propofol disrupts the balance between cortical excitation and inhibition. This balance is
known to be critical for maintaining the stability of cortical dynamics.130 Combined with our
findings, this paints a picture in which propofol tampers with this balance, causing widespread
cortical instabilities, and thereby disrupting the brain’s capacity for information processing.
Overall, our analysis suggests a mechanism for anesthesia that involves destabilizing brain
activity to the point where the brain loses the ability to maintain conscious awareness.

We have also demonstrated the efficacy of a novel approach, DeLASE, designed to directly
estimate changes in neural stability from data. The approach brings together multiple aspects
of dynamical systems theory, including delay embeddings, Koopman operators, and delay
differential equations theory. The linearity of DeLASE enables it to be tractably deployed
on ultra-high-volume and high-dimensional neural data. Its theoretically rigorous grounding
enables it to provide robust stability estimates despite challenging features of the data such
as nonlinearity and partial observation.

The extended response times to stimuli may contribute to the loss of conscious awareness
during anesthesia. We discovered that during anesthetic unconsciousness, the response
timescales were nearly twice as slow as during the awake state. Therefore, when faced with an
input, such as a sensory one, the neural dynamics may not be capable of the synchronization
dynamics across areas required to produce conscious awareness. This is consistent with the
observation that sensory cortex responses to sensory stimuli are less affected by anesthesia
than those in the higher cortex.131 Though the signal may be present in sensory areas, the
full brain - including the higher-level areas thought to be necessary for conscious perception -
do not converge to a combined stimulus-guided trajectory fast enough.

We wish to emphasize the use of delay embeddings as part of our methodology for analyzing
the nature of neural dynamics across states. Delay embeddings are a widely-used tool known
to improve the quality of dynamics and attractor reconstruction when observations are of a
much smaller dimension than the dimensionality of the true system,66,67,73,84,85,87–89,92–94,102 as
is always the case in neuroscience. Delay embedding the neural data was, in our case, not only
beneficial for the estimation of dynamics, but also for the visualization of neural trajectories.
Patterns in neural response trajectories emerged most clearly when the trajectory history
was used to reconstruct the attractor (Figure 1.6, Figure A.2).

Our findings support the hypothesis that neural computations are instantiated by reliable
dynamics in neural state-space. Given that computations such as working memory, motor
control, and decision making are instantiated by dynamical features such as fixed points and
attractors, destabilizing neural dynamics would undermine the ability of neural circuits to
perform these computations.28,31,34–36,56,59,132–135

While we focused on the comparison between conscious and unconscious states in this paper,
we emphasize that our approach to stability estimation was completely agnostic to the nature
of the mental state that generated the neural data. It could thus be applied to a wide variety
of data from a range of states. In particular, a compelling potential application is to data
from psychiatric and mood disorders. Conditions such as depression, anxiety, substance use
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disorder, and schizophrenia can all be characterized as having distorted thinking patterns
relative to neurotypical states; distortions which have been hypothesized to arise from changes
to the stability landscape.52,136–141 Tracking changes in stability in neural dynamics over
time for individuals with these conditions could help shape the course of treatment. It
could also shed light on the mechanisms of interventions like psychedelics and meditation,
which are thought to disrupt overly stable dynamics.142–144 Many clinical science studies
have tracked changes in physiological measures across time - for example, over the course of
treatment,145,146 such as neurofeedback.147 When considered over the course of treatment,
changes in these physiological measures were shown to correspond to decreases in symptom
severity. The hypothesized deep connection between neural stability and psychiatric disorders
suggests that measuring changes in stability could be an excellent approach for monitoring
treatment efficacy.
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2.1 Abstract

Different classes of anesthetics induce unconsciousness despite acting through distinct molec-
ular mechanisms, raising the possibility that their convergent effects arise at the level of the
dynamics of neural population activity. To explore this, we analyze intracortical electrophysi-
ological recordings during infusions of propofol, ketamine, and dexmedetomidine, applying a
rigorous method to estimate the stability of population dynamics during anesthesia. We find
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that all three anesthetics, despite their molecular differences, similarly affect cortical states
by reducing dynamical stability. The estimated destabilization is corroborated by the slower
recovery from sensory perturbations and longer stimulus-induced autocorrelation times ob-
served during the anesthetic infusions. Destabilization is most prevalent in the low-frequency
band of the population dynamics, linking it to the well-known increase in low-frequency
power during anesthesia. Together, these findings suggest that cortical destabilization may
be a shared neural correlate of anesthetic-induced unconsciousness and provide a plausible
link to the low-frequency oscillations observed during anesthesia.

2.2 Introduction

A remarkable property of anesthetic-induced unconsciousness is that it is achieved by different
anesthetics through distinct molecular mechanisms. Anesthesia thus presents an exciting lens
through which to explore consciousness,148–153 as seemingly disparate low-level mechanisms
generate related effects at the level of arousal and awareness.154

Propofol agonizes GABAA (γ-aminobutyric acid type A) receptors, changing the balance be-
tween excitation and inhibition.41,42,45,46,155,156 Ketamine is an N-methyl-D-aspartate (NMDA)
antagonist, which acts across the brain to significantly alter cortical dynamics.150,157–160

Dexmedetomidine, in contrast, is a highly selective agonist of α2-adrenergic receptors (pri-
marily in locus coeruleus). It is thought to alter arousal through a pathway involved in sleep,
in which agonizing α2-adrenergic receptors results in reduced firing of noradrenergic neurons
and subsequently reduced inhibitory output from locus coeruleus.161–164 Despite the variety
of molecular actions among these three anesthetic agents, at sufficient doses all result in
loss of consciousness, and all three evoke stereotyped changes in the frequency spectrum of
brain activity, most notably boosting low frequencies.42,46,154,163,165–173 Anesthetic-induced
unconsciousness has also been widely linked to increased similarity between direct anatomical
connectivity and functional connectivity, as well as with the collapse of the hierarchical
structure of and variation in the functional organization of neural activity.55,174–178 It is
unclear how these dissimilar molecular mechanisms can all lead to similar changes in both
arousal and dynamical features of neural activity.

To bridge this gap, we take another dynamical systems perspective towards understanding
anesthetic-induced unconsciousness, focusing our analysis on dynamic stability . Dynamic
stability (henceforth stability) is a fundamental concept in dynamical systems theory and
control.25,179 It is a measure of the robustness of a dynamical system, characterizing the rate
at which the system recovers from disturbances (e.g., inputs, distractions, random fluctuations
in activity) and returns to its baseline state (Figure 2.1A). Dynamic stability is thought to be
closely linked to conscious state,37,49,52–54,61–65,180–190 and thus could provide a link between
the oscillatory changes and unconsciousness induced by the anesthetic agents.

This notion of dynamic stability is distinct from what we might call pattern stability. The
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Figure 2.1: A dynamical systems approach to understanding neural dynamics during anesthesia.
(A) Conceptual illustration of dynamic stability versus pattern stability. An expert cyclist (left) and a novice
cyclist (right) both successfully ride along a straight line. When hit by a perturbation (a gust of wind), the
expert (left) quickly corrects course, demonstrating high dynamic stability. The novice (right), however,
wobbles and recovers slowly, indicating low dynamic stability. This analogy distinguishes the stable pattern of
oscillations observed in the anesthetized brain from its low dynamic stability, which is characterized by a slow
recovery from disturbances. (B) Schematic of the DeLASE (Delayed Linear Analysis for Stability Estimation)
pipeline applied to electrophysiology data. (Top, left) Continuous LFP data from a session is parsed into
15-second windows. Sample LFP traces are shown for two windows, one from the Awake epoch and one from
the Anesthesia epoch. For each window, a time-delay embedding (or Hankel) matrix, H, is constructed from
the multi-channel LFP data. For the purposes of demonstration, the color corresponds to the time index
of the associated measurement. (Top, right) Singular value decomposition (SVD) is performed on H. This
results in the principal components (U), the singular value matrix (Σ), and the projections (VT) onto the
principal components, also called the eigen-time-delay coordinates. These data are for illustrative purposes.
The color represents the magnitude and sign of the values within the matrices U, Σ and VT. (Middle, right)
A linear dynamical model is fit to the eigen-time-delay coordinates to approximate the system’s nonlinear...
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Figure 2.1: (Continued from previous page) dynamics. To represent the dynamics in the delay-embedded
space, this matrix is projected back up using the principal components and singular values, yielding the
dynamics matrix A. (Middle, left) This discrete-time model A is converted into a continuous-time linear
delay differential equation (DDE). (Bottom, left) The stability of this DDE is determined by solving for the
roots λ of its characteristic equation. The real part of each root, Re(λ) corresponds to an inverse timescale
(s-1) of the system’s response to perturbation. (Bottom, right) The mean of the top 10% of roots (those with
the largest real parts, indicating the slowest recovery timescales) is computed for each window. This yields
a time-resolved measure of dynamic instability that is tracked across the session’s different epochs (awake,
induction, anesthesia, and emergence).

latter refers to consistency over time. To illustrate, consider two cyclists, one an expert,
one a novice, both successfully riding along a straight painted line (Figure 2.1). Both are
exhibiting the same stable pattern of forward motion (namely, moving forward in a straight
line). When hit by a gust of wind (a disturbance), the expert quickly corrects course, showing
high dynamic stability. The novice, however, wobbles and swerves widely before returning to
the line, thus showing less dynamic stability. Similarly, while the anesthetized brain exhibits a
stable pattern of low-frequency oscillations, this work investigates its dynamic stability—how
quickly the cortex recovers from disturbances.

We applied a recent rigorous dynamical stability estimation method (delayed linear analysis
for stability estimation, or DeLASE), previously applied to examine neural population
dynamics during propofol anesthesia, to quantify the dynamical stability of cortical activity
over time across anesthetics (Figure 2.1B).37 DeLASE consists of two steps: building a good
predictive model of the observed data from some nonlinear dynamical system, and then using
the model to characterize the stability of the system. The model-building step leverages
two discoveries: First, that the state and dynamics of a nonlinear dynamical system can
be recovered from partial observations by considering a signal's history simultaneously at
multiple delay lags.66,69,70,74–79,81–83,86,87,89–91,93,94,191–195 For instance, if we observe a snapshot
of a pendulum’s position but not its velocity (a partial observation), we cannot predict its next
state. By including the position history, the upcoming dynamics of the pendulum become
clear. This delayed approach to representing the system is also called time-delay coordinate
embedding. Second, that it is possible to build a predictive model of a nonlinear dynamical
system using linear regression in combination with the time-delay coordinates,67,68,73,102,104

as shown by Koopman operator theory.71,99–101,105–108,110–114 This is crucial given the brain’s
nonlinear dynamics.35,134,196–199 DeLASE uses decorrelated, low-rank representations of a
signal’s history to estimate the nonlinear dynamics of the data (Figure 2.1B, top).67 To
obtain stability estimates from the dynamical model, DeLASE first builds a delay differential
equation (DDE) representation of the dynamics (Figure 2.1B, middle). It then uses an
algorithm that modulates the weight of earlier time delay lags to estimate the solutions of the
DDE’s characteristic equation (Figure 2.1B, bottom).123,124 Each solution corresponds to a
characteristic timescale, which quantifies how slowly the system will respond to a perturbation.
This timescale serves as a direct measure of dynamic stability. Longer timescales indicate a
slower recovery and therefore less stability.

Through this approach, we seek global signatures of loss of consciousness that arise in the
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brain independent of local molecular actions. By characterizing activity changes that are
signatures of the high-level transition from consciousness to its absence, we can shed light
on the necessary mechanisms of consciousness that are disrupted by anesthetic agents. It
was demonstrated previously through the application of DeLASE that propofol destabilizes
cortical neural dynamics.37

Using intracortical electrophysiology in non-human primates (NHPs), we found that propofol,
ketamine, and dexmedetomidine all induce a similar destabilization of cortical neural dynamics.
This destabilization was evident in how the brain responds to sensory perturbations during
the unconscious state and was reflected across the low-frequency spectrum. We suggest that
the stereotypical increase in low-frequency power during anesthetic-induced unconsciousness
reflects the brain’s slower recovery times in the more unstable state.

To validate our findings, we provide extensive supplementary analyses. Figure B.2 details
model validation and comparison, behavioral analyses, and extended stability analyses. Fig-
ure B.3 provides comparison to alternate stability estimation methods, surrogate analyses,
and stability analyses within individual areas. Figure B.1 assesses robustness across hyperpa-
rameters. Figure B.4 investigates the correspondence between dynamic stability and real-time
responsiveness. Figure B.5 focuses on spectral analyses. Finally, Tables S1-S5 provide details
on statistical analyses and hyperparameters.

2.3 Results

2.3.1 All three anesthetic agents destabilize neural dynamics

The LFPs were recorded from four NHPs before, during and after infusion of each anesthetic
in different sessions, with two NHPs administered each anesthetic. For the propofol sessions,
electrodes were placed in the ventrolateral prefrontal cortex, frontal eye fields, posterior
parietal cortex, and auditory cortex. For the ketamine and dexmedetomidine sessions,
electrodes were placed bilaterally in the ventrolateral and dorsolateral prefrontal cortex. We
used all valid electrodes for our analysis.

To quantify the stability of cortical dynamics, we applied DeLASE to the recorded local
field potentials (LFPs). This method quantifies stability through the system's characteristic
timescale. The Mean Characteristic Timescale (y-axis) is a measure of dynamic stability,
representing the average time it takes for neural dynamics to return to baseline after a
transient perturbation. In Figure 2.2A, we plot this timescale normalized to the awake
baseline. A value greater than 1 indicates the system is less stable and recovers more slowly
than in the awake state. A ratio of 1.5, for example, means the system takes 50% longer to
recover compared to the awake state, indicating greater instability.
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Figure 2.2: Propofol, ketamine, and dexmedetomidine destabilize neural dynamics. (A) The
(geometric) mean timescales of response to perturbation normalized to the awake baseline for propofol (top),
ketamine (middle) and dexmedetomidine (bottom). The left column corresponds to one NHP involved in
the data collection and the right column corresponds to the other. Horizontal dotted line corresponds to
a ratio of 1, i.e., when the mean timescale is equivalent to the awake baseline. The vertical dotted line
corresponds to the start of the anesthetic infusion. Shaded regions indicate the period between the mean
estimated time of loss of consciousness and the mean estimated time of the (first) return of consciousness. In
each case, neural activity was robustly destabilized. * indicates p < 0.05. n = 10 for propofol NHP 1, n = 11
for propofol NHP 2, and n = 8 for each NHP in ketamine and dexmedetomidine, using two-sided Wilcoxon
signed-rank test with Benjamini-Hochberg procedure. (B) The mean instability grouped by epoch of the
session. The awake epoch was the part of the session before the infusion began. The induction epoch was
defined as 15 min following the start of infusion for propofol, and 10 min following the start of infusion for
ketamine and dexmedetomidine. The anesthesia epoch was defined as the period from 15 min post-infusion
to 45 min post-infusion for propofol, and from 10 min post-infusion to 45 min post-infusion for ketamine and
dexmedetomidine. The late anesthesia epoch was from 30 min following the infusion until the end of infusion
(60 min following infusion start) for propofol, and from 45 min after infusion start until the final auditory
oddball task began for ketamine and dexmedetomidine. Emergence was defined as 15 min following the end
of infusion for propofol and as the final auditory oddball task for ketamine and dexmedetomidine. *p <
0.05, **p < 0.01, ***p < 0.001. n = 10 for propofol NHP 1, n = 11 for propofol NHP 2, and n = 8 for each
NHP in ketamine and dexmedetomidine, using one-sided Wilcoxon signed-rank test. Data are represented
as mean ± SEM, with results averaged over sessions for each NHP. All characteristic root analyses refer to
the maximal 10% of the distribution of characteristic roots extracted from the delay differential equations
analysis. See also Figures B.2-B.4 and Tables B.1-B.3.
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DeLASE employs the Hankel alternative view of Koopman (HAVOK) approach to model
the dynamics of the neural data.67 Models were fit to 15-second windows tiled across each
session. HAVOK models achieved lower prediction error than other approaches that have
been used to model electrophysiology data (Figure B.2A). They also achieved lower Akaike
information criterion (AIC, lower is better), which penalizes models for complexity and thus
prevents overfitting. The HAVOK dynamics models did not generalize well to other windows,
particularly between epochs (e.g., Awake and Anesthesia). This illustrates the need for a
tiled modeling approach, and points to a fundamental change in neural dynamics that occurs
between states (Figure B.2B).

Mean Characteristic Timescales normalized to the awake baseline state (Figure 2.2A) as well
as raw instability values (negative-inverse characteristic timescales) (Figure 2.2B) show a
clear destabilization, beginning shortly after infusion of each anesthetic drug. The propofol
sessions, which involved a continuous infusion, showed a sustained destabilization over the
entire 60-minute infusion. The Anesthesia epoch was destabilized compared to the Awake
epoch (p<0.001, median difference Anesthesia - Awake Instability in s-1: 12.970, 95% CI:
[11.743, 13.649] for NHP 1, p<0.001, median difference Anesthesia - Awake Instability in s-1:
14.285, 95% CI: [13.557, 16.512] for NHP 2, one-sided Wilcoxon signed-rank test). All subjects
were non-responsive during the Anesthesia epoch, though responsivity varied during the Late
Anesthesia epoch in ketamine and dexmedetomidine session (Figure B.2C). This is because
propofol was administered as a continuous infusion, while ketamine and dexmedetomidine
were administered as boluses. For both ketamine and dexmedetomidine, the Anesthesia
epoch was similarly destabilized compared to the Awake epoch (p<0.01, median difference
Anesthesia - Awake Instability in s-1: 5.975, 95% CI: [3.365, 6.664] for NHP 3 with ketamine,
p<0.05, median difference Anesthesia - Awake Instability in s-1: 2.201, 95% CI: [-0.622,
2.968] for NHP 4 with ketamine, p<0.01, median difference Anesthesia - Awake Instability
in s-1: 16.420, 95% CI: [6.571, 22.117] for NHP 3 with dexmedetomidine, p<0.01, median
difference Anesthesia - Awake Instability in s-1: 14.491, 95% CI: [12.851, 16.317] for NHP 4
with dexmedetomidine, one-sided Wilcoxon signed-rank test). Ketamine was unique in that
it appeared to produce greater stability later in the session after initially destabilizing cortex
(p<0.05, median difference Emergence - Awake Instability in s-1: -2.095, 95% CI: [-3.114,
-0.844] for NHP 3, p<0.01, median difference Emergence - Awake Instability in s-1: -1.582,
95% CI: [-2.634, -0.354] for NHP 4, one-sided Wilcoxon signed-rank test). The destabilizations
were also evident when considering how the distribution of instability values shifted during
anesthetic infusion (Figure B.2D), and when restricting our analysis only to windows in
which there were no stimuli (i.e., resting-state data, 3 second windows used due to data
constraints, Figure B.2E). The ketamine and dexmedetomidine sessions involved an initial
bolus infusion. They showed a rapid initial destabilization followed by a gradual decline
(Figure 2.2A). This time course mirrored the typical metabolization of an anesthetic agent
administered as a bolus. Likewise, the propofol sessions were a continuous infusion, and
the destabilization time course reflected that. Accordingly, there was a high correlation
between instability and physiological markers of anesthetic depth (e.g., eye movement and
pupil diameter, Figure S1F). We note that all statistical tests treated separate sessions as
independent samples, which was validated using a linear mixed-effects model (Table S1). See
Supplementary Materials for the chosen hyperparameters for all primary models (Table S2).
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A post-hoc statistical power analysis indicated that the study was largely well-powered to
determine its primary finding of destabilization in all agents (Table S3).

To validate our findings, we performed several additional analyses (Figure B.3). First, we
confirmed that our central result is not method dependent. A stability analysis using Vector
Autoregressive (VAR) models, fit to both 500 millisecond (as in previous work63,64,190) and
15 second windows, qualitatively reproduced the same significant destabilization during
the anesthesia epoch when considering the top 10% of eigenvalues (Figure B.3A,B). We
next validated the DeLASE method itself by using Iterative Amplitude Adjusted Fourier
Transform (IAAFT) surrogates. This method preserves the spectral power of each channel but
randomizes the phase. Using an Awake window and an Anesthesia window, we constructed
an IAAFT surrogate for each electrode channel. Despite the identical power spectra, the
surrogates had significantly different stability estimates (Figure B.3C). This analysis confirmed
that our stability metric captures high-dimensional, cross-channel dynamics and is not
trivially driven by the well-known changes in spectral power. Furthermore, to address
potential experimental confounds, a similarity analysis of the time-series of mean instability
measurements demonstrated that the observed dynamic profiles are robustly determined by the
specific anesthetic agent administered, rather than being an artifact of the individual animal
or the cortical areas recorded (Figure B.3D). This similarity was particularly notable given
the variation in subjects and electrode coverage in the analyzed data. Finally, we confirmed
that the destabilization effect was global and consistent, as the increase in characteristic
timescale was observed across all individual brain regions recorded for all three anesthetics
(Figure B.3E).

To ensure our findings were not dependent on specific parameter choices, we performed
an extensive robustness analysis. First, we confirmed our findings hold across the entire
hyperparameter space of model rank and time delays. An AIC-weighted model average showed
a robust destabilization during anesthesia (Figure B.1A). Next, we verified that our choice of
using the top 10% of characteristic roots was robust. Our results remained significant across
a wide range of chosen thresholds between 1% and 30%. This was true for both our chosen
best-fit models (Figure B.1B) and the AIC-weighted model average (Figure B.1C). Finally,
we reproduced our entire analysis using both shorter (5-second) and longer (30-second) time
windows and found that the central result of significant destabilization during anesthesia was
qualitatively and statistically upheld (Figure B.1D,E). Together, these analyses confirm that
our central findings are robust and not an artifact of a specific set of parameters.

Finally, we found that dynamic instability not only tracks the transition into unconsciousness
but also covaries with real-time fluctuations in responsiveness. This was evident in the
dexmedetomidine sessions, where animals fluctuated between states as they were coming
out of anesthesia (Figure B.4A,B). When aggregated across all sessions, this effect was
highly significant, with unresponsive windows showing substantially greater instability than
responsive windows for both NHPs (Figure B.4C,D). To ensure this finding was not an artifact
of our behavioral definition, we performed a robustness check. This analysis confirmed that the
significant difference in stability between responsive and unresponsive states was independent
of the specific behavioral accuracy threshold used to delineate responsive states (Figure B.4E).

50



2.3.2 Slower recoveries to sensory perturbation matched decreases
in dynamic stability

In the previous section, we established that all three anesthetic agents destabilized (and in ke-
tamine, later stabilized) cortical neural dynamics. We now investigate how this destabilization
changed recovery from perturbation using auditory sensory stimulation.

More stable systems recover faster from perturbations and disturbances than less stable
systems. An example of this is the expert and novice cyclist discussed in the introduction
(Figure 2.1A). When perturbed with a gust of identical force, the expert recovers more quickly
than the novice. Thus, the perturbations linger for longer in less stable systems.

We analyzed the evoked responses to sensory perturbation during Awake, Anesthesia, and
Emergence epochs. In propofol sessions, NHPs were periodically exposed to auditory tones
(500 milliseconds) throughout the session. In ketamine and dexmedetomidine sessions, NHPs
underwent an auditory oddball task (five 50 millisecond tones spaced by 150 milliseconds). We
averaged evoked responses across trials and electrodes for each session to obtain a time-series
representation of the recovery from sensory perturbation. We then averaged across sessions
to obtain a single time series.

The recoveries from sensory perturbation matched predictions from destabilized systems. For
all the anesthetic agents, the sensory responses showed slower recovery from perturbation
during the Anesthesia epoch compared to Awake (Figure 2.3A, Figure B.5A,B). During the
Emergence epoch, there was a difference between anesthetic agents. For both propofol and
dexmedetomidine, perturbation recovery remained slower compared to the Awake epoch, but
faster than the Anesthesia epoch (Figure 2.3A, top & bottom). By contrast, for ketamine,
after a period of slower recovery from perturbation, there was a period of faster recovery (i.e.,
increased stability) relative to Awake (Figure 2.3A, middle).

These results were quantified using an autocorrelation function (ACF) of response to the
tones, computed over 1 second of data following the tone onset, and averaged across trials and
electrodes within each session. For all three agents, the Anesthesia epoch was characterized
by longer autocorrelation values (Figure 2.3B, significance computed using the two-sided
Wilcoxon signed-rank test). During emergence from propofol and dexmedetomidine, the
autocorrelation values dropped relative to Anesthesia but were still higher compared to Awake
epochs. By contrast, during emergence from ketamine, autocorrelation values were smaller
than those in the Awake epoch.

To provide a direct, quantitative link between our model-based stability estimates and the
model-independent sensory response properties, we performed a correlation analysis. We
correlated the time-resolved instability values from DeLASE with metrics derived from the
ACF of the evoked LFP responses. These metrics involved integrating (i.e., computing the
area under) the ACF over different time periods. The integrated autocorrelation function of
the system's fluctuations is directly related to the diffusion constant, which characterizes the
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Figure 2.3: Destabilized dynamics explain sensory responses to tones during anesthetic-induced
unconsciousness. (A) The LFP response to auditory stimuli for propofol (top), ketamine (middle), and
dexmedetomidine (bottom). Response was averaged across electrodes and trials within a session, then the
mean was computed across sessions. Translucent curves correspond to response averages from single sessions.
Green curve is the Awake epoch, purple is the Anesthesia epoch, and orange is the Emergence epoch. Auditory
stimuli were 500 milliseconds for propofol, and auditory oddball stimuli consisting of five 50 millisecond
tones spaced by 150 milliseconds for ketamine and dexmedetomidine. Compared to the Awake epoch (green),
the Anesthesia epoch (purple) shows a visibly slower recovery from the sensory perturbation, with a more
prolonged LFP deflection. (B) Mean autocorrelation functions (ACF) computed from the 1-second period
following tone onset for each epoch. The Anesthesia epoch (purple) shows a much slower-decaying ACF for
all three anesthetics, quantifying the observation from (A) that the system takes longer to return to baseline
after a perturbation. Stars on the bottom indicate whether Anesthesia is significantly different than Awake
(purple stars) and whether Emergence is significantly different than Awake (orange stars). * indicates p <
0.05. n = 10 for propofol NHP 1, n = 11 for propofol NHP 2, and n = 8 for each NHP in ketamine and
dexmedetomidine, using the two-sided Wilcoxon signed-rank test. (C) Correlation between instability and
autocorrelation. All anesthetics show a significant positive correlation, confirming that decreased stability is
associated with longer “memory” of perturbations. *p < 0.05, **p < 0.01, ***p < 0.001. n = 10 for propofol
NHP 1, n = 11 for propofol NHP 2, and n = 8 for each NHP in ketamine and dexmedetomidine, using
the two-sided Wilcoxon signed-rank test. Data are represented as mean ± SEM, with results averaged over
sessions for each NHP. See also Figures B.5A,B for zoomed-in responses for ketamine and dexmedetomidine
and Table B.4 for full statistical results.
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mobility of the underlying physical process.200 This revealed a strong and significant positive
correlation across all three anesthetic agents and all NHPs (Figure 2.3C, Table S4). This
result confirms that as dynamic instability increases, the "memory" of perturbations to the
system (i.e., the time they linger in the neural activity) correspondingly increases, validating
the observed slower recoveries (Figure 2.3A,B).

Autocorrelation values are directly related to the frequency of LFP dynamics. In the next
section, we investigate the relationship between stability and spectral power.

2.3.3 Dynamic stability is reflected across lower frequencies

We established in the previous section that sensory responses during anesthetic-induced
unconsciousness exhibit longer autocorrelation values, matching the slower recovery times
found from the stability analysis. Due to the direct correspondence between the ACF and the
power spectrum (in fact, the power spectrum is the Fourier transform of the ACF), a slower
decaying ACF implies an increase in lower frequency power.201 To analyze this relationship,
for each session we computed the correlation between the time series of mean instability
(DeLASE) values and the time series of average power in each frequency band. The frequency
bands we considered were delta (0.1 - 4 Hz), theta (4 - 8 Hz), alpha (8 - 12 Hz), beta (12 - 30
Hz), and gamma (30 - 100 Hz).

Destabilization, for all three anesthetic agents, correlated positively with delta, theta, and
alpha power (Figure 2.4, p < 0.01 for all combinations of NHP, agent, and band, two-
sided Wilcoxon signed-rank test). Once again, there was a contrast between propofol
and dexmedetomidine vs ketamine. For propofol and dexmedetomidine, gamma power
was negatively correlated with destabilization (p < 0.01 for all combinations of NHP and
agent, two-sided Wilcoxon signed-rank test). For ketamine it was positively correlated with
destabilization (p < 0.05 for both NHPs, two-sided Wilcoxon signed-rank test), reflecting
increases in gamma power during ketamine-induced unconsciousness.167 Results were weaker
and not consistent for beta for propofol and dexmedetomidine (Figure 2.4, left & right), while
for ketamine destabilization was positively correlated with beta (Figure 2.4 middle, p < 0.05
for both NHPs, two-sided Wilcoxon signed-rank test). While a shift to delta in the cortex
is a hallmark of loss of consciousness due to anesthesia (Figure B.5C,D),41,42,46,154,165–168,202

the destabilization results were qualitatively similar after removing the 0.1 – 4 Hz frequency
range (Figure B.5E). This indicated that destabilization was reflected in a multitude of
low-frequency responses.
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Figure 2.4: Changes in dynamic stability during anesthetic unconsciousness are reflected across
the low frequency spectrum. Data are represented as mean ± SEM, with results averaged over sessions
for each NHP. Mean correlation between instability values and band power for propofol (left), ketamine
(middle), and dexmedetomidine (right). Correlation values are averaged across sessions. *p < 0.05, **p <
0.01, ***p < 0.001. n = 10 for propofol NHP 1, n = 11 for propofol NHP 2, and n = 8 for each NHP in
ketamine and dexmedetomidine, using two-sided Wilcoxon signed-rank test. See also Figures B.5C-E for
power spectra comparisons and stability results with delta removed, as well as Table B.5 for full statistical
results.

2.4 Discussion

Our results show that propofol, ketamine, and dexmedetomidine destabilize cortical dynamics
to a similar degree. The destabilization was evident in neural responses to sensory inputs,
which exhibited longer timescales during anesthesia. The effect of longer timescales on the
electrophysiology would be increased low-frequency power. Indeed, cortical destabilization
was correlated with increased power in the low-frequency spectrum (0.1 - 4 Hz delta band, 4 -
8 Hz theta band, 8 - 12 Hz alpha band). These results are consistent with previous work
showing that, under anesthesia, cortical activity exhibits longer intrinsic timescales,203–207

a characteristic of destabilized systems approaching the boundary of chaos.25,208–210 Taken
together, this suggests destabilization of neural dynamics as an explanation for the observed
shift to lower frequencies that is shared between propofol, ketamine, and dexmedetomi-
dine.41,42,46,154,165–168,202,211,212 Thus, despite their different actions on different molecular
targets in different sets of neurons, there is a common signature of loss of consciousness (LOC)
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among the three anesthetic agents at the more emergent level of neural population dynamics.

2.4.1 Possible mechanisms of destabilization

One hypothesis is that the destabilization is a result of the molecular action of the anesthetic
agents on the dynamics of recurrent cortical networks. As we have previously demonstrated
in computational models, the increased inhibition resulting from propofol’s action at GABA
receptors is sufficient to cause the dynamical destabilization observed here.37 Notably, all the
agents disrupt the balance between excitation and inhibition, which is crucial for maintaining
dynamic stability.27,213

A related hypothesis, not inconsistent with our results, is that the destabilization is related to
the gating of bottom-up sensory inputs to cortex. Strong inputs, such as sensory stimuli, can
stabilize otherwise unstable dynamics.214–217 Anesthesia may disrupt the relay of sensory input
from subcortical to cortical regions, thus preventing their stabilizing effects.218–222 Specifically,
propofol agonizes GABA receptors in thalamic relay neurons, and has been shown to disrupt
the progression of inputs to higher level cortices.43,131,223–226 Ketamine has also been shown to
disrupt the propagation of sensory information through the cortex.227 Dexmedetomidine, by
activating the endogenous sleep pathway via α2-adrenergic receptors, is thought to reduce the
coordination across brain areas.222 Thus, it is possible that all three anesthetic agents, despite
their distinct molecular targets, manage to disrupt the projection of sensory inputs. The
observed destabilization may therefore reflect a lack of input-induced stabilization resulting
from disrupted sensory inputs. This hypothesis is consistent with theories of consciousness
that propose the reliable formation of meta ensembles that coordinate cortex on a large
scale,15–19,48,181,228,229 and it is supported by the fact that deep-brain stimulation can induce
arousal from anesthetic-induced unconsciousness.42,230–233 In fact, the relationship between
stability and consciousness is not limited to anesthesia. It has been theorized that dynamic
stability and consciousness are closely linked.37,49,52–54,61–65,180–190 When humans are presented
with threshold-level sensory stimuli, neural representations are more stable when the stimuli
were perceived versus not perceived.189

2.4.2 Slow timescales and low-frequency power during anesthesia

Our finding that destabilization (longer characteristic timescales) correlates strongly with
increased low-frequency power is supported by a fundamental mathematical principle. Math-
ematically, the Wiener-Khinchin theorem formalizes the relationship between a signal's
time-domain structure and its frequency-domain content. It states that the power spectral
density (the "power spectrum") is the Fourier transform of the autocorrelation function.201

A system with a longer characteristic timescale, as revealed by our DeLASE analysis, will
necessarily have a longer autocorrelation time. That is, perturbations "ring" or decay more
slowly.25 Per the theorem, a signal with a slowly decaying autocorrelation function will, by def-
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inition, have its power concentrated in the low-frequency bands. Thus, our finding of increased
timescales in neural dynamics provides a direct explanation for the ubiquitous low-frequency
dynamics observed in electrophysiology during anesthetic-induced unconsciousness.

While the intrinsic timescales of the frequency ranges we studied (0.1Hz – 100Hz) decreased,
we note a complementary finding by Luppi et al. that in the infraslow oscillatory range (<
0.1 Hz), the intrinsic timescales of neural dynamics may actually increase.234 These changes
in the dynamics, measured by fMRI and calcium imaging (0.5 s – 2.4 s sampling), rather
than our high-speed electrophysiology approach, were found to be preserved across phylogeny
and anesthetic agents.234 Together, our findings point to complementary aspects of the same
fundamental mechanism: A collapse of the brain's rich, multi-scale temporal repertoire into a
more stereotyped and less complex dynamical state.

2.4.3 Connection to other signatures of anesthetic-induced
unconsciousness

Previous work has identified structure-function similarity as a robust correlate of anesthesia-
induced loss of consciousness.55,174–178 Structure-function similarity is the similarity between
resting state functional connectivity, as measured by fMRI, and anatomical connectivity.
A natural link exists between these findings and our characterization of slower recoveries
from perturbation during anesthesia. In the awake state, with greater dynamic stability,
transients decay quickly. Thus, neural dynamics converge quickly to input-guided trajectories,
and the brain can robustly respond to inputs. This leads to a rich repertoire of neural
states, and thus low structure-function similarity. However, during anesthesia, transient
perturbations linger, and there is a slow convergence to input-guided trajectories. Instead,
the perturbed activity is propagated by the connectivity, leading to the observed increase
in structure-function similarity. Thus, the increased structure-function similarity observed
during anesthetic-induced unconsciousness is indicative of decreased dynamic stability, despite
the difference in the timescales of fMRI and electrophysiology recordings.

A recent cross-phylogenetic comparison of anesthetic effects identified a reduction in interareal
synchrony as a robust feature preserved across species and agents.234 This is in line with
other studies of interareal synchrony during anesthesia, as well as the finding that ketamine
and dexmedetomidine both reduce phase alignment between neighboring prefrontal regions
within the same hemisphere.63,154,235 These misalignments may be a direct consequence of the
decreased dynamic stability we report. A less stable system is less responsive to the inputs
required to align and synchronize distinct cortical areas, leading to functional fragmentation.
Interestingly, Bardon et al.154 also found that these drugs increase phase alignment between
homologous areas across hemispheres. This relates to the aforementioned finding of increased
structure-function similarity across anesthetics. It could be a different manifestation of the
same underlying process. As dynamics become less input-driven and more constrained by
anatomy, they may be more influenced by strong, direct connections like the corpus callosum.
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Another consequence of anesthetic-induced loss of consciousness is a change in cortical response
complexity.236–242 A study found that the perturbational complexity index is decreased
when there is a lack of conscious experience (propofol and xenon) but increased when
there is conscious experience but lack of responsiveness (ketamine, administered at a dose
approximately one fifth of that in the present study).243 Complexity thus corresponds to
richer representations, which presumably depends on a stable cortex. However, too much
can also be detrimental: LOC due to seizures is associated with a large increase in cortical
stability, suggesting there is an optimal range of dynamic stability in cortex.61

2.4.4 Unique dynamics under ketamine

Though all drugs showed similar destabilization at the start of anesthesia, ketamine showed
unique dynamics. At first, as with the other drugs, there was a destabilization shortly
after the bolus infusion that induced LOC. As the drug began to wear off, however, the
cortex was more stable than during wakefulness, unlike the other two anesthetic agents.
This biphasic effect likely reflects ketamine's nonlinear physiological mechanism. The initial
high-dose destabilization corresponds to widespread NMDA receptor blockade. In contrast,
the late-session stability reflects a “low-dose” state where lower concentrations are thought to
preferentially inhibit active interneurons.150,157–160 This resulting disinhibition of pyramidal
cells is known to increase high-frequency (gamma) power and neural complexity.244–247 This
mechanism directly aligns with our findings, as the stable period was characterized by
decreased low-frequency (delta, 0.1-4 Hz) power, and increased high-frequency (gamma,
30-100 Hz) power.

Although we did not study ketamine’s dose-dependent effects directly, the unique dynamics
under ketamine reinforce the observation that lower doses of ketamine have distinct effects
from anesthetic doses.160,170,243,248,249 A study using a ketamine dose approximately one
fourth of ours found increased stability in cortex and supports this conclusion.190 Also,
higher doses of ketamine decrease the complexity of brain activity while lower doses increase
complexity.246,250–258 Low-dose ketamine has shown some promise as a treatment for mood
disorders.259–269 Further work will be needed to determine if these treatment effects are
after-effects of the cortex in a higher frequency, relatively stable state.

2.4.5 Stability tracks fluctuating recovery under dexmedetomidine

Interestingly, towards the end of our dexmedetomidine sessions our NHPs fluctuated in and out
of responsiveness. Correspondingly, cortex fluctuated between stability and destabilization.
This likewise suggests that dynamic stability may serve as a marker of consciousness level. For
example, it could be used, via EEG, to track level of consciousness during surgery.270,271 Given
the tight, real-time coupling we observed between instability and behavioral responsiveness
(Figure B.4), we believe that developing this measure into a robust index for clinical monitoring
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is a promising and important future direction. Furthermore, it is important to note that
the analysis of autocorrelations in the neural data in response to sensory stimuli provides
a model-independent method for quantifying response timescales. It does not rely on the
DeLASE framework and serves as a separate, robust validation of the observed destabilization.
This may offer a broader applicability metric for assessing system recovery times and may
present a possible utility in detecting changes in conscious state in clinical contexts.

2.4.6 Limitations of the study

The pattern of destabilization observed in all three anesthetic agents in this paper emerged
when looking at 15-second windows of neural activity, with instability values averaged across
sessions. However, it is important to note that anesthetic states often involve alternating
patterns of brain activity, such as up and down states during propofol, gamma bursting
during ketamine, and spindle oscillations during dexmedetomidine.41,42,131,166,167,171,173 Thus,
while the relationship between instability and frequency content is clear when considering
the data in aggregate, we note that a more nuanced understanding of how these alternating
patterns of activity fit into the dynamic stability framework put forward here remains as a
topic for future work.

We note that our analysis measures dynamic stability (recovery from perturbation) using local
linear models, not functional stability (computational robustness). While these models focus
on the recoveries from perturbation, we hypothesize that dynamic stability is a necessary
precursor for robust function. A system that recovers more slowly from perturbations is
likely less capable of maintaining the precise dynamic motifs required for reliable neural
computation.35,36,54,56

We demonstrated that our primary findings are robust to variations in window length, model
hyperparameters, and the percent of characteristic roots used (Figure B.1). However, we note
that because DeLASE relies on a linear approximation of nonlinear dynamics, the stability
metric requires aggregating a distribution of roots rather than relying on a single dominant
mode. While our results held across a broad range of thresholds (1% to 30%), reliance on a
small subset of roots (e.g., < 3%) can yield variable estimates. Thus, distributional averaging
remains a necessary step when applying this framework.

Regarding statistical power, our study relies on many independent recording sessions across
two subjects per anesthetic agent, consistent with standards in non-human primate neurophys-
iology.272 A simulation-based post-hoc power analysis confirmed that the study was highly
powered (>99%) to detect the primary effect of destabilization for the majority of comparisons.
However, the analysis also indicated that one specific comparison, the Awake-Anesthesia
comparison in NHP 4 under ketamine, exhibited lower observed power (~63%). This suggests
that while the destabilization effect is robust across the population, the magnitude of the
effect relative to baseline variability can differ between subjects.
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2.4.7 Future directions

Beyond anesthesia, the DeLASE framework offers a quantitative tool to explore other states
of consciousness. Future studies could apply this method to neural data recorded during
sleep to determine if NREM and REM sleep exhibit distinct stability profiles. Similarly,
investigating neural dynamics during psychedelic experiences, or in patients with neuropsychi-
atric conditions or disorders of consciousness may reveal whether these states also represent
deviations from the brain’s typical range of dynamic stability.

2.4.8 Conclusion

Leveraging high-resolution intracortical recordings and dynamical systems analysis, we provide
evidence for destabilization as a convergent effect of different anesthetics. This suggests
destabilization as a population-level signature of loss of consciousness potentially common
among anesthetics. It furthermore provides an explanation for the low-frequency oscillations
observed during anesthetic-induced unconsciousness. Our results point to an optimal range
of dynamic stability as a prerequisite for consciousness.
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3.1 Abstract

Biological function arises through the dynamical interactions of multiple subsystems, including
those between brain areas, within gene regulatory networks, and more. A common approach
to understanding these systems is to model the dynamics of each subsystem and characterize
communication between them. An alternative approach is through the lens of control theory:
how the subsystems control one another. This approach involves inferring the directionality,
strength, and contextual modulation of control between subsystems. However, methods for
understanding subsystem control are typically linear and cannot adequately describe the rich
contextual effects enabled by nonlinear complex systems. To bridge this gap, we devise a
data-driven nonlinear control-theoretic framework to characterize subsystem interactions via
the Jacobian of the dynamics. We address the challenge of learning Jacobians from time-series
data by proposing the JacobianODE, a deep learning method that leverages properties of the
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Jacobian to directly estimate it for arbitrary dynamical systems from data alone. We show
that JacobianODE models outperform existing Jacobian estimation methods on challenging
systems, including high-dimensional chaos. Applying our approach to a multi-area recurrent
neural network (RNN) trained on a working memory selection task, we show that the “sensory”
area gains greater control over the “cognitive” area over learning. Furthermore, we leverage
the JacobianODE to directly control the trained RNN, enabling precise manipulation of
its behavior. Our work lays the foundation for a theoretically grounded and data-driven
understanding of interactions among biological subsystems.

3.2 Introduction

Complex systems are ubiquitous in nature. These systems exhibit a wide range of behavior
and function, in large part through the dynamic interaction of multiple component subsystems
within them. One approach to understanding such complex systems is to build detailed
models of their underlying dynamics. An alternative and simpler yet powerful approach is
offered by control theory, focusing instead on how subsystems influence and regulate one
another, and how they can be controlled.

Control theory thus offers a complementary approach to both understanding and manipulating
biological systems. The theory describes how inputs must be coordinated with system dynam-
ics to achieve desired behaviors, and can be applied across domains ranging from robotics to
biology (Figure 3.1A). The brain coordinates neural activity across multiple interconnected
brain areas, dynamically modulating which regions receive information from which others
depending on need and context.273,274 Interareal interactions play central roles in cognition
and consciousness,21,275–278 in selective attention,44,279–286 decision making,287,288 working
memory,289,290 feature binding,291,292 motor control,293–297 and learning and memory.298–302

A common approach to characterizing interareal interactions is to quantify communication
between them, using methods such as reduced-rank regression to define “communication
subspaces”. These subspaces determine low-dimensional projections that maximally align
high-dimensional states of the input area with high-dimensional states of the target area.303–305

However, effective control not only involves alignment of high-variance input states with
high-variance target states, but also appropriate alignment of the inputs with the dynamics
of the target area. Given connected subsystems A and B, an identical signal from B will have
dramatically different control effects on A, depending on whether the signal aligns with stable
or unstable directions of A’s dynamics: projections onto more unstable eigenvectors can much
more readily drive the system to novel states. (For more detail see Appendix C.3.1.)

Accordingly, recent work in neuroscience has espoused control-theoretic perspectives on
interareal interactions (Figure 3.1B).182,294,306–311 The dominant approach has involved linear
control.140,142,144,312–319 However, the inherently nonlinear dynamics of the brain enable richer
contextual control than possible to fully model with linear systems, necessitating a nonlinear
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control approach.

Figure 3.1: Schematic overview of control-theoretic framework applied to neural interactions.
(A) Control theory generalizes across diverse systems. (B) Illustration of interareal control, highlighting how
neural activity in one area directly influences dynamics in another.

One approach to extend control-theoretic analyses to nonlinear systems is by linearizing the
nonlinear dynamics through Taylor expansion, which involves the Jacobian. This converts
the nonlinear system into a linear state- and time-dependent one,182,320–322 allowing for
simple control. Jacobian linearization for control is straightforward with access to analytical
expressions for the non-linear system, but it becomes non-trivial in purely data-driven
scenarios. Estimating the Jacobian involves conjunctively inferring both a function and
its derivative, yet good function approximation need not yield good approximations of its
derivatives (see Section 3.5 and Appendix C.3.2).

This paper introduces several key contributions:

• Robust data-driven Jacobian estimation. We present JacobianODE, a deep
learning-based method for estimating Jacobians from noisy trajectories in high-dimensional
dynamical systems. We demonstrate the validity of this approach in several sample
systems that include high-dimensional chaos.

• A framework to characterize control between interacting subsystems via
data-driven Jacobian estimation. Harnessing our Jacobian estimation method, we
devise a rigorous, data-driven approach for nonlinear control-theoretic analysis of how
paired interacting systems, including brain areas, drive and regulate each other across
different contexts.

• Data-driven inference of control dynamics in trained recurrent neural net-
works. We apply our data-driven framework to a recurrent neural network (RNN)
trained on a working memory task. We show that, purely from data, we can identify key
control-theoretic interactions between the areas, and that these interactions crucially
evolve over the course of learning to produce the desired behavior.

• Demonstration of accurate control of rich interacting high-dimensional
coupled dynamical subsystems. We demonstrate high accuracy in a challenging
high-dimensional data-driven nonlinear control task, enabling precise control of the
behavior of the RNN.
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Overall, our work lays the foundation for data-driven control-theoretic analyses in complex
high-dimensional nonlinear systems, including the brain.

3.3 Related work

Interareal communication A wide range of tools have been developed and harnessed
to study interareal communication in neural data.304,323 This includes, but is not limited to,
methods based on reduced rank regression,303,305 recurrent neural network models of neural
dynamics,182,324–329 Gaussian process factor analysis,330,331 canonical correlation analysis,332–334

convergent cross mapping,83,87,191 switching dynamical systems,335,336 granger causality,337,338

dynamic causal mapping,339 point process models,340 and machine learning methods.341,342

Nonlinear controllability Classical results assess the controllability of nonlinear control
systems via the Lie theory.179,343–346 Another approach to nonlinear network controllability
is based on attractor strength.347 Liu, Slotine, and Barabási [320] and Parkes et al. [321]
note that the large literature of linear controllability analyses could be extended locally to
nonlinear systems with an appropriate linearization method.

Neural network controllability Linear structural network controllability has been impli-
cated across a wide range of contexts, tasks, and neuropsychiatric conditions.140,144,306,311,313–316

This approach has been extended to functional brain networks.317–319 Recent work has char-
acterized the subspaces of neural activity that are most feedback controllable as opposed to
feedforward controllable using linear methods.312 Other approaches to neural control analyses
consider the identification of structural driver nodes,348 and input novelty.349

Data-driven Jacobian estimation Besides approaches estimating Jacobians through
weighted linear regressions,85,88 some methods have used direct parameterization via neural
networks to learn Jacobians of general functions.350,351 These approaches inform our method
but do not explicitly address dynamical systems. Applying path-integral-based Jacobian
estimation to dynamical systems is challenging, as the target function (the system’s time
derivative) is typically unobserved. Beik-Mohammadi et al. [352] utilized this idea in dynamical
systems to learn contracting latent dynamics from demonstrations.

63



3.4 JacobianODE: learning Jacobians from data

3.4.1 Jacobian linearization

We consider nonlinear dynamical systems in Rn, defined by ẋ(t) = f(x(t)). The Jacobian of
the dynamics is a matrix-valued function Jf : Rn → Rn×n (henceforth, J) given by

J(x(t)) =
∂

∂x
f(x(t)) =

⎡⎢⎢⎢⎣
∂f1
∂x1

∂f1
∂x2

. . . ∂f1
∂xn

∂f2
∂x1

∂f2
∂x2

. . . ∂f2
∂xn...

... . . . ...
∂fn
∂x1

∂fn
∂x2

. . . ∂fn
∂xn

⎤⎥⎥⎥⎦ . (3.1)

At each time t, the Jacobian defines a linear subspace relating input and output changes,
capturing how perturbations to the system will propagate. This recasts nonlinear dynamics
as linear time-varying dynamics in the tangent space locally along trajectories (formally,
δẋ(t) = Jf (x(t))δx(t), see Figure 3.2 left, also see Lohmiller and Slotine [353] for a discussion
in the context of virtual displacements).

Figure 3.2: Analytical framework for pairwise interacting subsystem control. Trajectory dynamics
(left, top) are locally linearized via Jacobians (left, bottom), explicitly separating within-area (diagonal blocks)
and interareal (off-diagonal blocks) dynamics (right). These separated dynamics can be used to construct
interaction-specific control systems.
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Figure 3.3: Jacobian estimation with JacobianODE models. (A) Path integration of the Jacobian
predicts future states. (B) Generalized teacher forcing stabilizes trajectory predictions during training. (C)
Loop-closure constraints enforce consistency of Jacobian estimates. (D) Training pipeline, combining neural
Jacobian estimation, path integration, teacher forcing, and self-supervised loop-closure loss.

3.4.2 Parameterizing differential equations via the Jacobian

We now turn to the problem of how to estimate the Jacobian J from data. We assume that
we have access only to observed trajectories of the system, of the form x(j)(t

(j)
0 + k∆t), k =

1, 2, ..., j = 1, 2, ...where ∆t is a fixed sampling interval, j indexes the trajectory, and t(j)0 is
a trajectory-specific start time. Crucially, we do not assume access to the function f . Our
method estimates the Jacobian directly via a neural network. To do this, we parameterize a
neural network function Ĵθ with learnable parameters θ that is then trained to approximate
J.

Path integration Following Lorraine and Hossain [351] and Beik-Mohammadi et al.
[352], we exploit the fact that the path integral of the Jacobian is path independent in the
construction of the loss function. This is because the rows of the Jacobian are conservative
vector fields (i.e., they are the gradients of scalar functions). For an intuitive picture, consider
the work done by the force of gravity as you climb a mountain. Regardless of the path you
take to climb, the resulting work is dependent only on the start and end points of the path.
Formally, for the time derivative function f we have that

f(x(tf ))− f(x(ti)) =

∫︂
C
J ds =

∫︂ tf

ti

J(c(r))c′(r) dr, (3.2)

where C is a piecewise smooth curve in Rn and c : [ti, tf ]→ C is a parameterization of C with
c(ti) = x(ti) and c(tf ) = x(tf ) (Figure 3.3A). Given estimates of f(x(ti)) and the Jacobian J,
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we can then use Equation 3.2 to approximate f(x(tf )) at any time tf . For these integrals, we
use a line between the endpoints as a simple choice of path (Figure 3.3A). Then, to generate
an estimate x̂(tf +∆t) of the next step, we can use a standard ordinary differential equation
(ODE) integrator (e.g., Euler, fourth-order Runge–Kutta, etc.) to integrate the estimated
time derivative f̂(x(t)) (see Appendix C.1 for more detail). To avoid the need to represent f
directly (thereby enabling all gradients to backpropagate through the Jacobian network) we
note that we parameterize an estimate of f(x(ti)) in Equation 3.2 in terms of the Jacobian
(see Appendix C.1.1).

3.4.3 Loss functions

Trajectory reconstruction loss Given an observed trajectory x(t0 + k∆t), k = 0, ..., T − 1
of length T , we can compute the trajectory reconstruction loss, Ltraj(θ;x), between the true
trajectory and the estimated trajectory using an appropriate distance measure d (e.g., mean
squared error, see Appendix C.1.2 for more detail on generating predictions and the trajectory
prediction loss).

Generalized Teacher Forcing To avoid trajectory divergence in chaotic or noisy systems,
we employ Generalized Teacher Forcing, generating recursive predictions partially guided by
true states (Figure 3.3B, and Appendix C.4.8).354

Loop closure loss The Jacobian captures how perturbations to the system will propagate
along any direction in state space. Estimating it purely from dynamics constrains only the
direction of the flow, leaving the full solution underdetermined. To address this, we again
exploit the fact that each row of the Jacobian is a conservative vector field. Specifically, we
note that for any piecewise smooth loop Cloop, we have

⃦⃦⃦∮︁
Cloop

Jds
⃦⃦⃦
2
= 0 (see Figure 3.3C).

Thus, by integrating along loops that contain directions orthogonal to the system’s dynamics
(and penalizing the deviation from zero), we encourage the estimated Jacobians to capture
information about other directions in state space (see Appendices C.1.3 and C.4.8 for full
technical details). To ensure broad coverage of tangent space directions, we form loops
from concatenations of line integrals between randomly selected data points. This strategy
samples diverse directions from the tangent space while remaining easy to compute. The
resulting self-supervised loss term, Lloop(θ;x), builds on the loss introduced by Iyer et al. [355].
It constrains Ĵθ to satisfy both the dynamics and conservativity. This improves Jacobian
estimation accuracy significantly (see Appendix C.3.4 for ablation studies).

Training loss We therefore minimize the following loss function with respect to the
parameters θ:

L(θ;x) = Ltraj(θ;x) + λloopLloop(θ;x) (3.3)

where λloop controls the relative weighting of the loop closure loss Lloop(θ;x) compared to
the trajectory prediction, and is a hyperparameter of the learning procedure (Figure 3.3D).
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3.5 Jacobian estimation in dynamical systems

Data To evaluate the quality of the Jacobian estimation procedure, we apply our approach
to several example systems for which the dynamics are known. For this analysis, we used the
Van der Pol oscillator,122 Lorenz system,60 and the Lorenz 96 system across three different
system sizes (12, 32, and 64 dimensional).356 All systems were simulated using the dysts
package, which samples dynamical systems with respect to the characteristic timescale τ
of their Fourier spectrum.357,358 All training data consisted of 26 trajectories of 12 periods,
sampled at 100 time steps per τ . All models were trained on a 10 time-step prediction task
with teacher forcing.

To evaluate the performance of the methods in the presence of noise, we trained the models
on data with 1%, 5%, and 10% Gaussian observation noise added i.i.d over time, where the
percentage is defined via the ratio of the euclidean norm of the noise to the mean euclidean
norm of the data.

JacobianODE model For the JacobianODE framework, loop closure loss weights were
chosen via line search (Appendix C.4.8), where the neural network Jθ was taken to be a
four-layer multilayer perceptron (MLP) with hidden layer sizes 256, 1024, 2048 and 2048. Path
integration was performed using the trapezoid method from the torchquad package, with each
integral discretized into 20 steps.359 ODE integration was performed using the fourth-order
Runge–Kutta (RK4) method from the torchdiffeq package.360 The JacobianODE models
used 15 observed points to generate the initial estimate of f (see Section 3.4.2 and Appendices
C.1.1 and C.1.2). All models were built in PyTorch.361 Full implementation details are
provided in Appendices C.1 and C.4.

Baselines We chose two different Jacobian estimation procedures for comparison. The first
was a neural ordinary differential equation (NeuralODE) model trained to reproduce the
dynamics.360 The NeuralODE was implemented as a four-layer MLP with hidden layers of
the same size as the one used for the JacobianODE model. Jacobians were computed via
automatic differentiation. NeuralODEs were regularized via a penalty on the Frobenius norm
of the estimated Jacobians to prevent the model from learning unnecessarily large negative
eigenvalues (see Appendix C.4.3).362–364 We also employed a baseline that estimates Jacobian
via a weighted linear regression, which computes locally linear models at each point in the
space85,88 (see Appendix C.4.4).

Performance We tested the approaches on Jacobian estimation on held-out trajectories
without noise. The JacobianODE method outperforms the baseline methods in terms of
mean Frobenius norm error for virtually all systems (Table 3.1). This was also true when
considering the spectral matrix 2-norm (see Table C.3 in Appendix C.3.3).

We plot performance in Figure 3.4. While both the JacobianODEs and the NeuralODEs
reproduce the observed dynamics (Figure 3.4A-D), the JacobianODE learns a more accurate
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Table 3.1: Mean Frobenius norm error on Jacobian estimation, ⟨∥J− Ĵ∥F ⟩, for each system and noise level.
Errors are reported as mean ± standard deviation, with mean and standard deviation computed over five
random initializations of the model architectures.

Project Training noise JacobianODE NeuralODE Weighted Linear

VanDerPol (2 dim) 1% 0.7 ± 0.1 1.0 ± 0.3 6.11
5% 0.72 ± 0.05 0.72 ± 0.08 6.09
10% 1.35 ± 0.06 2.2 ± 0.2 6.08

Lorenz (3 dim) 1% 3.3 ± 0.2 8.7 ± 0.3 21.94
5% 5.1 ± 0.9 26.0 ± 1.5 21.90
10% 6.4 ± 0.1 26.7 ± 0.9 21.84

Lorenz 96 (12 dim) 1% 1.2 ± 0.2 4.8 ± 0.2 28.67
5% 2.7 ± 0.2 5.9 ± 0.2 28.64
10% 4.6 ± 0.1 6.1 ± 0.1 28.56

Lorenz 96 (32 dim) 1% 8.7 ± 0.2 16.8 ± 0.4 47.13
5% 7.8 ± 0.2 17.7 ± 0.6 46.96
10% 13.45 ± 0.09 19.5 ± 0.4 47.03

Lorenz 96 (64 dim) 1% 30.9 ± 0.5 45.5 ± 0.1 66.39
5% 34.0 ± 0.2 45.7 ± 0.1 66.26
10% 36.0 ± 0.2 46.0 ± 0.2 66.29

Task-trained RNN 1% 188.5 ± 7.1 294.02 ± 0.03 301.46
5% 166.8 ± 3.6 294.357 ± 0.003 297.63
10% 180.4 ± 0.5 294.328 ± 0.004 296.63

estimate of the Jacobian (Figure 3.4 E,F). In particular, looking at Lyapunov spectra learned
by the models, we note that the JacobianODE exceeds the other methods in estimating
the full Lyapunov exponent spectrum, indicating a better overall representation of how
perturbations along different directions will evolve (Figure 3.4G,H).

3.6 Control-theoretic analyses in a task-trained RNN

3.6.1 Characterizing control between subsystems with Jacobian
linearization

Consider neural data recorded from two areas, A and B. Concatenating their data into a state
vector x ∈ Rn, composed of xA ∈ RnA and xB ∈ RnB , and assuming dynamics governed by f ,
we linearize around a reference trajectory (δẋ(t) = J(x(t)) δx(t)). Splitting the Jacobian into
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Figure 3.4: JacobianODE surpasses benchmark models on chaotic dynamical systems. Error bars
indicate standard deviation, with statistics computed over five different model initializations. (A,B) State-
space trajectories for (A) Lorenz and (B) 64-dimensional Lorenz 96 systems, with 10 time-step predictions.
Spectral embedding was used to reduce the Lorenz 96 data to three dimensions. (C,D) Accuracy of 10 time-step
trajectory predictions at varying noise levels. (E,F) Comparison of Jacobian estimation accuracy, quantified
by mean squared error (MSE) and R2. (G,H) Estimated Lyapunov spectra averaged over initializations.

block matrices yields:

δẋA(t) = JA→A(x(t)) δxA + JB→A(x(t)) δxB

δẋB(t) = JA→B(x(t)) δxA + JB→B(x(t)) δxB
(3.4)

where diagonal blocks JA→A ∈ RnA×nA and JB→B ∈ RnB×nB represent within-area dynamics,
and off-diagonal blocks JB→A ∈ RnA×nB , JA→B ∈ RnB×nA represent interareal interactions
(Figure 3.2, right). Explicit separation of each area’s control dynamics quantifies the direct
influence each exerts on the other, and readily generalizes beyond two areas (see Appendix
C.2.3).

Since Jacobians are time-dependent, we obtain a linear time-varying representation of control
dynamics along the trajectory. This enables computation of time-varying reachability ease,
capturing how readily each area drives the other toward novel states.365–367 Reachability is
quantified via the reachability Gramian, a matrix defining a local metric in tangent space.
For the above control system capturing the influence of area B on area A, the time-varying
reachability Gramian on the interval [t0, t1] is defined as

Wr(t0, t1) ≜
∫︂ t1

t0

Φ(t1, τ)B(τ)BT (τ)ΦT (t1, τ)dτ (3.5)

where Φ (computed from JA→A) denotes the state-transition matrix of the intrinsic dynamics
of subsystem A without any input (i.e., δxA(t) = Φ(t, t0)δx

A(t0)), and B(τ) = JB→A(x(τ))

69



Figure 3.5: JacobianODE accurately infers trained RNN Jacobians. Error bars indicate standard
deviation, with statistics computed over five different model initializations. (A) Task schematic, involving
stimuli presentation, delays, cueing, and response. (B) RNN architecture with distinct visual and cognitive
areas interacting. (C–E) Structure of trained weight matrices: (C) recurrent weights within RNN, (D)
input connectivity pattern, and (E) output connectivity. (F) State-space trajectories from the trained
RNN, with 10 time-step predictions. Spectral embedding was used to reduce the data to three dimensions.
(G,H) JacobianODE performance evaluated against other models for trajectory prediction (G) and Jacobian
estimation accuracy (H) at multiple noise levels. (I) Estimated Lyapunov spectra averaged over initializations.

(see Appendix C.2.1).365 The Gramian Wr(t0, t1) is symmetric and positive semidefinite for
every t1 > t0.365 Each eigenvalue of the reachability Gramian quantifies how easily the target
system can be driven along its corresponding eigenvector. Thus, the trace of the reachability
Gramian reflects average ease of reaching new states, and its minimum eigenvalue reflects the
ease along the most challenging direction of control.

3.6.2 Estimating the Jacobian of a task-trained RNN

Task To demonstrate how JacobianODE models could be used in neuroscience, we performed
a control-theoretic analysis of a task-trained RNN. We used a working memory selection task
from Panichello and Buschman [368] (Figure 3.5A). On each trial, the network is presented
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with two of four possible "colors", denoted by one-hot vectors. After a delay, the network is
presented with a cue indicating which of the colors to select. The network is then asked to
reach a state of sustained activation that corresponds to the selected color.

RNN model To perform this task, we trained a 128-dimensional continuous-time RNN.
The RNN had hidden dynamics defined by

τ ḣ(t) = −h+Whhσ(h(t)) +Whiu(t) + b

o(t) = Wohh(t)
(3.6)

where Whh defines the internal dynamics, Whi maps the input into the hidden state, Woh

maps the hidden state to a four-dimensional output o(t), b is a bias term, and σ is the
exponential linear unit activation. The RNN had two 64-neuron areas: a "visual" area
(which received sensory input) and a "cognitive" (which output the RNN’s color choice)
(Figure 3.5B). To encourage multi-area structure, we initialized the within-area weights with
greater connectivity strength than the across-area weights (Figure 3.5C). Since input comes
only to the visual area and output only from the cognitive area, the two areas are forced to
interact to solve the task (Figure 3.5D,E). The RNN solves this task with 100% accuracy.

Jacobian reconstruction quality We trained JacobianODEs on RNN trajectories from
the post-cue delay and response portion of the trials. We used the same baselines as in Section
3.5. JacobianODEs are not only robust to noise, but can also benefit from it (for multiple
systems in Table 3.1, 5% training noise improves estimation). Noise encourages the model to
explore how perturbations around the observed trajectory evolve, which is crucial for learning
accurate Jacobians in high-dimensional systems. Thus (for both the JacobianODE and
NeuralODE) we add a small amount of additional noise to the data during learning. Although
the models perform similarly on trajectory reconstruction (Figure 3.5F,G), on Jacobian
estimation, JacobianODEs drastically outperform both baseline models (Figure 3.5H,I, and
Table 3.1).

3.6.3 Reachability in the task-trained RNN across contexts

Next, we used the Jacobians learned by the JacobianODE (trained on 5% noise) to evaluate
reachability control in the RNN, and compared it to evaluations using ground truth Jacobians.
All analyses were performed using the 10 time-step reachability Gramian. We first found that
it was on average easier for the visual area to drive the cognitive area, both when considering
overall ease (Gramian trace) and worst-case ease (Gramian minimum eigenvalue) (Figure 3.6A,
larger values indicate greater reachability). We next considered how reachability ease varied
throughout the delay period. We found that the visual area could drive the cognitive area
more easily at the beginning of the delay, with ease decreasing into the middle of the delay
period (Figure 3.6B, bottom). The cognitive area was able to drive the visual area more
easily slightly later in the delay period (Figure 3.6B, top). Finally, we considered whether
reachability changes over the course of learning. We found that both directions of reachability
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Figure 3.6: JacobianODE reveals differential interareal reachability. Error bars indicate standard
deviation for (A) and (C), and standard error for (B), (E), and (F), with statistics computed over trajectories.
(A) Comparison of interareal reachability between ground truth and JacobianODE estimates. (B) Temporal
evolution of reachability (Gramian trace) throughout the delay period. (C) Comparison of reachability in early
and late learning. (D) Schematic illustrating targeted control of cognitive-area via visual-area stimulation. (E)
Mean accuracy of targeted responses using JacobianODE versus alternative methods. (F) MSE for multiple
ILQR-based methods.

increased after learning (Figure 3.6C). The JacobianODE reproduced all results accurately
(Figure 3.6A-C, comparison with ground truth). Our analysis reveals that reachability is
crucial in the RNN’s ability to perform the working memory task, with the visual area’s
ability to drive the cognitive area shortly after the cue being especially important.

3.6.4 Controlling the task-trained RNN

To further validate our approach, we used JacobianODE-learned Jacobians to control the
task-trained RNN (Figure 3.6D). Given a trial in which the network was cued to respond
with a particular color, we tested if we could induce a specific incorrect response by input to
the visual area alone. To do so, we implemented Iterative Linear Quadratic Regulator (ILQR)
control, which relies on knowledge of the Jacobian.369,370 The controller guided the network
towards the mean hidden state of training trials corresponding to the desired incorrect color.
We defined accuracy as the percentage of time points during which the RNN output the
desired color. We found that the JacobianODE widely outperformed the baseline models on
this task, achieving an accuracy nearing that of the ground truth system (Figure 3.6E). The
JacobianODE was furthermore able to achieve the lowest mean squared error on the desired
control trajectory (Figure 3.6F). This illustrates that while both the JacobianODE and the
NeuralODE can learn the dynamics, only the JacobianODE learns a representation of the
Jacobian that is sufficient for control.
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3.7 Discussion

Extended Jacobian estimation A natural extension of JacobianODE models would add
inductive biases for particular classes of dynamics. For example, one could parameterize a
negative definite matrix and thus ensure contracting dynamics.352 Other extensions could
include an L1 penalty to encourage sparsity, as well as the inclusion of known dynamic
structure (e.g., hierarchical structure, low-rank structure, etc.). In neuroscience, connectomic
constraints could be incorporated to capture interactions within a neural circuit.

Limitations A future challenge for JacobianODE models is partially observed dynamics.
Recent work has identified that it is possible to learn latent embeddings that approximately
recover the true state from partial observation.89,193,371–373 Jacobian-based dynamics learning
has been performed in a latent space,352,374 however it is unclear whether this translates
to accurate Jacobian estimation, given the challenges related to automatic differentiation
and Jacobian estimation presented here. We also note that reachability estimates depend
sensitively on several factors: the alignment of cross-subsystem interactions and within-
subsystem dynamics, the eigenvectors and eigenvalues of within-subsystem Jacobians, and
the way activity propagates within each subsystem (see Appendix C.3.1). While our method
reliably captures broad trends in reachability over time, fine-grained, time-point-specific
comparisons should be interpreted with caution. Finally, although JacobianODE models scale
well to moderately high-dimensional systems, their performance in systems that are orders
of magnitude larger than those considered here (e.g., recordings of thousands of neurons
via calcium imaging) remains to be tested. In many practical settings, this may not be
a limitation: neural representations during tasks often exhibit intrinsic dimensionalities
comparable to those studied here, enabling JacobianODE models to operate in reduced
dimensionality (see Appendix C.3.7). Notably, most models converged in under 45 minutes
on a single GPU, suggesting favorable scaling (see Table C.7). Future work should explore
the viability of the method in higher dimensions, and assess whether dimensionality reduction
strategies (such as latent state models or low-rank Jacobian approximations) can further
improve scalability and accuracy.

Broader impact on dynamical systems We demonstrated in this work that it is possible
to learn high accuracy Jacobians of arbitrary dynamical systems from data. While in this work
we focus on control-theoretic analyses, we emphasize that JacobianODE models can be trained
in any dynamical setting. Jacobians are widely applicable, and are essential in stability anal-
ysis,25,127,179,375–377 contraction theory,54,179,182,353,378,379 and nonlinear control,322,369,370,380–382

among many other settings.

Broader impact on control-theoretic analyses The control-theoretic analysis presented
here is performed with respect to a particular reference trajectory. It therefore describes the
local controllability properties along the reference trajectory, rather than global properties
for the overall system.322 This locality is desirable in biological settings due to the context-
sensitive nature of the relevant processes. Applications of this approach could involve a
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comparison of the functioning of the autonomic nervous system, or gene regulatory networks,
between control and disease states, given the association of these processes with disease.383–391

Future work should investigate whether a more global Jacobian-based control analysis (e.g.,
contraction theory) is achievable in a data-driven manner via JacobianODE models. This
would be useful especially in engineering settings where global controllability is desirable,
such as robotics and prosthetic limbs.
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4.1 Abstract

Anesthetic-induced unconsciousness may arise partly from a change in how brain areas can
manipulate each other’s activity. To quantify this change, we use control-theoretic tools
that can precisely characterize how easily subsystems in complex networks can control each
other. These tools rely on the Jacobian of the dynamics, an object that fully specifies how
inputs to a function affect the outputs. We built on JacobianODE, a method for data-driven
Jacobian learning, to enable its application to neural recordings. We developed a deep learning
framework that recovers directional, nonlinear control from partially observed multi-area
recordings by combining delay-coordinate embedding, a volume-preserving invertible encoder,
and latent dynamics via JacobianODE. We validated our framework on the Lorenz system
and a partially observed working-memory recurrent neural network. We then applied it to
local field potential recordings from posterior parietal (PPC), superior temporal gyrus (STG),
frontal eye fields (FEF), and ventrolateral prefrontal cortex (vlPFC) in two non-human
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primates, comparing wakefulness with propofol anesthesia. Anesthesia pervasively reduced
the ability of areas to control each other, both in terms of driving towards novel states and
stabilizing along existing trajectories. This change in ease of control was driven by a decrease
in the magnitude of interareal coupling. Directional ease of driving control from PPC to
vlPFC and FEF to vlPFC was increased under anesthesia, providing a potential mechanism
for paradoxical excitation observed during propofol infusion. Together, these results recast
anesthetic unconsciousness as a directional breakdown of cortical control.

4.2 Introduction

Neural computation is supported by the dynamic, directional interactions between brain
areas. Cross-area interaction underwrites a remarkably broad swath of neural function:277,278

it mediates the selective routing of attention,44,279–286 supports decision making,287,288 sus-
tains working memory,289,290 binds features into coherent percepts,291,292 coordinates motor
output,293–297 and underlies learning and memory.298–302 It is therefore unsurprising that
interareal interactions are thought to underlie conscious experience itself.11,16,21,275,276,392–394

General anesthetics produce a profound, reversible loss of consciousness. They thus present a
promising setting for the study of consciousness in the brain.148–153 By comparing anesthetic-
induced changes in neural dynamics between conscious and unconscious states, and identi-
fying robustly altered interareal interactions, we aim to gain insight into the neural mech-
anisms underlying consciousness. Propofol, a GABAA (γ-aminobutyric acid type A) re-
ceptor agonist, changes the balance between excitation and inhibition.41,42,45,46,155,156,395

It has been shown to produce robust disruptions to cortical connectivity and integra-
tion.41,55,131,149,154,176,177,234,241,396–404

Control theory formalizes how external inputs can be coordinated with a system’s intrinsic
dynamics in order to elicit desired behaviors, with applications spanning engineering, robotics,
and biology (Figure 4.1A). Given the dynamic nature of cortical computation, control theory
is a natural lens through which to interpret interactions in the brain (Figure 4.1B).182,294,306–311

Two complementary quantities formalize measurements of ease of control (Figure 4.1C–E).
Along a reference trajectory, reachability measures how easily the target system can be driven
away from its trajectory, while controllability measures how easily the target system can be
driven back toward its trajectory.367 Both trade off against the target’s dynamic stability
(Figure 4.1C). Consider a passenger jet and a fighter jet attempting to fly in a straight line.
The passenger jet is more dynamically stable, meaning it more easily returns back to its
original heading after being perturbed by disturbances such as turbulence. When the goal is
to stay on course (controllability, Figure 4.1C, top and Figure 4.1D, right), the passenger jet
can more easily be guided back to the straight line path in the face of disturbances. However,
when the planes must deftly navigate around storm clouds (reachability, Figure 4.1C, bottom
and Figure 4.1D, left), the fighter jet can more easily be driven to deviate from its original
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path and sharply steer around the obstacles.

Reachability and controllability thus have opposite relationships with the dynamic stability
of the target system (Figure 4.1E, top left). As dynamic stability increases, controllability
increases while reachability decreases. Coupling strength, on the other hand, is positively cor-
related with both reachability and controllability (Figure 4.1E, top right). Greater alignment
of the coupling matrix with the leading eigenvector of the target area increases reachability
(perturbations propagate along more unstable modes) but decreases controllability (harder to
stabilize more unstable modes) (Figure 4.1E, bottom left). Accordingly, coupling intrinsic
dimensionality can have varying effects, depending on whether the increased dimensionality
distributes onto slower or faster modes of the target area (Figure 4.1E, bottom right). Thus
reachability and controllability together depend intricately on a multitude of factors, including
dynamic stability, coupling strength, as well as coupling dimensionality and the alignment of
the inputs with the target system’s dynamics.

The lack of attentional control and awareness during anesthetic-induced unconsciousness
suggests a dramatic change in control dynamics. Indeed, propofol and other general anesthetics
have been shown using linear network control theory to increase the transition energy required
to switch states from functional imaging data.405 While existing neural control analyses have
leaned on linear formulations.140,142,144,312–319,406,407, the brain’s dynamics are fundamentally
nonlinear, and the context-dependent forms of control they afford cannot be captured in their
entirety by linear models, motivating a nonlinear treatment of interareal control.39,320,321,408,409

In this work, we leverage nonlinear control theory to characterize how interareal interactions
reorganize under propofol anesthesia from intracortical depth electrodes recording local field
potentials (LFPs). Our analysis uses the Jacobian of the dynamics, a matrix-valued function
that captures the local interdependence of the dynamics of every component of the system.
We reproduce findings from previous work on propofol anesthesia that found propofol induces
destabilized dynamics.37,38 We then characterize how propofol dismantles both reachability
and controllability in the brain, on top of demonstrating a reduction in the magnitude
and dimensionality of local interareal coupling. Overall, our results suggest that propofol
anesthesia disrupts consciousness through the disruption of interareal directional control
dynamics.

4.3 Jacobian-based directional control estimation

We consider nonlinear dynamical systems in Rd. The full system is defined by the dynamics
u̇(t) = f(u(t)). We assume that within this full system, there are K coupled subsystems,
each of which is defined by the dynamics u̇k(t) = fk(u(t)), k = 1, . . . , K. The subsystem
dimensionalities are dk, and d =

∑︁K
k=1 dk. The system is then observed through a smooth map

x(t) = h(u(t)) ∈ Rdobs with h : Rd → Rdobs that projects the full state vector u onto a lower-
dimensional subspace. We will assume that our observation of each subsystem depends only on
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Figure 4.1: A control theoretic framing of interareal control. (A) Control problems share a common
formal structure across engineering, biology, and brain networks. (B) Bidirectional control interactions
between two areas. (C) Conceptual illustration of reachability and controllability interacting with dynamic
stability. (D) Abstract illustration of reachability and controllability. (E) The dependence of reachability and
controllability on dynamic stability, coupling magnitude, coupling alignment, and coupling dimensionality in
a synthetic two-area linearization.

the state of the subsystem itself, and not on the state of the other subsystems. That is, we can
decompose the observation map as x(t) = h(u(t)) = [h1(u1(t)),h2(u2(t)), . . . ,hK(uK(t))].
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4.3.1 Jacobian-based directional control estimation in fully
observed dynamical systems

We begin with the simplest case discussed in the original JacobianODE paper39, when h is
the identity map, so x(t) = u(t). The Jacobian of the dynamics is a matrix-valued function
Jf : Rd → Rd×d (henceforth, J) given by

J(x(t)) =
∂

∂x
f(x(t)) =

⎡⎢⎢⎢⎣
∂f1
∂x1

∂f1
∂x2

. . . ∂f1
∂xd

∂f2
∂x1

∂f2
∂x2

. . . ∂f2
∂xd...

... . . . ...
∂fd
∂x1

∂fd
∂x2

. . . ∂fd
∂xd

⎤⎥⎥⎥⎦ . (4.1)

At each time t, the Jacobian captures how perturbations to the system will propagate. This
recasts nonlinear dynamics as linear time-varying dynamics in the tangent space locally along
trajectories (formally, δẋ(t) = Jf (x(t))δx(t)) (Figure 4.2A, left).

To characterize control, consider the following formulation. As discussed in the original
JacobianODE paper, the tangent space dynamics around the reference trajectory for subsystem
α ∈ {1, ..., K} are given by

δẋ(α)(t) =
K∑︂
k=1

Jk→α(x(t))δx(k)(t)

where Jk→α(x(t)) ∈ Rdα×dk is the submatrix of J(x(t)) in which the columns correspond
to subsystem k and the rows correspond to subsystem α. Now, for a given subsystem
β ∈ {1, ..., K} with β ̸= α, we wish to analyze the ease with which β can control α locally
around the reference trajectory, without intervention from other subsystems. Discounting
the interventions from other subsystems equates to setting δx(k)(t) = 0 for k ̸= α, β, leaving
the expression

δẋ(α)(t) = Jα→α(x(t))δx(α)(t) + Jβ→α(x(t))δx(β)(t) (4.2)

which quantifies the local dynamics of subsystem α with input from subsystem β, in the
absence of perturbations from any other subsystem (Figure 4.2A, right).

To quantify the ease of control subsystem β can exert over subsystem α, we can use the
reachability and controllability Gramians, defined in continuous time as

Wr(t0, t1) ≜
∫︂ t1

t0

Φ(t1, τ)B(τ)BT (τ)ΦT (t1, τ)dτ (4.3)

and

Wc(t0, t1) ≜
∫︂ t1

t0

Φ(t0, τ)B(τ)BT (τ)ΦT (t0, τ)dτ (4.4)

respectively. In these equations, Φ denotes the state-transition matrix of the intrinsic
dynamics of subsystem α without any input (i.e., δx(α)(t) = Φ(t, t0)δx

(α)(t0)) and B denotes
the coupling Jacobian Jβ→α(x(t)).365
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Figure 4.2: Latent JacobianODE pipeline for partially observed multi-area neural recordings.
(A) Jacobians linearize dynamics along a reference trajectory, enabling the construction of pairwise interacting
control systems. (B) Jacobians obey path independence, analogous to achieving the same potential energy
difference taking two different paths up a mountain with the same endpoints. (C) The latent JacobianODE
deep learning framework, demonstrated using the four-area neural recordings analyzed in this work.

4.3.2 Deep Jacobian estimation: learning Jacobians from data

Given only observed trajectories x(j)(t
(j)
0 +k∆t), k = 0, 1, . . . , and no access to the underlying

dynamics f , we estimate J directly by parameterizing it as a neural network Ĵθ with learnable
parameters θ.39 The core observation is that each row of J is a conservative vector field
(the gradient of a scalar potential), so its path integral between any two points is path-
independent351,352: as in the work done climbing a mountain, the result depends only on the
start and end points, not the route taken (Figure 4.2B). Formally,

f(x(tf ))− f(x(ti)) =

∫︂
C
Ĵθ ds, (4.5)

where C is any piecewise-smooth curve joining x(ti) to x(tf ). Together with a Jacobian-based
parameterization of the reference value f(x(ti)) so that all gradients backpropagate through
θ (see Appendix D.2.1), Equation 4.5 yields an estimate of the time derivative everywhere
along the trajectory, which a standard ODE integrator advances to predict x̂(tf +∆t).
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Trajectory loss. Given an observed trajectory x(t0+k∆t), k = 0, . . . , T −1, the trajectory
reconstruction loss Ltraj(θ;x) penalizes deviation between predicted and true states under
an appropriate distance (typically mean squared error, i.e. MSE). Recursive predictions in
chaotic or noisy systems are stabilized by generalized teacher forcing, which partially anchors
the rollout to ground-truth states.354

Loop-closure loss. Trajectory loss only constrains Ĵθ along the direction of the flow,
leaving the orthogonal tangent-space directions underdetermined. Exploiting conservativity
once more, the path integral of J around any piecewise-smooth closed loop Cloop must vanish
(Figure 4.2C). The self-supervised loop-closure regularizer355,

Lloop(θ;x) =
⃦⃦⃦ ∮︂

Cloop
Ĵθ ds

⃦⃦⃦2
2
, (4.6)

penalizes the deviation of this integral from zero. In practice, we form from concatenations
of line segments between randomly-sampled data points, sampling diverse tangent-space
directions on the data manifold while remaining cheap to compute.

Training objective. The total loss combines the two terms,

L(θ;x) = Ltraj(θ;x) + λloop Lloop(θ;x), (4.7)

with λloop a tunable hyperparameter controlling the weight of the loop-closure regularizer.

4.3.3 A latent JacobianODE pipeline for partially observed
dynamical systems

Delay embedding. To recover the full system dynamics from partial observations, we
can leverage Takens’ delay embedding theorem. The theorem guarantees that by looking
backwards in time at the history of the observed data, we can reconstruct a manifold that is
diffeomorphic to the full system state space. Specifically, we form delay-embedded vectors
x̃(t) = [x(t),x(t− τ∆t), . . . ,x(t− (nd− 1)τ∆t)] ∈ Rd′ , with d′ = nddobs. Taking the intrinsic
dimensionality of the system to be d⋆, Takens’ theorem guarantees that for generic h and
nd ≥ 2d⋆ + 1, the map x̃ ↦→ u is a diffeomorphism from the embedded manifold onto the full
system state space. We will again assume subsystem-specificity of the observation map, so
that x̃(t) can be written as x̃(t) = [x̃1(t); x̃2(t); . . . ; x̃K(t)] ∈ Rd′ , and the diffeomorphism is
given by u = ψ(x̃) = [ψ1(x̃1(t));ψ2(x̃2(t)); . . . ;ψK(x̃K(t))].

Diffeomorphic encoder. The latent version of the JacobianODE model builds on the
insight from Takens’ theorem, and following previous work,410 leverages diffeomorphic encoders
to learn a latent representation that is diffeomorphic to the delay embedding. Specifically,
we delay embed the observed data, and construct an encoder that consists of coupling
layers interleaved with orthogonal mixing layers. This results in an encoder that is both
diffeomorphic and exactly invertible (Figure 4.2C, left). In practice, we use additive coupling
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layers for the coupling component, and Cayley-parameterized orthogonal mixers for the
mixing component.411–413 Formally, an invertible additive coupling layer takes as input a
vector y ∈ Rd′ , partitions it into two halves a ∈ Rd′/2 and b ∈ Rd′/2, and applies

a′ = a, b′ = b+mϑ(a), (4.8)

where mϑ : Rd′/2 → Rd′/2 is a (possibly non-invertible) neural network. The Jacobian of this
map is

∂(a′,b′)

∂(a,b)
=

[︃
I 0

∇amϑ I

]︃
, (4.9)

which has det = 1 identically, regardless of mϑ. The inverse is a = a′, b = b′ −mϑ(a
′).

To mix the dimensions in between coupling layers, we use a Cayley-parameterized orthogonal
mixer. Formally, a Cayley-parameterized orthogonal mixer takes as input a vector y ∈ Rd′

and applies an orthogonal map given by y′ = Qy, where Q = (I−A)(I+A)−1 and A is a
learnable skew-symmetric matrix. The determinant of Q is 1.

Thus the encoder as a whole is volume preserving (its determinant is 1), meaning it cannot
arbitrarily reduce the geometric volume of the observed data to minimize noise. To handle
multiple subsystems, we instantiate a separate encoder for each subsystem, so that the total
encoder can be written as z = Ψ(x̃(t)) = [Ψ1(x̃1(t));Ψ2(x̃2(t)); . . . ;ΨK(x̃K(t))].

A diffeomorphic function by construction must map to a space of the same dimensionality.
However the intrinsic dimensionality of a system is in practice typically much smaller than
the dimension of the delay embedding. We partition the latent space into two components:
a dynamic latent zdyn ∈ Rddyn and an effectively-null latent znull ∈ Rdnull = Rnddobs−ddyn ,
with z = [zdyn; znull] ∈ Rnddobs (Figure 4.2C, center). The null subspace is zero-padded for
all decoder calls (i.e., inverse encoder calls). Thus while the null subspace is allowed to
freely vary, all information for both dynamics and reconstruction must live in the dynamic
latent. The JacobianODE model then operates on zdyn only. Note that since the encoder is
volume-preserving, as mentioned, all information in the input must be preserved somewhere
in the latent space. Thus the null subspace provides the opportunity to dump any noise
or information not relevant to the dynamics or reconstruction. In practice, to pick the
dimensionality of the dynamic subspace ddyn, we perform a linear PCA on the delay-embedded
training data and select the number of components that explain 99% of the variance. This is
because linear dimensionality provides an upper bound on the intrinsic dimensionality of the
system.

Reconstruction loss. The reconstruction loss Lrec(θΨ;x) penalizes the deviation between
true and decoded latent states, where θΨ are the parameters of the encoder (Figure 4.2C,
right). We define a projection operator Pdyn that projects the latent into the dynamic
subspace. Then, the reconstruction loss is given by

Lrec(θΨ;x) = Et

[︁
∥Ψ−1 ([PdynΨ(x̃(t));0])− x̃(t)∥2

]︁
. (4.10)
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Latent prediction loss. The latent prediction loss Lpred,z(θ;x) penalizes the deviation
between true and predicted latent dynamics, where θ = [θΨ; θJ ] are the parameters of the
encoder and JacobianODE model. Formally,

Lpred,z(θ;x) = Et

[︄
T∑︂

s=1

⃦⃦⃦
ẑ(t+ s∆t)− z(t+ s∆t)

⃦⃦⃦2]︄
, (4.11)

where ẑ(t+s∆t) is the predicted latent state at time t+s∆t and T is the number of prediction
steps.

Decoded prediction loss. The decoded prediction loss Lpred,x(θ;x) penalizes the deviation
between true and predicted observed states. To minimize the amount of redundant information,
we compute the decoded prediction loss only on the most recent slice of each predicted delay-
embedded window (Figure 4.2C, right). Formally,

Lpred,x(θ;x) = Et

[︄
T∑︂

s=1

⃦⃦⃦
PrecentΨ

−1 ([Pdynẑ(t+ s∆t);0])− x(t+ s∆t)
⃦⃦⃦2]︄

, (4.12)

where Precent is a projection operator that projects the decoded latent into the most recent
slice of the delay-embedded window, and x(t+ s∆t) is the true observed state at time t+ s∆t.

Training objective. The total loss is given by

L(θ;x) = Lrec(θΨ;x) + Lpred,z(θ;x) + Lpred,x(θ;x) + λloop Lloop(θ;x), (4.13)

where λloop is a tunable hyperparameter controlling the weight of the loop-closure regularizer.
Loop-closure loss is computed in latent space. The reconstruction loss and both prediction
losses are given the same weight since the encoder is volume-preserving, and the relevant
states should have approximately the same scale.

4.3.4 Conditional training

In the case where the data span multiple conditions, either discrete (e.g., awake vs. anesthesia)
or continuous (e.g., different drug doses), we can train the JacobianODE model to be condition-
aware. Specifically, we can add a conditional vector c ∈ Rdc to the input of both the encoder
and the JacobianODE model, and train the model to predict the Jacobian of the dynamics
conditioned on this variable. In practice, we take c ∈ {−1,+1} to represent the difference
between conditions.

83



4.4 Results

4.4.1 Validation on synthetic systems with ground-truth dynamics

We validated the pipeline on two simulated systems. In these systems, the true Jacobians are
known, so we can compare against ground-truth invariants such as the Lyapunov spectrum,
attractor topology, and ground-truth reachability and controllability gramians. The systems
we used were the 3-D Lorenz attractor,60 and a 128-D recurrent neural network (RNN) trained
on a working memory selection task inspired by Panichello and Buschman [368]. For the
task-trained RNN, on each trial, the network receives two cue inputs and, after a delay and a
selection cue, must sustain activation corresponding to the chosen color. The RNN consists
of two 64-neuron areas (visual input and cognitive output), with predominantly within-area
connectivity to encourage multi-area structure. Inputs reach only the visual area, outputs
are read from the cognitive area, and thus the two areas are forced to interact to solve the
task. We trained Jacobians on activity from the autonomous delay epoch before the network
provides a response.39

Each system was trained in two variants: fully observed (the JacobianODE machinery receives
all d state coordinates) and partially observed (the latent-space pipeline receives a dobs≪d
projection and recovers a coordinate system via delay embedding and the encoder). For the
Lorenz system, only the x variable was observed. For the task-trained RNN, 16 coordinates
were randomly chosen from each of the two areas. All models were trained on data with 5%
observation noise.

We evaluated trajectory prediction via R2 and decoder-corrected mean absolute standardized
error (MASE). The decoder-corrected MASE normalizes the mean absolute error by the
absolute error of the decoded persistence baseline (Et

[︁
∥PrecentΨ

−1 ([PdynΨ(x̃(t));0])− x(t+
∆t)∥2

]︁
), which separates the dynamic prediction quality from the decoder error. Trajectory-

prediction quality is reported on held out test data (Figure 4.3A). In both the fully-observed
and partially-observed cases, the models are able to reproduce trajectories, though this ability
is predictably somewhat impaired for the partially-observed Lorenz system.

The Lyapunov spectrums are recovered by the latent JacobianODE models in the fully ob-
served case (Figure 4.3B). For the partially-observed Lorenz system, the latent JacobianODE
formulation recovers the top two exponents, while distributing the third exponent, corre-
sponding to decay onto the attractor, into the remaining 12 latent dimensions (Figure 4.3C).
Note that the partially observed latent spectrum has 14 entries due to the method of picking
the latent dimension ddyn by PCA on the delay-embedded training data at variance threshold
0.99. The results reflect that under partial observation, the encoded delay-embedded states
do not contain the necessary resolution to resolve the third exponent exactly. However,
the latent JacobianODE does recover the Kaplan-Yorke dimension of the Lorenz attractor,
indicating that the attractor topology is preserved (Figure 4.3D,E). For the partially observed
task-trained RNN, the latent JacobianODE model was trained conditioned on the condition

84



Figure 4.3: Validation on synthetic systems with ground-truth dynamics. (A) Ten-step free-running
R2 (top) and decoder-corrected one-step MASE (bottom) for the four runs. (B) Predicted vs. empirical
Lyapunov spectra (sorted descending) for the two fully observed runs. (C) Same for Lorenz partially observed.
(D–E) Ground-truth and latent-recovered Lorenz attractor in PC1–PC2 with Kaplan–Yorke dimension
annotations. (F) Task-trained RNN single-epoch versus fully trained Lyapunov spectra, predicted (pink)
vs. empirical (black). (G) Task-trained RNN partially observed directional reachability and controllability
log-trace and inverse log-trace, ground-truth vs. predicted, per condition.

variable c ∈ {−1,+1}, indicating the first epoch or the final epoch of training. The latent
JacobianODE model qualitatively recovers the leading exponents of the Lyapunov spectrum
in each condition, as well as the relevant difference between them (Figure 4.3F).

The latent JacobianODE model also recovers the relative changes in reachability and con-
trollability between the two conditions (Figure 4.3G). Reachability increases from the first
epoch to the final epoch of training for both visual to cognitive control and cognitive to
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visual control (Figure 4.3G, left and center-left). Additionally, visual to cognitive reachability
is higher in both conditions, reflecting the need for the visual area to drive the cognitive
area to make the correct decision. Controllability also increases from the first epoch to the
final epoch of training for both visual to cognitive control and cognitive to visual control
(Figure 4.3G, center-right and right).

4.4.2 JacobianODE models capture neural dynamics and show
more nonlinear geometry in awake state relative to anesthesia

We applied the pipeline to multi-area LFP from two non-human primates (NHPs) recorded
during propofol infusion. Each session simultaneously recorded LFP from posterior parietal
cortex (PPC), superior temporal gyrus (STG, auditory cortex), frontal eye fields (FEF), and
ventrolateral prefrontal cortex (vlPFC) at 1 kHz. We low-pass filtered the signals at 80 Hz.
We used resting state trajectories for training the JacobianODE model, defined as starting
at least 3 seconds after the onset of any external stimulus (either airpuff, or auditory tone).
Data was taken from either the awake state or a maintenance dose anesthetic state, and the
JacobianODE model was conditioned on the condition variable c ∈ {−1,+1}, indicating the
state.

Free-running trajectory prediction and decoder-corrected one-step MASE are reported per
condition, per NHP (Figure 4.4A). Trajectories are well captured over 10-step free-running
prediction. Anesthetic state trajectories were generally easier to predict than awake state
(p = 9.5×10−7, paired two-sided Wilcoxon signed-rank test, median difference anesthesia −
awake ∆R2 = 0.068 [95% CI 0.060, 0.071]), though for both conditions the decoder-corrected
one-step MASEs are below the decoder-corrected persistence baseline of 1.0.

The encoder leverages considerable transformations to encode the dynamics into the latent
space. The angle of rotation rises through the depth of the encoder, and rotates the latent
space into a more complex geometry (Figure 4.4B). Furthermore, the Riemannian metric
induced on the latent space is farther from identity in the awake state than during anesthesia,
indicating a more complex geometry in the awake state (Figure 4.4C; p = 9.5×10−7, paired
two-sided Wilcoxon signed-rank test, median difference anesthesia − awake ∆ = −0.059 [95%
CI −0.067, −0.050]). This suggests that the decreased prediction quality in the awake state
relative to anesthesia may be related to the more nonlinear geometry of the data manifold.

4.4.3 Broad-spectrum destabilization during propofol anesthesia

Previous work has shown that neural dynamics are destabilized under propofol anesthesia.37,38

We confirmed this destabilization using the latent JacobianODE models. We computed
Lyapunov exponents for all resting state trajectories within each epoch of each session and
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then averaged across sessions. We report both the asymptotic Lyapunov spectrum as well as
the finite time Lyapunov exponent (FTLE) spectrum, which was computed over 10 millisecond
windows.

While the largest asymptotic Lyapunov exponents are similar across conditions, the broad
spectrum of asymptotic Lyapunov exponents was significantly destabilized under anesthesia,
as was previously found (Figure 4.4D,E; p = 9.5×10−7, paired two-sided Wilcoxon signed-rank
test, median difference full spectrum mean anesthesia − awake ∆⟨λ⟩ = +5.61 [95% CI +4.56,
+6.78]). For the finite-time Lyapunov exponents, both the maximum Lyapunov exponent
and full spectra show destabilizations during anesthesia (Figure 4.4D,E; max exponent
p = 0.038, paired two-sided Wilcoxon signed-rank test, median paired difference, anesthesia
− awake∆λ = +3.82 [95% CI +0.52, +6.97], full spectrum p = 9.5×10−7, ⟨λ⟩ ∆ = +5.61
[95% CI +4.56, +6.78]). We note that the maximum Lyapunov exponents are not always
faithfully reproduced in the sample systems and may be more sensitive to noise. They should
therefore be interpreted with caution. The full spectrum however was robustly recovered by
JacobianODE models, and more consistently depicts the destabilization across a multitude of
directions.

Per-area asymptotic Lyapunov exponents qualitatively reproduce the shift found at the full
system level (Figure 4.4F). Notably, PPC had the most unstable dynamics both in the awake
and anesthetic states (p ≤ 3×10−6, paired two-sided Wilcoxon signed-rank test).

4.4.4 Propofol anesthesia reduces directional reachability and
controllability

We next sought to characterize how propofol anesthesia changes interareal reachability and
controllability. We computed the directional reachability and controllability Gramians for each
condition using the learned Jacobians. We report both the reachability and controllability
Gramians computed over 10 millisecond horizons. Each gramian measures the influence
of area β on area α through the time-dependent coupling, defined by Jβ→α. For β = α,
tr(Wαα

r ) =
∫︁ t1
t0
∥∂τΦα(t1, τ)∥2F dτ and tr(Wαα

c ) =
∫︁ t1
t0
∥∂τΦα(t0, τ)∥2F dτ : the integrated

squared Frobenius norms of how the within-area state-transition matrices evolve with the
integration time. This can be interpreted roughly as the strength of the within-area recurrence,
and provides a natural baseline for comparing the trace magnitudes.

Reachability was broadly decreased under anesthesia, both when considering the easiest
directions of control (Figure 4.5A, left) and the most difficult directions of control (Figure 4.5A,
right). Notably, the reachability along the most manipulable directions became easier under
anesthesia for the interactions involving both PPC and FEF driving vlPFC. Controllability
was also broadly decreased under anesthesia, both when considering the easiest directions of
control (Figure 4.5B, left) and the most difficult directions of control (Figure 4.5B, right).
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Figure 4.4: Trajectory prediction, encoder geometry, and Lyapunov spectra under propofol
(n = 21 sessions). (A) Per-session 10-step R2 and decoder-corrected one-step MASE, awake vs. anesthesia.
(B) Mean per-Cayley-layer rotation angle through encoder depth, between identity (θ = 0) and the Haar
SO(n) reference. (C) Geodesic distance from identity of the composite encoder Jacobian per session, awake
(larger; more warped metric) vs. anesthesia (p < 0.001). (D) Full asymptotic (top) and 10-ms FTLE (bottom)
Lyapunov spectra per session, sorted descending. (E) Boxplots of asymptotic mean and max exponents and
of 10-ms FTLE mean and max exponents. (F) Per-area within-area asymptotic mean (top) and max (bottom)
exponents per session for PPC, STG, FEF, vlPFC; sign-agree-gated significance annotated.

These disruptions in reachability and controllability are most evident at the short time
horizon (10 milliseconds) presented here. At longer horizons, the intrinsic dynamics (more
destabilized under anesthesia) increasingly dominate the Gramians over the interareal cou-
pling. When the target system is less stable, reachability becomes easier and controllability
becomes harder. Thus, over longer horizons, reachability becomes easier under anesthesia
(particularly for projections to PPC and STG), while the controllability reduction instead
deepens (Appendix D.1.2). This illustrates that a reduction in the ability to drive posterior
areas manifests on shorter horizons (10, 20, and 100 milliseconds), while on longer timescales
(1 second) the intrinsic instability of the target area dynamics leads to greater reachability.
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Figure 4.5: Directional reorganization of interareal control under propofol (n = 21 sessions).
(A) 4×4 source–target heatmaps of pooled anesthesia−awake differences in reachability log trW (left) and
log trW−1 (right); stars mark cells passing the sign-agree + BH-FDR gate at q < 0.05. (B) Same for
controllability. (C) Jacobian block Frobenius-norm differences. (D) Block participation-ratio differences.
(E) Spearman correlation between Gramian-change cells and block-norm/PR-change cells. (F) Per-area net
send−receive axis normalized by diagonal within-area measure across all four metrics, placing PPC at the
receiver end, FEF/STG at the sender end, vlPFC balanced.

4.4.5 Anesthesia reduces coupling strength and local coupling
dimensionality

To probe the influence of anesthesia on coupling strength, we analyzed how anesthesia changes
both the Frobenius norm of the cross-area and within-area Jacobian blocks (∆ log trW and
∆∥Jblock∥, the difference in Frobenius norm of the coupling blocks between states). We also
analyzed the participation ratios of these blocks (∆PR(σ2), i.e. change in the participation
ratio of the singular values of JblockJ

T
block). We found that the Frobenius norm of the Jacobian

blocks broadly decreased during anesthesia, indicative of reduced coupling strength between
areas (Figure 4.5C). The participation ratios (dimensionality) of the Jacobian blocks showed
more mixed results. Within frontal (FEF, vlPFC) and within posterior (PPC, STG) cortices
anesthesia decreased coupling dimensionality (Figure 4.5D). All four within-frontal pairs
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decreased significantly. For the frontal-to-posterior and posterior-to-frontal couplings, the
results were not significant but tended to be higher during anesthesia. This suggests that
anesthesia decouples more closely related areas but potentially creates more diffuse, albeit
weakened, couplings across more distant areas. Indeed, within-cluster coupling was weakened
more by anesthesia than between-cluster coupling, (p = 9.5×10−6, paired two-sided Wilcoxon
signed-rank test, median difference within-cluster − between-cluster ∆[∆PR(σ2)] = −0.69
[95% CI −0.94, −0.43]).

4.4.6 Changes in reachability and controllability are driven by
multi-factorial anesthesia-induced effects

We assessed how various factors explain changes in reachability and controllability. We
correlated the changes in Gramian traces with changes in block-norm and participation-ratio,
as well as with changes in target and source-area Lyapunov exponents across conditions
(Figure 4.5E). The traces are positively correlated with block-norm changes, indicating
that coupling magnitude is a significant contributor to control ease. Interestingly, they
are negatively correlated with the participation ratio changes, indicating that more diffuse
coupling might actually impede control along the most essential directions. Overall, the
correlations were relatively weak, reflecting that directional control depends on a multitude of
factors that include the coupling strength and dimensionality, as well as the dynamic stability
of the source and target areas, and the alignment of the source projection with the directions
of flow in the target area.

4.4.7 Anesthesia disrupts the hierarchy of cortical organization into
senders and receivers

Finally, we evaluated whether anesthesia changes area-level patterns of sending and receiving.
We first normalized each cross-area gramian measure by the within-area measure of the
target area. We then computed the column-wise mean (corresponding to average sending
capability) and row-wise mean (corresponding to average receiving capability). This gives us
a per-area measure of the average sending capability relative to receiving capability within
each condition (Figure 4.5F). We found that across both awake and anesthesia, PPC was
consistently more of a receiving area, while STG and FEF were consistently more sending
areas. vlPFC was balanced, indicative of its role as a hub. While the roles were preserved
across conditions, anesthesia tended to push areas more toward a balanced regime (sending
capability equivalent to receiving capability), thus disrupting cortical organization. PPC and
FEF, the two areas with the most extreme awake-state roles, both shifted toward balance
under anesthesia.
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4.5 Discussion

Our results show that anesthesia decreases the ability of areas to control each other, both in
terms of driving towards novel states and stabilizing along existing trajectories. We reproduced
earlier results, showing that propofol anesthesia induces broad spectrum destabilization of
neural dynamics. While the destabilization was most pronounced in PPC, it was present across
all areas. Interestingly, despite decreased stability correlating with increased reachability ease
in the absence of other changes, we found that reachability broadly decreased in anesthesia.
This suggests that at the time horizon of 10 milliseconds considered in the chapter, the
decreased stability in target areas could not compensate for the reduction in coupling strength
also observed. This again highlights that changes in reachability and controllability were
driven by multi-factorial anesthesia-induced effects, including changes in coupling strength
and dimensionality, as well as the dynamic stability of the source and target areas.

Paradoxical excitation. Notably, the directional interactions from PPC to vlPFC and
from FEF to vlPFC showed surprising increases in reachability under anesthesia. These
pathways could potentially be interpreted as a mechanism of the paradoxical excitation
observed during propofol anesthesia. Paradoxical excitation is characterized by an increase
in abnormal movements as well as sensory hallucinations.414–416 Thus, it may be that the
increased ease with which PPC and FEF can drive vlPFC under anesthesia may lead to
the observed spurious movements and sensory hallucinations prior to the onset of loss of
consciousness.

Reduced coupling magnitude during anesthesia. Our finding of reduced coupling
magnitude during anesthesia aligns with previous findings of reduced synchrony and network
integration during propofol infusion.41,55,131,149,154,176,177,234,241,396–404 Furthermore, the finding
that coupling dimensionality decreases locally (within frontal and posterior areas) but
increases more globally (across frontal and posterior areas) aligns with recent findings of
reduced synchrony within hemisphere but increased synchrony across hemispheres.154

Neuropsychiatric conditions. We also note that the latent JacobianODE pipeline
leveraged in this work was agnostic to both the recording modality and the nature of the
data (anesthetic infusion), and could be applied in a wide range of settings. Neuropsychiatric
conditions, in particular, present a compelling setting in which to explore the application
of nonlinear interareal control analyses. Neural control has been shown to be relevant in
schizophrenia,141,313,319 and epilepsy,314, and a lack of goal-directed control has been identified
across multiple psychiatric conditions.417 Additionally, dysregulation of the cortico-basal
ganglia-thalamocortical loop has been associated with a wide range of neuropsychiatric
conditions that includes addiction, attention-deficit/hyperactivity disorder, Parkinson’s, and
many others.418–420 Notably, these conditions all involve a lack of control in some form,
suggesting this might be a compelling setting in which to look for control theoretic biomarkers
and treatment predictors.
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Interventional control. Prior work has shown that JacobianODE models can be used
to directly control synthetic neural models to produce desired behaviors.39 This raises the
possibility of using the latent JacobianODE pipeline for interventional control in both basic
science and clinical settings, such as transcranial magnetic stimulation (TMS) and deep brain
stimulation (DBS).421–425 Given an appropriate mapping from stimulus to brain activity,
the control inputs could actually be provided as sensory stimuli, obviating the need for
technologically complex manipulation.426

4.5.1 Future directions

We validated that the latent JacobianODE method is capable of capturing relative changes
in reachability and controllability from partial observation in the task-trained RNN. However,
it should be determined whether the model is capable of recapitulating these relative changes
when there are more than two subsystems present.

A challenge of the latent Jacobian estimation pipeline is the need to pick the intrinsic
dimensionality of the latent dynamics ddyn. In the present work, we err on the side of caution
and pick a dimensionality sufficient to explain 99% of the variance in principal component
space in the data. However a nonlinear method of intrinsic dimensionality estimation that
yields tighter bounds to the true intrinsic dimensionality of the system would both save
compute (as higher dimensions require larger models) and likely yield improved Jacobian
estimation. An outstanding possibility not explored in this work is to use the learned geometry
of the encoder (the induced Riemannian metric on the latent space) to infer the true number
of directions that are relevant for the latent manifold.

Furthermore, the models fit to neural data surpassed the decoder-corrected persistence
baseline, but did not adequately reproduce the asymptotic dynamics of the system. To do so,
a compelling alternative is to leverage the nonautonomous extension of the JacobianODE
framework suggested in the initial presentation of the method.39 Incorporating this change
would vastly increase the expressivity of the model and potentially lead to more effective
models of neural dynamics.

While we focus here on control, we note that a wide range of tools have been developed and
harnessed to study interareal interactions in neural data.304,323 They include methods based
on reduced rank regression,303,305 recurrent neural network models of neural dynamics,324–328

Gaussian-process factor analysis,330 canonical correlation analysis,332,333 convergent cross
mapping,83,191 switching dynamical systems,335,427 granger causality,337,338 and point process
models.340 A complete analysis should consider how these existing metrics vary with propofol
anesthesia to provide a more comprehensive picture of changes in interareal interactions
during anesthetic-induced unconsciousness.
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Chapter 5

General discussion

Consciousness is supported by dynamical processes operating across many interacting cortical
areas. This thesis approached the loss of those processes during anesthetic-induced uncon-
sciousness through the lens of dynamical systems theory, focusing on two complementary
properties of cortical activity: dynamic stability , the robustness of dynamics to perturbation,
and control , the directional structure through which one area drives another. Each property
motivated a distinct methodological contribution and a corresponding empirical finding,
summarized below.

5.1 Main contributions

The main contributions of this thesis are as follows:

• A data-driven framework for estimating dynamic stability of cortical activity.
We developed Delayed Linear Analysis for Stability Estimation (DeLASE; Chapter 1),37

a delay-embedding-based method that infers the dynamic stability of complex systems
from observed time series.

• Cortical destabilization is a shared signature of anesthetic-induced uncon-
sciousness. Applying DeLASE across three anesthetics with distinct molecular mech-
anisms (propofol, ketamine, and dexmedetomidine) we found that all three similarly
destabilize cortical dynamics (Chapter 2).38

• A deep learning framework for data-driven nonlinear control analysis. We
introduced JacobianODE (Chapter 3),39 a method that estimates the time-varying
Jacobian of nonlinear dynamics directly from observed trajectories using deep learning.
Jacobian estimation enables a control-theoretic analysis of interacting subsystems.

• A reduction in interareal control during propofol anesthesia. We extended
JacobianODE to partial observations via a latent dynamics formulation (Chapter 4).40

Applied to four-area cortical recordings during propofol anesthesia, the latent Jacobian-
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ODE revealed a reduction in the ease of intracortical control, both in terms of driving
towards novel states and stabilizing along existing trajectories.

Together, these contributions develop dynamical systems theory as a quantitative lens for
studying consciousness, and provide tools that can be applied broadly to other neural
population datasets and questions in neuroscience.

5.2 Limitations and future directions

Mechanisms of shared signatures of unconsciousness. The stability and control
findings of this thesis sit at different points along a single candidate causal chain underlying
observed phenomena in anesthetic-induced unconsciousness. In Chapter 2, all three anesthetics
similarly destabilized cortical dynamics, and we suggested that this destabilization may
underlie the increase in low-frequency oscillations common to the three agents. Stronger low-
frequency oscillations have in turn been shown to entrain spiking to their phase, concentrating
activity into intermittent “up-states” and reducing overall firing rate.41,42,131 This local
entrainment generates spike activity windows that are disjoint across time and space, inducing
a state of cortical fragmentation.41 The fragmentation may then reduce the magnitude of
interareal coupling, producing the broad-cohort reductions in reachability and controllability
observed in Chapter 4.

A circuit-level model linking GABAA agonism to destabilization was provided in Chapter 1,
but analogous models for the NMDA-antagonist and α2-adrenergic-agonist mechanisms of ke-
tamine and dexmedetomidine have not been constructed. A unified model that simultaneously
accounts for destabilization, reduced spiking, low-frequency power, cortical fragmentation,
and reduced directional control would be a valuable tool for understanding the convergent
endpoint of mechanistically distinct anesthetics. We acknowledge the possibility of a shared
upstream mechanism, not yet identified, that produces all of these changes.

Extending control analysis across multiple anesthetics. The latent JacobianODE was
applied to propofol only. The cross-anesthetic generalization of destabilization documented
in Chapter 2 has not yet been replicated for directional control. A natural extension is to
apply the same pipeline to the ketamine and dexmedetomidine cohorts and ask whether the
same reductions in reachability and controllability are shared across mechanistically distinct
anesthetics or specific to propofol.

Causal intervention. The directional-control results of Chapter 4 are descriptive: they
characterize how interareal control reorganizes under anesthesia, but do not perturb the
directional modes they identify. The learned per-trajectory Jacobian field is, however, directly
usable for active control: closed-loop nonlinear optimal control on the JacobianODE-learned
Jacobians has been demonstrated to invert a task-trained recurrent neural network’s response
(Chapter 3). The analogous experiment in neural circuits, involving designing optogenetic
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or electrical stimulation protocols that reverse loss of consciousness, or maximally engage
a target behavior or output, would convert the descriptive finding here into a prescriptive
intervention target and provide a causal test of the directional-control framework.

From trajectory-local to global nonlinear control. The control-theoretic analyses in
this thesis are local to the reference trajectory: they characterize the directional nonlinear
control properties along a particular reference trajectory via the linearized Jacobian (which
itself varies along the trajectory), rather than global properties of the full nonlinear system
anywhere in state space. Trajectory locality is desirable in biological settings because the
relevant computations are themselves context-sensitive, but a complementary global nonlinear
treatment (grounded in tools like contraction theory or differential geometric control) would
allow stronger statements about the cortical control landscape as a whole.

Clinical translation. The methods developed in this thesis are immediately applicable
to several translational settings. Real-time dynamic-stability estimation could provide
a continuous, mechanism-agnostic readout of depth of anesthesia and, with appropriate
validation, support closed-loop anesthetic titration.270,271 The same dynamical-systems lens
applies more broadly to neuropsychiatric conditions that may present biomarkers of disrupted
stability or impaired control (depression, anxiety, addiction, schizophrenia).420,428–430 It also
applies to the design of interventions such as transcranial magnetic stimulation and deep
brain stimulation.

Brain-body connection. The dynamical analyses in this thesis consider only corti-
cal recordings, but the connection between the brain and body has been argued to be a
key component of consciousness, emotion, and cognition.431–435 A natural extension of the
directional-control framework of Chapter 4 is to treat the autonomic nervous system as
an additional subsystem in the block decomposition, jointly analyzing cortical LFPs with
autonomic signals such as heart rate variability, respiration, and pupillometry. Anesthesia
produces well-documented perturbations of autonomic regulation, and a unified cortical-
autonomic dynamical model would let us ask how directional control reorganizes not just
within cortex but between brain and body across the loss-of-consciousness transition. Beyond
anesthesia, this approach would be particularly valuable for neuropsychiatric conditions such
as anxiety, depression, and post-traumatic stress disorder, where emotion regulation depends
on interoceptive integration and autonomic dysregulation is a robust biomarker.383,384

5.3 Closing remarks

At the start of my PhD, I discussed with a friend my plans to study consciousness using math.
He replied, lightheartedly, that to translate something as intimate as human experience into
the language of math was a travesty. My rebuttal was to suggest that having a more formal
understanding of our experience makes it more beautiful, not less. It formalizes our humanity,
and therefore illuminates that we all share it. I do not believe I have come even close to
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mathematically formalizing experience in this thesis. Nevertheless, there are times when I
reflect on my own thinking processes and internal phenomenology, and have the sense that
I recognize in myself some reflection of the dynamic processes that I have been studying.
Moments of anxious rumination, for instance, when I notice I am failing to drive my own
thoughts off the topic of my fixation. Perhaps the more we turn inward to understand our
own minds, the more we recognize that no one is truly that different from ourselves. It has
been a great privilege and an honor to undertake this doctoral work, and I am truly grateful
for having had the opportunity to spend my time thinking about these topics.
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Appendix A

Methods: Propofol destabilizes neural dy-
namics across cortex

A.1 Experimental Model Details

Multi-electrode neural activity was recorded from two rhesus macaques (Macaca mulatta),
denoted NHP 1 and NHP 2 (standing for non-human primate). NHP 1 was female, aged 8
years, ∼ 6.6kg at the time of the study and NHP 2 was male, aged 14 years, ∼ 13.0-kg. Results
were very similar between the male animal and female animal. Animals were pair-housed on
12 hr day/night cycles and maintained in a temperature-controlled environment (80 ◦F). The
animals were not involved in previous procedures. Monkeys 1 and 2 were surgically implanted
with a subcutaneous vascular access port (Model CP-6, Norfolk Access Technologies, Skokie,
IL) at the cervicothoracic junction of the neck with the catheter tip reaching the termination
of the superior vena cava via the external jugular vein. All procedures followed the guidelines
of the Massachusetts Institute of Technology Committee on Animal Care and the National
Institutes of Health.

The NHPs were implanted with 8 × 8 chronic Utah arrays, yielding 64 channels per multi-
electrode array (‘Utah arrays’, MultiPort: 1.0 mm shank length, 400 mm spacing, Blackrock
Microsystems, Salt Lake City, UT). The distance between electrodes ensured that we were
not sampling spiking from the same neurons more than once. Electrodes were placed in four
areas: ventrolateral prefrontal cortex (PFC), frontal eye fields (FEF), posterior parietal cortex
(PPC) and auditory cortex (STG).42 In the present analysis, we use LFPs from each area.
During Utah array recordings, areas FEF and PFC were ground and referenced to a common
subdural site. Areas STG and PPC also shared a common subdural ground/reference channel.
The LFPs were recorded at 30 kHz and filtered online via a lowpass 250 Hz software filter.
The LFPs were then subsequently downsampled to 1 kHz. To ensure synchronization of
signals recorded on the multiple data acquisition systems, we simultaneously recorded a
synchronization test signal with locally unique temporal structure on one auxiliary analog
channel of each system. Throughout the entire recording session, we regularly measured
offline the relative timing of this test signal between each of the system’s recorded datafiles.
Measured timing offsets between datafiles were rectified by appropriately shifting event code
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timestamps, and in addition by linearly interpolating analog signals to a common time base.

Note that for the stability analyses, since our method models population dynamics, all
usable electrodes in each area were included in the analysis, and no averaging was performed.
Each anesthetic infusion is referred to as a “session”. By “session”, we mean a continuous
recording, from wakefulness through anesthetic infusion to recovery, in one animal. There are
21 anesthetic sessions across two non-human primate subjects (NHPs): 10 sessions with NHP
1, and 11 sessions with NHP 2. Sessions were always separated by at least 2 days, and were
thus treated as independent samples. In each session, the NHP performed a non-demanding
delayed saccade task pre-anesthesia. Then, following this task, the NHP experienced a
passive airpuff/tone classical conditioning task. Specifically, on one third of trials the NHP
was delivered a 500 ms ringing tone, which after a 500 ms blank delay, is followed by an
airpuff (lasting about 10 ms) to the eye/face designed to elicit a blink response (notably, the
airpuff also emitted a sound). In another third of trials there was an isolated airpuff with
no tone, and on the last third of trials there was a distinct tone played that indicates that
no airpuff will follow. After around 15-20 minutes of airpuff/tone classical conditioning the
NHP was infused with propofol anesthesia for 60 minutes. 30 minutes at a higher loading
dose (0.58 mg/kg/min for NHP 1 and 0.285 mg/kg/min for NHP 2) and 30 minutes at a
lower maintenance dose (0.32 mg/kg/min for NHP 1 and approx. 0.075 mg/kg/min for NHP
2). The infusion was then stopped and the NHP gradually returned to a normal awake
state. propofol was intravenously infused via a computer-controlled syringe pump (PHD
ULTRA 4400, Harvard Apparatus, Holliston, MA).

All data analysis and simulation was done in Python using original code in addition to, Hydra,
Matplotlib436, Pandas437, PyTorch361, scikit-learn438, scipy439, and spynal.

A.2 Method Details

A.2.1 LFP Preprocessing

Recordings for each session were quite stable. Utah arrays have been shown to be stable on
the order of days.440But to further ensure instability across sessions did not affect results, we
first removed the mean across the entire session from each LFP. Then, to handle noise sources,
we removed line noise via temporally windowed sinusoid fits at 60 Hz and all harmonics,
as well as empirically found line noise frequencies: 107.35, 214.7, 190.2, 196.8, 393.6. We
then low pass filtered each LFP at 300 Hz (3rd order bidirectional Butterworth). It was
not necessary to consider eye movement and muscle artifacts in the preprocessing as these
are considered to be signals that are not cerebral in origin441,442, and are more commonly
considered in electroencephalography (EEG) and magnetoencephalography (MEG) studies
due to their non-invasive nature.443,444 The invasive intracortical electrophysiology signals
used in this study are fortunately not susceptible to the same signal contamination risks
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as EEG and MEG. Furthermore, electrodes were not averaged at any point in the stability
analysis pipeline. This is because our method models population dynamics and takes into
account how the overall population representation transforms over time. That information
is lost when electrodes are averaged.

A.2.2 Dynamics and stability estimation approach

Here we outline the DeLASE (Delayed Linear Analysis for Stability Estimation) approach to
stability estimation.

Eigen-time-delay coordinate dynamics (HAVOK)

We consider observed data consisting of T observations of N dimensions (i.e. a matrix
in RT×N). Given a sampling interval of ∆t, this corresponds to a window length of T∆t.
Following HAVOK (Hankel Alternative View of Koopman), we construct a delay embedding,
i.e. a matrix of the form

H =

⎡⎢⎢⎢⎣
xp xp+1 · · · xT

xp−1 xp · · · xT−1
...

... . . . ...
x1 x2 · · · xT−p+1

⎤⎥⎥⎥⎦ ,

where xt ∈ RN are the state observations at time t (e.g. channel activities), and p is the
number of lags in the delay embedding matrix. Thus H ∈ RNp×(T−p+1). We can now perform
SVD on H to obtain H = UΣVT , where U are the delay embedding’s spatial modes, Σ are
the singular values, and V are the eigen-time-delay coordinates (temporal modes). We select
the r coordinates with largest singular values to obtain a reduced rank matrix Vr ∈ RT×r

of temporal modes. The benefits of this SVD step are twofold. First, it avoids a somewhat
ill-posed regression, as most of the terms in each column of the delay embedding matrix H
are identical to the previous column (but shifted). Second, it also removes any extraneous
information present in the delay embedding due to correlation dimensions and noise. The
computation of eigen-time-delay coordinates is equivalent to performing PCA whitening on
the delay embedding matrix.120 PCA whitening projects a data matrix into a space in which
coordinates are decorrelated and have equal variance. This is explored later in the STAR
Methods in the section “Responses in eigen-time-delay coordinates”. We then compute the
dynamics matrix AV ∈ Rr×ras the matrix that solves the following least squares regression
problem:
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AV = argmin
A

⃦⃦⃦
V+

r
T −AV−

r
T
⃦⃦⃦
2
,

where V−
r ∈ R(T−p)×r is the matrix consisting of the first r eigen-time-delay coordinates at

times 1 through T − p and V+
r ∈ R(T−p)×r is the matrix consisting of the first r eigen-time-

delay coordinates at times 2 through T − p + 1. We can therefore construct a discrete model
of the delay-embedded neural dynamical system as

ht+1 = UrΣrAVΣ
†
rU

T
rht,

where ht is the column of the delay embedding matrix H corresponding to maximal time t
(that is, including times t− p+ 1 through t), Ur ∈ RNp×r is the matrix corresponding to the
first r columns of U, Σr is the matrix corresponding to the first r singular values, and Σ† is
the pseudoinverse of Σ.

Estimating stability from delay dynamics

We now let A = UrΣrAVΣ
†
rU

T
r so A is the linear representation of the dynamics in the

delay-embedded neural space. We now note that the first N rows of the matrix A describe
the dependence of xt on the trajectory history:

xt =

p∑︂
k = 1

Akxt−1,

where Ak is the N ×N matrix corresponding to columns kN through (k+1)N of the first N
rows of A. We have thus arrived at a representation of the neural dynamics in the form of a
(discrete) linear delay differential equation. To extract the stability from this representation
of the dynamics, we turned to the field of delay differential equations. We first convert to
continuous time (for purposes of interpretation) setting ˜︁Ak = Ak

∆t
for k > 1 and ˜︁Ak = Ak−IN

∆t

for k = 1 (this latter term is an approximation of the instantaneous term, and so it includes an
identity matrix). This yields the delay differential equation ẋ(t)=

∑︁p
k = 1

˜︁Akx(t− k∆t). The
stability of this delay differential equation is determined by the roots λ of its corresponding
characteristic equation123:

det

(︄
λIN −

p∑︂
k = 1

˜︁Ake
−λk∆t

)︄
= 0.
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The intuition for why this equation is helpful in capturing the stability present in the system
is because of the e−λk∆t term. This term discounts the impact of the matrix ˜︁Ak based on
how far it is from the current state (Figure 1.2E).

This characteristic equation has infinitely-many solutions.445 In fact, even for a simple delay
differential equation with a single delay, the characteristic equation has infinite solutions.
Intuitively, this is because in a continuous time setting there are infinite points in between the
delay time and the current time - thus the system is infinite dimensional and must be specified
with an infinite dimensional initial condition. Mathematically, the infinitely-many solutions
are a result of a corollary to The Great Picard Theorem, namely that an entire non-polynomial
function assumes every complex number infinitely many times (with one possible exception).446

Analytic investigation of the stability of even single delay equations can necessitate quite
advanced mathematical machinery.447 There exist numerous methodologies to numerically
approximate a finite portion of the roots of a given delay differential equation.123,124,448,449

These approaches typically discretize the delay period and are guaranteed to converge to
the true characteristic roots as the discretization of the delay period becomes finer. For our
analysis, we use the TRACE-DDE algorithm, which estimates the roots of the characteristic
equation by constructing a discrete approximation of the infinitesimal generator.124 We choose
the number of discretization points in the delay period to be equal to the number of lags
chosen for the delay embedding, with discretization points spaced out by ∆t. This generates
N(p+ 1) characteristic roots, of which for the present analyses we evaluate the top 10% (i.e.
the 10% with greatest real part).

The characteristic roots are complex valued numbers. The real part of the root determines
the rate at which perturbations to the system along a particular direction will decay. The
complex part of the root determines the frequency at which such perturbations will decay. In
a strictly linear delay differential equation, the root with largest real part determines the
stability, as it determines the overall slowest rate at which perturbations will decay (if the
real part is negative) or the fastest rate at which they will explode (if the real part is positive).
For our analysis, since we are approximating complex nonlinear systems with linear delay
differential equations, we look at the upper portion of the distribution of characteristic roots
extracted to characterize stability. Further, while the convention is to report the real parts of
characteristic roots as inverse timescales, in our analysis we represent these values both with
inverse timescales and standard timescales where appropriate.

To handle instabilities introduced into the dynamics by sensory stimuli, inputs that are
not accounted for, noise, and other artifacts, we filter the extracted characteristic roots in
two ways. First, we enable filtering out all characteristic roots with a frequency component
above a certain value. For our analysis, we filtered out characteristic roots with a frequency
component greater than 500 Hz, since this is the maximum possible frequency in data sampled
at 1 kHz. Next, we enable filtering out all unstable roots with a frequency component above
a certain value. For our analysis, we filtered out unstable roots with a frequency component
greater than 125 Hz. The intuition for this is that rapid, sharp changes due to sensory inputs
and other artifacts will destabilize the dynamics with a high frequency component, due to
the sharpness of the change. We also note that when visualizing the characteristic roots as
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proper timescales in Figure 1.4B, we considered only the characteristic roots with negative
real part. This was because the timescales associated with roots with negative real part are
timescales of stable decay – in contrast to timescales associated with roots with positive real
part, which are timescales of unstable explosion. Nearly all computed characteristic roots
had a negative real part (see Figure 1.4C,E), and all statistics were performed on inverse
timescales, which included any roots with positive real part.

A.2.3 Picking hyperparameters

To select (1) the minimum number of delay embedding coordinates and (2) the rank of the
eigen-time-delay coordinates used to estimate the dynamics, a grid search was performed for
each session (sample is shown in Figure A.1A). We use fixed window sizes for our analysis (10
seconds for simulated data and 15 seconds for neural data). These window sizes ensure a long
enough time window to capture a wide range of dynamic motifs, but a short enough time
window to preserve computational tractability. For the grid search on neural data, models
were fit on 12 windows from each session, and parameters were chosen on a per-session and
per-area basis. Windows were chosen to ensure that all sections of the session were included
(i.e. awake, anesthetic induction, anesthetic unconsciousness, and recovery), with 4 windows
being randomly selected from each section in each session. The metric used to assess model
quality was Akaike Information Criterion (AIC). AIC quantifies the balance between high
quality model prediction (as measured by one-step prediction error on test data) with the
number of model parameters. Models are penalized for having larger numbers of parameters,
such that the optimal model of minimal complexity can be obtained. While larger models
tend to perform better, after a certain point the added parameters are not benefitting the
prediction quality sufficiently to justify their inclusion (Figure A.1A, lower right corner of the
grid). Because we compare stability between sections of each session, the hyperparameters
minimizing AIC within a given session (and area) are chosen. The time interval between
delays was held fixed at 1 time step (1 ms) for this analysis. Chosen hyperparameters varied
across sessions but were typically around 750 delay coordinates (12 delays) with a rank
of 750 for individual areas (usually ~64 channels per area), and approximately 1000 delay
coordinates (4 delays) with a rank of 900 for all areas considered together (usually ~250
channels). All tested hyperparameter combinations preserve the core results of our analysis
(see Figure A.1B).

A.2.4 Implementation of VAR

We implemented VAR(1) (1st-order vector autoregression) in the following way. We again
consider observed data consisting of T observations from N dimensions (i.e. a matrix
X∈ RT×N). Given a sampling interval of ∆t, this corresponds to a window length of T∆t.
We then find the matrix AV AR ∈ RN×N that solves the following least squares regression
problem:

102



Grid Search over Hyperaparameter Combinations (NHP 1)  

rank of dynamics matrix

m
in

im
um

 n
um

be
r o

f 
de

la
y 

em
be

dd
ed

 c
oo

rd
in

at
es

A
kaike Inform

ation C
riterion (A

IC
)

m
in

im
um

 n
um

be
r o

f 
de

la
y 

em
be

dd
ed

 c
oo

rd
in

at
es

Stability Results across Hyperparameter Combinations (NHP 1)  

rank of dynamics matrix

*y-axis is Instability in inverse seconds

awake
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B

Figure A.1: Core results hold across hyperparameter combinations. (A) The mean AIC on test-set
one-step prediction on 20 randomly chosen windows of awake data and anesthetic data (10 from each) from a
single session. The y-axis is the minimum number of delay embedding coordinates, effectively determining
the number of lags. The x-axis is the rank of the dynamics, or number of independent temporal modes,
extracted through SVD on the delay embedding matrix that are used for fitting the dynamical model. Color
indicates Akaike Information Criterion (AIC) normalized to the number of predicted values. AIC quantifies
the balance between high quality model prediction (as measured by one-step prediction error on test data)
with the number of model parameters. Models are penalized for having larger numbers of parameters, such
that the optimal model of minimal complexity can be obtained. (B) The mean of the real part of the top 10%
of characteristic roots (or the number of characteristic roots equivalent to the rank, whichever is smaller) from
the 10 windows from each section of the session. The core results hold across all hyperparameter combinations.
Data are reported as mean ± SEM, with results averaged over all considered characteristic roots from each
section of the session.
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AV AR = argmin
A

⃦⃦⃦
X+T −AX−T

⃦⃦⃦
2
,

where X− is the (T − 1)×N matrix consisting of the N -dimensional state observations at
times 1 through T − 1 and X+ is the (T − 1)×N matrix consisting of the N -dimensional
state observations at times 2 through T .

To estimate stability, we compute the eigenvalues of AV AR. To convert to a continuous time
representation, for each eigenvalue λi we convert to the continuous time instability measureˆ︁λi = log(|λi|)

∆t
as in previous work.64 To estimate stability, we considered the largest 10% of

such instability measures extracted from VAR, mirroring our approach for DeLASE.

A.2.5 Estimating stability in simulated systems

To validate the DeLASE method, and to generate examples of dynamical systems to compare
to neural data, we simulated sample systems. The systems included simple linear dynamics
as well as randomly connected RNNs. Since we were interested in systems that are stable, we
often simulated these systems in the stable regime. In this regime, however, these systems
converge to fixed points. Thus, to avoid this trivial behavior, we simulated these systems with
stochasticity injected into their dynamics. In this approach, the systems were simulated with
a small amount of process noise, effectively perturbing the system a small amount at each
time step. We simulated stochastic dynamical systems using the Euler-Maruyama method.
Specifically, we simulated the systems using the update:

xt+1 = xt + f (xt) dt+ σdWt,

where xt is the n-dimensional state of the system at time t, f is the system dynamics (i.e.,
ẋ = f(x), dt is the time step of simulation, σ is a small scale parameter on the noise, and
dWt is the n-dimensional process noise at time t, with each dimension independently sampled
from a normal distribution with mean 0 and standard deviation

√
dt.

A.2.6 Linear dynamics

We simulated n-dimensional linear systems of the base form ẋ = f(x) = Ax where A is the
n×n dynamics matrix. To set the maximal real part of the eigenvalues of this matrix, we first
sample each matrix element from a normal distribution with mean 0 and standard deviation
1√
n
. Then we perform the update
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A = A−λmaxIn+λnewIn,

where λmax is the original maximum real part of the matrix eigenvalues and λnew is what
we would like to update it to. We simulated the systems in the stochastic framework with
σ = 1. For the simulations used to generate Figure 1.3A, we simulated stochastic linear
dynamics with maximal eigenvalues from -1 to -0.1 (inclusive) stepping by 0.1. We simulated
each system 20 times. Each system had 100 dimensions and was simulated for 20,000 time
steps. The time step used was 0.002ms. A transient of 2000 time steps was dropped from
the simulated systems, and models were fit to a randomly chosen partial observation of 10
dimensions of the system over 10,000 time steps. A hyperparameter grid search was executed
to choose the number of delays and the rank of the eigen-time-delay coordinates. Specifically,
minimum delay embedding matrix sizes of 10, 20, 50, 100, 200, 300, 500, 750 and 1000 were
tested, along with ranks of 3, 5, 10, 25, 50, 75, 100, 125, 150, 200, all ranks from 200 to 800
stepping by 50, and also ranks of 900 and 1000. For each of the 20 runs, the best performing
parameter combinations across all linear systems were chosen (typically a delay embedding
matrix size of 10 with a rank of 10) and the stability was estimated based on these models.

A.2.7 Randomly connected RNN dynamics

We simulated randomly connected RNNs according to Sompolinksy et al.27. Specifically, we
simulated the dynamics:

ẋ = f(x) =
1

τ
(−x+gW tanhx) ,

where x is the n-dimensional state of the system (effectively synaptic activity in the RNN), τ
is the time constant of the dynamics, typically set to 100 ms (with a time step of simulation
of 10 ms), W is the n× n weight matrix with each element drawn from a normal distribution
of mean 0 standard deviation 1√

n
, and g is a gain parameter on the synaptic weights. It has

been shown that as n increases, and as the gain is increased above 1, the network enters into
increasingly chaotic regimes.27

For the simulations presented in Figure 1.3B, we used a network size of 1024 neurons, and
chose values for the gain parameter from 0.8 to 1.4 (inclusive), specifically: 0.8, 0.85, 0.9,
0.925, 0.95, 0.975, 1, 1.025, 1.05, 1.075, 1.1, 1.125, 1.15, 1.175, 1.2, 1.25, 1.3, 1.35, and 1.4.
We used σ = 0.05. We sampled the matrix W 10 times, then for each sampled matrix
simulated the dynamics with all possible values of the gain. The systems were simulated for
20,000 time steps. For stability analysis, a transient of 2000 time steps was dropped, and the
models were fit to 10,000 time steps of data. We randomly observed 10 dimensions of the
1024-dimensional system to use for estimating stability. A hyperparameter grid search was
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executed to choose the number of delays and the rank of the dynamics matrix. Specifically,
minimum delay embedding matrix sizes of 10, 20, 30, 40, 50, 100, 150, 200, 250, 300, 350,
and 400 were tested with ranks of 2, 3, 5, 10, 30, 40, 50, 75, 100, 125, 150, 175, 200, 225, 250,
275, 300, 325, 350, 375, and 400. For each of the 10 runs, the best performing parameter
combinations across all trajectories were chosen (typically a delay embedding matrix size of
50 with a rank of 40, though there was some variation) and the stability was estimated based
on these models.

To compute the Lyapunov exponents in the simulated networks, we applied a QR-based
algorithm127 to the Jacobian of the discrete dynamics, computed as

J = In+
dt

τ

(︁
−In+gWdiag

(︁
1−tanh2x

)︁)︁
.

The exponents extracted from the QR algorithm are then converted into continuous time by
dividing by the time step of simulation, dt.

A.2.8 Linear dynamics with inputs

One-dimensional linear sine wave filters

For Figure 1.5, we simulated a simple one-dimensional linear system with input according to
the dynamics ẋ = −λx+ u(t) where λ controls the instability of the filter. For the simple
filter on a sine wave (Figure 1.5B), we found the analytical solution for the (deterministic)
differential equation with u(t) = sin 2πωt. The solution is x(t) = 1

λ2+1
(λ sin2πωt− cos 2πωt).

We computed this solution for values of λ from 0 to 4.5 (inclusive), stepping by 0.5, and
ω = 1 (Figure 1.5B). To simulate the dynamics in the presence of noise (Figure 1.5C), we
simulated simple one-dimensional stochastic dynamics:

xt+1 = xt + (−λxt + u(t)) dt+ σdWt,

with λ set to 10 and 0.01, and σ set to 0.05. We used a time step of 1 ms to match the
sampling rate of the neural data, and a simulation time of 3 seconds. 1 second into the
simulation, we perturbed the above equation with a negative 2 Hz sine wave for 500 ms
(u(t) = sin 4πt). This matches the duration of the tone presentations in the experimental
setup. We then provided no inputs for 500 ms before providing another negative 2 Hz sine
wave input for 500 ms (this matches the spacing of tones and puffs in the experimental setup).
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Two-dimensional linear system input responses

In the two-dimensional case, we simulated the two-dimensional stochastic dynamics given by:

xt+1=xt+(Axt+u(t)I2) dt+ σdWt.

To generate the dynamics A, we took two parameters, a and b, as well as an orthogonal
matrix Q, and set

A = Q

[︃
a −b
b a

]︃
Q−1.

Thus A has eigenvalues a± bi and a controls the stability of the dynamics. For Figure 1.6B,
we simulated the dynamics with both a = −6 and a = −1. We set b = 2π, and picked
Q randomly. We used a time step of 0.25 ms and a simulation time of 7 seconds and set
σ = 0.005. The first input was a constant function u(t) = 0.6 lasting 500 ms and starting at
2 seconds. The second input was a constant function u(t) = 1 lasting 150 ms and starting
at 3 seconds. The structure of the inputs was chosen to mirror the tones and puffs in the
experimental setup.

A.2.9 Neural trajectories of stimulus responses

To compute the neural trajectories depicted in Figure 1.5D,E and Figure 1.6C-H, we first
compiled population responses from every session in each NHP for the trial type of interest (a
500 ms tone, followed by a 500 ms delay and then an air puff). To ensure enough resolution
around the stimuli, we collected LFPs from 2 seconds before the first stimulus onset until 5
seconds after. For each NHP, this yielded a K×T×N matrix, where K is the number of trials
(aggregated across sessions), T is the number of time-points from the trial (as mentioned, we
consider 7 seconds surrounding the stimulus onset), and N is the number of electrodes.

Average LFP responses

To compute the one-dimensional average LFP trial response (Figure 1.5D,E), for each NHP,
we averaged the trial responses over trials, and then subsequently over electrodes.
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1 delay (PCA on original signal) 5 delays, spaced by 20 ms

16 delays, spaced by 20 ms 32 delays, spaced by 20 ms

A B

C D

Figure A.2: Dimensionality reduction across delay embedding hyperparameters. Related to
Figure 1.6. The core qualitative pattern is preserved across hyperparameters, though eigen-time-delay
coordinates more clearly illuminate the state-space dynamics. (A) The original signal. The eigen-time-delay
coordinates in this case reduce to PCA. (B) 5 delays, each spaced out by 20 ms. (C) 16 delays, each spaced
out by 20 ms. (D) 32 delays, each spaced out by 20 ms.

Responses in eigen-time-delay coordinates

To compute the (scaled) eigen-time-delay coordinates of the average stimulus response
(Figure 1.6C-H, Figure A.2), we first delay embedded each trial individually. Specifically,
for a specific trial response, given that the neural population state at time t is xt, and
given the delay embedding parameters (the delay interval τ and delays), we computed the
Np× (T − (p− 1)τ) matrix given by

H =

⎡⎢⎢⎢⎣
x1+(p−1)τ x2+(p−1)τ · · · xT

x1+(p−2)τ x2+(p−1)τ · · · xT−τ
...

... . . . ...
x1 x2 · · · xT−(p−1)τ

⎤⎥⎥⎥⎦ .
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After performing a delay embedding for every trial, for each NHP we end up with a K ×
Np× (T − (p− 1)τ) matrix. We then average across trials to arrive at a Np× (T − (p− 1)τ)
matrix of the average delay embedding. Finally, we perform PCA on (the transpose of) this
matrix to reduce the number of dimensions from Np to 2. Since each dimension of the delay
embedding matrix contains observations from multiple time-points, we consider the “effective”
time of the delay embedding coordinate to be the latest time-point in the dimension. That is,
the effective time of the first column of H above is 1 + (p− 1)τ . These are the times used for
plotting in Figure 1.6C-H.

Furthermore, we note again here that this process equates to computing scaled versions of
the eigen-time-delay coordinates used by the HAVOK models. To see why this is the case,
consider a delay-embedded matrix X ∈ RN

′×T ′where N ′ is the number of coordinates in
the delay embedding and T ′ is the number of delay embedded time-points. Thus, given the
singular value decomposition X = UΣVT , the first r eigen-time-delay coordinates used by
HAVOK are the first r columns of V. Note that by rearranging this equation we can show that
the first r eigen-time-delay coordinates can be computed as Σ−1

r UT
r X =VT

r , and equivalently
Vr=X

TUrΣ
−1
r where the r in the subscript denotes the rank-r column truncation. Note

here that XTUr is the expression that computes the projection of the data onto the top r
principal components in PCA (assuming the N ′ rows of X are mean-centered). Thus, in the
eigen-time-delay coordinates, the diagonal matrix Σ−1

r alters the PCA only in that it scales
each component by the inverse of its corresponding singular value. This is known as PCA
whitening and produces a scaled version of the data projected onto the principal components
such that each component has unit variance.

A.2.10 Increasing inhibition in RNNs

To examine the effects of increasing inhibition (Figure 1.7), we again simulated randomly
connected RNNs according to Sompolinksy et al.27 following the dynamics

τ ẋ= −x+gW tanhx,

where x is the n-dimensional state of the system (effectively synaptic activity in the RNN), τ
is the time constant of the dynamics (10 ms, with a time step of simulation of 1 ms), W is the
n× n weight matrix with each element drawn from a normal distribution of mean 0 standard
deviation 1√

n
, and g is a gain parameter on the synaptic weights. We used a network size of

512 neurons. We simulated the dynamics with gains 0.8, 0.9, 1, 1.1, 1.2, 1.3, 1.4, 1.5, 1.6, 1.7.
To scale up and down the inhibition in the network, we took all elements of W with negative
weight, and scaled them by an inhibitory scaling factor, κI . For each gain, we simulated
the network with κI = 0.5, 0.6, 0.7, 0.8, 0.9, 1, 1.1, 1.2, 1.3, 1.4, and 1.5. We sampled the
matrix W 10 times, then for each sampled matrix simulated the dynamics with all possible
pairings of g and κI . The systems were simulated for 10,000 time steps. We computed the
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Lyapunov exponents of the networks as described above in the section “Randomly connected
RNN dynamics”.

A.2.11 Example dynamical systems

HAVOK models of the Van der Pol Oscillator

We simulated the Van der Pol Oscillator122 with a time step of 20 ms and a simulation time
of 400 seconds (generating 20,000 time steps) using the governing equations

ẋ = y

ẏ = µ
(︁
1− x2

)︁
y − x.

We set the parameter µ to 2. We chose an initial condition from a standard Gaussian
distribution then dropped the first 5,000 time steps (100 seconds) as a transient. We then
observed only the second (y) dimension of the dynamics. We fit a HAVOK model on 10,000
time steps (200 seconds) using 500 delays. Predictions were generated on the remaining 5,000
time steps by autonomously running the dynamics - that is, the initial state is fed through
the model to get the first prediction, then that prediction is fed back through the model, and
so forth. The results of this simulation are presented in Figure 1.2D.

Mass-spring simulation

For the cartoon shown in Figure 1.5A, a mass-spring system was simulated with governing
dynamics mẍ+Rẋ+kx = I where x is the vertical position of the mass, m, k,R are parameters
governing the dynamics and I is the input. For our simulations, we set m = 10, k = 1, R = 10.
We simulated using scipy’s solve_ivp function for 1,000 time steps with a time step of 10
ms.445 From time step 100 to 120, we perturbed the system with a constant input of value
I = 10. The results of this simulation are in Figure 1.5A (right).
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A.2.12 Pharmacokinetics analysis

Estimating integrated propofol dosage

To estimate the integrated (i.e., accumulated) propofol dosage up to a particular moment
in the session, we began by estimating the context-sensitive half time (CSHT) of propofol.
CSHTs describe the time it takes for the concentration of anesthetic in the system to halve,
as a function of the duration of infusion (i.e., the “context”). Detailed modeling has estimated
that the CSHT of propofol is around 3 minutes for a very short infusion and around 8
minutes after 60 minutes of infusion.450 We then linearly interpolated between these two
values for infusion times in between 0 minutes and 60 minutes, and assumed the CSHT stays
constant at 8 minutes after the 60 minute infusion ends. Given the CSHT, we can estimate
the instantaneous time constant of decay of propofol by assuming that the quantity present
in the system undergoes exponential decay in the absence of any input. We thus obtained,
using the definition of the CSHT, the expression

0.5x0 = e−
CSHT (t)

τ x0,

where x0 is the initial quantity present in the system, τ is the instantaneous time constant of
decay in minutes, and CSHT (t) is the CSHT after t minutes of infusion. We can solve this
equation to obtain that τ = τ(t) = −CSHT (t)

log(0.5)
minutes. Now, we integrate, over the course of

a full session, a first-order differential equation for the quantity of propofol present in the
system:

ẋ = α− 1

τ(t)
x,

where x is the propofol quantity in mg/kg, ẋ is the rate of change of propofol quantity in
mg/kg/min, and α is the infusion rate in mg/kg/min (see Experimental Model Details).
We solve this equation using scipy’s solve_ivp function. Given the complexity of propofol
pharmacokinetics,451 we stress that these estimates were intended only to be approximations
for the purposes of investigating the relationship between propofol dosage and instability.

Predicting instability from propofol dose

Using the estimated integrated propofol dosage, we attempted to predict the estimated
instability values. For each window in each session, we computed both the estimated
integrated propofol dose up to that time, as well as the mean instability in that window.
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Figure A.3: Extended results demonstrating propofol destabilizes neural dynamics. Related to
Figure 1.4. Data in (A), (C) and (E) are represented as mean ± SEM, with results averaged over sessions for
each NHP. (A) The curves representing mean timescales normalized to the awake baseline for all areas from
both NHPs. The same as Figure 1.4B, but showing results from all areas. The awake baseline is computed for
each session by taking the geometric mean of the timescales associated with the characteristic roots across all
windows in the awake section of the session. Then, for each window, the geometric mean of the ratio of the
timescales to the awake baseline is computed. After accounting for the baseline awake stability, the degree of
destabilization in the timescales in each NHP is very similar. (B) The p-value from the Wilcoxon signed-rank
test testing whether the distribution of characteristic roots from the awake state is less than the distribution
of characteristic roots from anesthesia. For each analysis, we consider the maximal x% of characteristic roots,
where x is the x-axis value. For all areas, and for almost all portions of the distribution above 20%, the
upper portion of the distribution of characteristic roots is more unstable in anesthesia. When considering all
areas together, this is true in both NHPs for portions of the distribution up to 30%. (C) The spectrum of
characteristic roots. Real parts are sorted then averaged across all sessions for a particular state in the session.
In both NHPs, the spectrum of characteristic roots relaxed closer to the wakeful baseline during recovery.
(D) Mean instability indices (maximal 10% of characteristic roots) for each window of every session plotted
against the estimated integrated propofol dosage at the beginning of the window (see Appendix A.2.12). A
linear-log regression was fit to predict the mean instability values from the estimated integrated propofol
dose. (E) The probability mass function on which bands the frequency components of the (maximal 10%) of
characteristic roots fall into. Anesthesia (purple) is compared to the awake state (green). There is more mass
on lower frequency bands in anesthesia, and more mass on higher frequency bands during the awake state.
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Then, for each NHP, we fitted a linear-log regression to predict instability from the estimated
integrated propofol dose. The results of this analysis are in Figure A.3E.

A.3 Quantification and Statistical Analysis

For all data plots, “*” denotes a p-value less than 0.05, “**” denotes a p-value less than 0.01,
and “***” denotes a p-value less than 0.001.

A.3.1 Prediction quality of dynamical models

A

B

Figure A.4: Neural dynamics prediction, separated by NHP. Related to Figure 1.3. Data are
represented as mean ± SEM, with results averaged over the number of simulations. (A) Comparison of
different model’s one-step predictions on neural data - same as Figure 1.3, but split by NHP. The persistence
baseline - predicting the next state solely with the previous state - is plotted in the gray bar and with the
dotted line. The y-axis is plotted on a log scale. HAVOK models are the only model shown capable of beating
the persistence baseline at this essential prediction task. (B) The same as (A), but with AIC, depicting that
the superior performance of HAVOK is not due to having more parameters than the other models. The same
as Figure 1.3, but split by NHP.
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To quantify the prediction quality of the dynamical models considered in the manuscript
(Figure 1.3 and section “Delayed linear dynamical systems models capture neural dynamics”),
we first fit each model for every window of every session. Then, the performance metrics
(MSE and AIC) were averaged across windows within a single session. To compute the
statistics, each session was an independent sample. Since, for each session, we were comparing
between two models, we used the one-sided Wilcoxon signed-rank test. Since each session
was an independent sample, the sample size was n = 10. For Figure A.4, we split the analysis
by NHP, yielding sample sizes of:

• NHP 1: n = 10

• NHP 2: n = 11

A.3.2 Changes in stability in neural dynamics

Statistical tests referenced in the section “Propofol anesthesia induces unstable cortical
dynamics” were conducted as follows. In each NHP, the real parts (i.e., inverse timescales
of response) of the top 10% of characteristic roots from every window in every session were
grouped according to the section (i.e., awake, unconscious, recovery, early recovery, late
recovery, loading dose, and maintenance dose) of the session. The mean of these inverse
timescales was then taken to yield one value per section, per session.

To compute statistics, the sections were defined as follows. Awake windows were collected
from the 15 minutes preceding the start of the anesthetic infusion. Induction windows were
collected from the start of propofol infusion until 15 minutes following the start of propofol
infusion. Unconscious windows were collected from 15 minutes following the start of propofol
infusion until the end of propofol infusion (a period of 45 minutes). Recovery windows were
collected from the end of propofol infusion until 15 minutes following the end of propofol
infusion. Early recovery was collected from the end of propofol infusion until 8 minutes
following the end of propofol infusion. Late recovery was assessed from 8 minutes following
the end of propofol infusion until 15 minutes following the end of propofol infusion. Loading
dose windows were collected from 15 minutes following the start of propofol infusion until 30
minutes following the start of propofol infusion (the final 15 minutes of the loading dose).
Maintenance dose windows were collected from 45 minutes following the start of propofol
infusion until the end of propofol infusion (the final 15 minutes of the maintenance dose).
See Figure A.5 for a visual depiction of the section definitions.

To test whether one section of the session was more unstable than another, one-sided Wilcoxon
signed-rank tests were performed on mean instability values (top 10% of the real parts of
characteristic roots) and averaged within each section for each session. Thus for each section,
for every area, the sample sizes are:
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Figure A.5: Visual depiction of section definitions used for statistics computation. Related to
Figure 1.4. A visual illustration of the definition of section times, all relative to the start of anesthesia. These
section definitions were used to compute the between section statistical differences referenced throughout the
paper. In each case, the value in question was aggregated within the section of each session, and statistics
were computed using the number of sessions as the number of samples.

• NHP 1: n = 10

• NHP 2: n = 11

The results of all comparisons between sections are reported in the chapter in the section
“Propofol anesthesia destabilizes cortical neural dynamics”. Most of these comparisons are
also visually presented in Figure 1.4D.

A.3.3 Distances between stability distributions

To test whether the recovery distribution returned to awake levels of dynamic stability, we
first constructed a test value that consisted of the awake-unconscious Cramér-von Mises
criterion, subtracted from the awake-recovery Cramér-von Mises criterion. The Cramér-von
Mises criterion was chosen as it constructs a non-parametric notion of distance between
distributions that considers the whole distribution (as opposed to the widest gap, as is the
case with Kolmogorov-Smirnov distance). To compute the Cramér-von Mises criterion, all
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characteristic roots from a given section (i.e., awake, unconscious, etc.) of a single session were
included to ensure the maximum resolution. This approach yielded one test value per session.
With this construction, if the test value is negative, it suggests that the recovery distribution
is closer to the awake than unconscious state, indicating a return to awake stability levels.
We then performed a one sample Wilcoxon signed-rank test on these differences to test if
they were significantly below zero (i.e., if the test statistic was indeed negative). The sample
sizes are the same as above. The results of this analysis are reported in the chapter in the
section “Propofol anesthesia destabilizes cortical neural dynamics”.

A.3.4 Changes to characteristic root frequencies

To analyze how the frequency (imaginary) components of the top 10% of characteristic roots
changed in anesthesia, we first aggregated the top 10% of characteristic roots from all windows
from all sessions in each NHP. We used the roots estimated from models fit to all areas
considered together. Then, to test whether the proportion of roots in each band changed,
we computed the proportion of characteristic roots that fell into that band during both the
awake state and the unconscious state. This is equivalent to calculating the probability mass
function for each band. To test whether the mass was significantly different between the
awake and unconscious states, for each band, we performed a two-sided Wilcoxon signed-rank
test on the computed probability mass for that frequency band. Sample sizes are the same as
above. The results of this analysis are in Figure A.3D.

A.3.5 Destabilization in simulated networks

As mentioned above, for each sampling of the weight matrix W, we simulated every possible
pairing of the synaptic gain g and inhibitory scale κI . Thus, to test whether a given
inhibitory scale κI1 induced more instability than another inhibitory scale κI2 , we compared
the maximum Lyapunov exponents of the simulations from each gain and from each sampling
of the weight matrix. Specifically, given a particular sample of W and value of g, we can
consider the two networks with inhibitory scales κI1 and κI2 to be paired dependent samples.
Thus, we can conduct a one-sided Wilcoxon signed-rank test using the 100 paired samples for
(10 samples of W times 10 values of g) for each pair of inhibitory scales. The results of this
analysis are in Figure A.6.
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Figure A.6: p-values for statistical comparisons between the stability of RNNs with scaled
inhibitory weights. Related to Figure 1.7. We compared the distributions of maximum Lyapunov exponents
from all the simulations at varying values of the gain parameter, which controls the stability in the networks.
For each inhibitory weight scaling factor, 10 simulations were analyzed. Comparisons are across inhibitory
weight scaling factors. The statistical test used was the one-sided Wilcoxon signed-rank test.
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Appendix B

Methods: Similar destabilization of neural
dynamics

B.1 Experimental Model Details

Multi-electrode neural activity was recorded from four rhesus macaques (Macaca mulatta),
referred to as non-human primates (NHPs). They were denoted NHP 1, NHP 2, NHP 3,
and NHP 4 throughout the manuscript. NHP 1 was female, aged 8 years, ~6.6kg at the
time of the study. NHP 2 was male, aged 14 years, ~13.0-kg. NHP 3 was a male, aged
11 years, ~10.2 kg. NHP 4 was a male, aged 14 years, ~13.3 kg, who had previously had
headpost and chamber insertion procedures. The other animals were not involved in previous
procedures. Propofol experiments were conducted with NHPs 1 and 2, while ketamine and
dexmedetomidine experiments were conducted with NHPs 3 and 4. Animals were pair-housed
on 12 hr day/night cycles and maintained in a temperature-controlled environment (80 ◦F).
All surgical and animal care procedures were approved by the Massachusetts Institute of
Technology (MIT)’s Committee on Animal Care and were conducted in accordance with the
guidelines of the National Institute of Health and MIT’s Division of Comparative Medicine.

Each anesthetic infusion is referred to as a “session.” By “session,” we mean a continuous
recording, from wakefulness through anesthetic infusion to emergence, in one animal.

B.1.1 Anesthetic protocols

For the propofol data, there were 21 anesthetic sessions across two non-human primate
subjects: 10 sessions with NHP 1, and 11 sessions with NHP 2. In each session, the NHP
performed a non-demanding delayed saccade task pre-anesthesia. Then, following this task,
the NHP experienced a passive air puff/tone classical conditioning task. Specifically, on
one third of trials the NHP was delivered a 500-millisecond ringing tone, which after a
500-millisecond blank delay, is followed by an air puff (lasting about 10 milliseconds) to
the eye/face designed to elicit a blink response (notably, the air puff also emitted a sound).
In another third of trials there was an isolated air puff with no tone, and on the last
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third of trials there was a distinct tone played that indicates that no air puff will follow.
After around 15-20 minutes of air puff/tone classical conditioning the NHP was infused
with propofol anesthesia for 60 minutes, with 30 minutes at a higher loading dose (0.58
milligrams/kilogram/minute for NHP 1 and 0.285 milligrams/kilogram/minute for NHP 2)
and 30 minutes at a lower maintenance dose (0.32 milligrams/kilogram/minute for NHP 1
and approx. 0.075 milligrams/kilogram/minute for NHP 2). The infusion was then stopped
and the NHP gradually returned to a normal awake state. Propofol was intravenously infused
via a computer-controlled syringe pump (PHD ULTRA 4400, Harvard Apparatus, Holliston,
MA). Sessions were always separated by at least 2 days and were thus treated as independent
samples. Loss of consciousness was determined subjectively by the experimenters as the time
following drug onset when the subject’s eyes closed and remained closed for an extended
period. Recovery of consciousness (ROC) was similarly estimated as the time when the
subject’s eyes reopened following drug offset.

For the ketamine data, there were 12 anesthetic sessions across two non-human primate
subjects: 6 sessions with NHP 3 and 6 sessions with NHP 4. For the dexmedetomidine data,
there were 16 sessions across the two NHPs: 8 sessions with NHP 3 and 8 sessions with
NHP 4. Throughout each session, the NHPs performed a lever task, in which a single (~220
milliseconds) high-pitched auditory tone (4 kHz sinusoid) was presented. This tone instructed
the pressing of a lever (8-direction joystick) within 3.5 seconds to receive a juice reward. 10
minutes into the session, the NHPs began the first of three oddball tasks. During the oddball
tasks, the NHPs were in each trial presented with a 5-item auditory sequence composed of
two distinct tones (‘A’=1300 Hz and ‘B’=500 Hz, each 50 milliseconds in duration with 150
millisecond silent intervals between [850 milliseconds total trial], with a 1 second inter-trial
interval). All oddball tasks were 16 minutes in length. This oddball task was repeated 10
minutes into the anesthetic infusion, as well as at the end of the session, when the NHP
had awakened from the anesthetic infusion. The start of the final oddball session ranged
from 216 minutes after the start of anesthetic infusion to 326 minutes after the start of
anesthetic infusion. 10 minutes following the conclusion of the first auditory oddball task,
NHPs were administered a bolus of either ketamine at 10 mg/kg or dexmedetomidine at 20
µg/kg. LOC was determined by a consistent failure to respond over an extended period; ROC
was determined by a return of the lever press response (see section “Identifying unresponsive
and responsive windows” below).

All data analysis and simulation was done in Python using original code in addition to
NumPy,452 Hydra,453 Matplotlib,436 Pandas,437,454 PyTorch,361 scikit-learn,438 statsmodels,455

and SciPy.439
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B.2 Method Details

B.2.1 LFP recording and preprocessing

NHPs 1 and 2 were implanted with 8 × 8 chronic Utah arrays, yielding 64 channels per
multi-electrode array. The electrodes had a depth of 1.0 mm and 400 µm spacing. Electrodes
were placed in four areas: ventrolateral prefrontal cortex (PFC), frontal eye fields (FEF),
posterior parietal cortex (PPC) and auditory cortex (STG). During Utah array recordings,
areas FEF and PFC were ground and referenced to a common subdural site. Areas STG and
PPC also shared a common subdural ground/reference channel. The LFPs were recorded at
30 kHz by a Blackrock Cerebus Digital Acquisition systems and filtered online via a lowpass
250 Hz software filter. The LFPs were then subsequently downsampled to 1 kHz.

NHPs 3 and 4 were implanted with 6x6 chronic Utah arrays, which excluding the corner
locations yielded 32 channels per electrode array. The electrodes had a depth of 1.0 mm
and 400 µm spacing. Electrodes were placed in four areas: left and right ventrolateral
prefrontal cortex (vlPFC-L and vlPFC-R) and left and right dorsolateral prefrontal cortex
(dlPFC-L and dlPFC-R). During Utah array recordings, all signals were referenced to a
stripped low-impedance silver wire implanted over or under the dura (but not in the brain)
either on the left or right hemisphere. The LFPs were recorded at 1 kHz using the Ripple
Grapevine system.

For all datasets, behavioral data was aligned to neural recordings by having the behav-
ioral control system send event codes timestamping key task/behavioral events (stimulus
onsets/offsets, behavioral response times, reward delivery, etc.) to the neurophysiological
recording system. These timestamps were saved alongside the neural data and could thus be
used to realign the neural data to task/behavioral events post hoc.

To preprocess the LFPs, we first removed the mean across the entire session from each
LFP. Then, to handle noise sources, for NHP1 and NHP2 we removed line noise via temporally
windowed sinusoid fits at 60 Hz and all harmonics, as well as empirically found line noise
frequencies: 107.35, 214.7, 190.2, 196.8, 393.6. As a filtering step, we low pass filtered each
LFP at 300 Hz (3rd order bidirectional Butterworth). For sessions with NHP 4 (excluding
three ketamine sessions), noise was removed at 60, 120, and 180 Hz with online Butterworth
notch filtering. For NHP 3 (and the three NHP 4 sessions), filtering was performed offline,
after data collection. We estimated the line noise at the 1st through 8th harmonics of 60 Hz
(i.e., 60–480 Hz in steps of 60) by fitting the raw data on each channel with a temporally
adaptive sine function at each given frequency. The fitted sinusoids were then subtracted
from the data.

It was not necessary to consider eye movement and muscle artifacts in the preprocessing as
these are considered to be signals that are not cerebral in origin, and are more commonly
considered in electroencephalography (EEG) and magnetoencephalography (MEG) studies
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due to their non-invasive nature.441–444 The invasive intracortical electrophysiology signals
used in this study are fortunately not susceptible to the same signal contamination risks
as EEG and MEG. Furthermore, electrodes were not averaged at any point in the stability
analysis pipeline. This is because our method models population dynamics and considers how
the overall population representation transforms over time. That information is lost when
electrodes are averaged.

To perform artifact removal in the LFP data, we first split each session up into the length of
window used for analysis (e.g., 15 seconds). In each window, we find the maximum amplitude
of any electrode over the entire time interval. If the maximum amplitude of any two electrodes
is greater than 1 mV, we exclude that window from all subsequent analysis. We furthermore
exclude any offending electrode from any subsequent analysis in that session. To ensure
data quality, we exclude any windows immediately preceding a window in which noise was
identified. For the propofol sessions, we excluded between 4 and 23 electrodes per session,
and between 6% and 44% of windows. For the ketamine sessions, we excluded between 14 and
30 electrodes per session, and between 4% and 57% of windows. For the dexmedetomidine
sessions, we excluded between 11 and 28 electrodes per session, and between 1% and 52% of
windows.

B.2.2 Dynamic stability analysis: DeLASE framework

To quantify the dynamic stability of cortical population activity, we applied the Delayed
Linear Analysis for Stability Estimation (DeLASE) method, as introduced in Eisen et al.
(2024).37 This method allows us to build a predictive model of the high-dimensional, nonlinear
neural dynamics and use that model to estimate the system's stability. The analysis was
performed on 15-second windows of preprocessed LFP data.

The first step in the framework is state-space reconstruction. Because we are only observing
a small subset (LFP electrodes) of a vast, high-dimensional system (the brain), we apply
Takens' Theorem to reconstruct the essential dynamics by using the history of the observed
signals. We implemented this by creating a time-delay embedding (or Hankel matrix), H,
which stacks the LFP data (from all N channels) from the current time and p-1 previous time
steps (lags). This matrix H represents the system's trajectory through a high-dimensional
state space. To be specific, if xk ∈ RN is the state observation at time k∆t (e.g., channel
activities), then

H =

⎡⎢⎢⎢⎣
xp xp+1 · · · xT

xp−1 xp · · · xT−1
...

... . . . ...
x1 x2 · · · xT−p+1

⎤⎥⎥⎥⎦ (B.1)
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Next, we built a linear model of the system’s nonlinear dynamics. While neural dynamics
are highly nonlinear, Koopman operator theory suggests that they can be represented by a
linear model in a suitable high-dimensional space, such as the one provided by our time-delay
embedding. We used the Hankel Alternative View of Koopman (HAVOK) approach to find
the best-fit linear model.67 This involves using Singular Value Decomposition (SVD) on the
embedding matrix H (H = UΣVT ) to identify the most important temporal patterns in the
data, called eigen-time-delay coordinates (the columns of H = UΣVT ). The computation
of eigen-time-delay coordinates is equivalent to performing PCA whitening on the delay
embedding matrix.120 We kept the top r most significant patterns (where r is the model rank)
and built a simple linear model, AV ∈ Rr×r, that best predicts how these core patterns (the
first r columns of V) evolve from one time step to the next. Following HAVOK and dynamic
mode decomposition, we fit the linear model as

AV = argminA

⃦⃦⃦
V+

r
T −AV−

r
T
⃦⃦⃦
2

This model AVwas then projected back into the full delay-embedded space to create the final
discrete-time dynamics matrix, A (A = UrΣrAVΣ

†
rU

T
r) which linearly approximates the

brain's complex nonlinear dynamics within that 15-second window.

The final step was to estimate the system's stability from this model. The stability of a
dynamical system is determined by how it responds to perturbations. The discrete-time
model A was converted into its continuous-time equivalent, a linear delay differential equation
(DDE). We then numerically solved for the characteristic roots λ of this DDE, which determine
how the system will respond to perturbation. These roots are complex numbers (λ = a+ bi)
where the real part (a) determines the stability along an associated direction. If a < 0,
the response to perturbation along the corresponding direction is stable and will return
to baseline. The value of a is an inverse timescale (units of s−1), where a large negative
value signifies a fast recovery (high stability) and a small negative value signifies a slow
recovery (low stability, i.e., destabilized). If a > 0, the response to perturbation along the
corresponding direction is unstable and will diverge away from the baseline state. We defined
the Mean Instability in units of inverse seconds for each window as the mean of the real parts
of the top 10% of characteristic roots (i.e., the 10% with the largest real parts, corresponding
to the slowest-decaying modes). We note that this choice of 10% was validated in previous
work,37 but our results also hold for a wide range of thresholds. We performed a robustness
analysis by varying this threshold between 1% and 30% (Figure B.1B,C), finding that the
significant destabilization observed during Anesthesia was consistent across this range. The
Mean Instability estimates the dynamic stability of the cortical population for each 15-second
window.

To precisely specify how characteristic roots are computed, we first convert to continuous
time (for purposes of interpretation) setting ˜︁Ak = Ak

∆t
for k > 0 and ˜︁Ak = Ak−IN

∆t
for

k = 0 (this latter term is an approximation of the instantaneous term, and so it includes an
identity matrix). This yields the delay differential equation ẋ(t)=

∑︁p−1
k = 0

˜︁Akx(t− k∆t). The
stability of this delay differential equation is determined by the roots λ of its corresponding
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Statistical signi�cance for chosen hyperparameters Statistical signi�cance for AIC-weighted
model average across hyperparameters B
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Figure B.1: DeLASE stability estimates are robust to hyperparameter choices. Related to
Figure 2.2. (A) AIC-weighted average of stability differences across the full hyperparameter space (number of
delays vs. rank of the model). There is generally a dominant destabilization (red) across model parameters
and agents. (B) Robustness to the ’top x% of roots’ threshold for the chosen best-fit models (from Figure 2.2).
p-values for the Anesthesia - Awake comparisons are plotted. The findings generally remain highly significant
for a wide range of threshold between 1% and 30%, validating our choice of 10% as a representative...

123



Figure B.1: (Continued from previous page) value. n=10 for propofol NHP 1, n=11 for propofol NHP 2,
and n=8 for each NHP in ketamine and dexmedetomidine, using one-sided Wilcoxon signed-rank test. (C)
Robustness to the ’top x% of roots’ threshold for the AIC-weighted model average (from panel A). This
panel confirms the findings from (B) are also robust when averaging across all model parameters rather than
using a single best-fit model. n=10 for propofol NHP 1, n=11 for propofol NHP 2, and n=8 for each NHP in
ketamine and dexmedetomidine, using one-sided Wilcoxon signed-rank test. (D, E) The primary stability
analysis from Figure 2, recomputed using (D) 5-second windows and (E) 30-second windows. The central
finding of significant destabilization during the Anesthesia epoch is clearly and statistically reproduced at
both shorter and longer timescales, demonstrating robustness to the choice of window size. * indicates p <
0.05, ** indicates p < 0.01, *** indicates p < 0.001, n=10 for propofol NHP 1, n=11 for propofol NHP 2,
and n=8 for each NHP in ketamine and dexmedetomidine, using one-sided Wilcoxon signed-rank test.

characteristic equation:

det

(︄
λIN −

p−1∑︂
k = 0

˜︁Ake
−λk∆t

)︄
= 0

which can be identified using algorithms such as TRACE-DDE, which we implement
here.124,445,447,449

To reduce artifacts from noise or sharp sensory inputs, we filtered the computed characteristic
roots. We excluded roots with frequency components > 300 Hz and any unstable roots (real
part > 0) with frequencies > 125 Hz, as these high-frequency instabilities typically reflect
non-cerebral artifacts. For timescale visualizations (Figure 2.2), we used only stable roots
(real part < 0) to compute decay timescales. However, all reported statistics were performed
on the "Mean Instability" metric (inverse timescales), which included the full distribution
of roots. The vast majority of roots were stable (for the main analyses, 98.93% of propofol
roots, 99.81% of ketamine roots, and 99.71% of dexmedetomidine roots were stable, and see
Figure B.2D for a depiction of the distribution).

To compute the Mean Characteristic Timescale normalized to the awake baseline (Figure 2.2A-
C), we first established a baseline for each session by calculating the geometric mean of
the timescales from all Awake windows. The timescales in every other window were then
expressed as a ratio to this Awake baseline. The Mean Characteristic Timescale was computed
as the geometric mean of the slowest 10% of timescales as a ratio to the Awake baseline. For
plotting, these ratio time-series were aligned across sessions by linearly interpolating them
onto a common 15-second grid.

Picking hyperparameters

To select (1) the number of delay embedding coordinates and (2) the rank of the eigen-
time-delay coordinates used to estimate the dynamics, a grid search was performed for each
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Figure B.2: Model validation, behavioral confirmation, and supplementary stability analyses.
Related to Figure 2.2. (A) DeLASE (HAVOK) model validation and comparison. Bar plots show Mean
Squared Error (MSE) and Akaike Information Criterion (AIC) for one-step-ahead prediction on held-out test
data, averaged across all windows and sessions for each anesthetic. The DeLASE (HAVOK) model, using a
15 s training window, consistently outperforms standard Vector Autoregressive (VAR) models (using 0.5 s...
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Figure B.2: (Continued from previous page) or 15 s training windows) and a baseline persistence model.
Lower MSE and AIC validate DeLASE as providing a more accurate and parsimonious fit. Sample spike
raster traces (15 s) are shown at left, with the ground truth in black and the HAVOK one-step predictions in
orange. *** indicates p < 0.001, n=10 for propofol NHP 1, n=11 for propofol NHP 2, and n=8 for each
NHP in ketamine and dexmedetomidine, using one-sided Wilcoxon signed-rank test. (B) Cross-temporal
generalization analysis. Heatmaps show the MSE when a model trained on a specific 15-second window
(y-axis) is used to predict data from other 15-second windows in the session (x-axis). The high off-diagonal
error demonstrates non-stationary dynamics, justifying the use of tiled windows over a single global model.
(C) Behavioral confirmation of anesthetic-induced unresponsiveness. Plots show the mean percent correct on
the lever-press task during ketamine and dexmedetomidine sessions, grouped by epoch. Performance drops
to near-zero levels during the Anesthesia epoch, confirming that the NHPs were behaviorally unresponsive.
While performance was low during the Late Anesthesia epoch, behavioral responsiveness varied. Propofol
is not shown as the NHP was unresponsive from the moment in which eyes closed until eyes opened in
all sessions. (D) Time-resolved histograms of the top 10% of characteristic roots from DeLASE stability
analysis. Histograms were computed over characteristic roots computed from all sessions with a particular
NHP. The white vertical dotted line indicates the start of anesthetic infusion. The first colored vertical
dotted line indicates the mean time of loss of consciousness, and the second indicates the mean time of return
of consciousness. (E) Comparison of instability between Awake and Anesthesia epochs using only resting
state data. Resting state windows were identified by isolating times in which at least 3 s had passed since
an external stimulus was presented. In all sessions, these windows were limited to be approximately 3 s. In
all NHPs and for all three anesthetics, the mean instability (real part of the characteristic root, s-1) was
significantly closer to zero (less negative) during the Anesthesia epoch compared to the Awake epoch. This
demonstrates that the destabilization of cortical dynamics during anesthetic-induced unconsciousness is robust
even when considering resting state dynamics. During resting state, the cortex is presumably perturbed by
endogenous inputs. ** indicates p < 0.01 and *** indicates p < 0.001, n=10 for propofol NHP 1, n=11
for propofol NHP 2, and n=8 for each NHP in ketamine and dexmedetomidine, using one-sided Wilcoxon
signed-rank test. (F) Pearson correlation between instability and physiological variables for propofol (top),
ketamine (middle) and dexmedetomidine (bottom). Instability was correlated with the magnitude of eye
EMG activity for propofol and with pupil diameter for ketamine and dexmedetomidine. ** indicates p < 0.01
and *** indicates p < 0.001, n=10 for propofol NHP 1, n=11 for propofol NHP 2, and n=8 for each NHP in
ketamine and dexmedetomidine, using one-sided Wilcoxon signed-rank test.

session. Our hyperparameter search was extensive (16,000–20,000 model fits per session) to
find the best predictive model for each session, ensuring independence. For the main analysis,
we used fixed window sizes (15 seconds of neural data). These window sizes ensure a long
enough time window to capture a wide range of dynamic motifs, but a short enough time
window to preserve computational tractability. For the grid search, models were fit on 4
windows from each subsection of the session, and parameters were chosen on a per-session
basis. Windows were chosen to ensure that all sections of the session were included (see
below). Since certain windows were excluded based on estimated electrical noise (see above),
if there was not enough valid data in a subsection to constitute the 4 windows needed for
the hyperparameter search, we used as many windows as were available. The metric used to
assess model quality was Akaike Information Criterion (AIC). AIC quantifies the balance
between high quality model prediction (as measured by one-step prediction error on test
data) with the number of model parameters. Models are penalized for having larger numbers
of parameters, such that the optimal model of minimal complexity can be obtained. For each
session, we computed the AIC on a window of test data of equal size to the training window
(15 seconds) and immediately following the training window in the session. We averaged the
AIC across all windows from all subsections. While larger models tend to perform better, after
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a certain point the added parameters are not benefitting the prediction quality sufficiently to
justify their inclusion. Because we compare stability between sections of each session, the
hyperparameters minimizing AIC within a given session (and area) are chosen. The time
interval between delays was held fixed at 1 time step (1 millisecond) for this analysis. Chosen
hyperparameters varied across sessions. All hyperparameters for models used in the primary
analysis are included in Table B.1.

Table B.1: DeLASE model hyperparameters selected for each recording ses-
sion. This table lists the optimal hyperparameters used for the stability analysis in each
independent session, determined via a grid search minimizing the Akaike Information
Criterion (AIC). “# of delays” corresponds to the number of time-delay embeddings used
to reconstruct the state space. “rank” corresponds to the rank of the eigen-time-delay
coordinates used to approximate the linear dynamics in the HAVOK model.

Agent Animal Session # # of delays Rank

Propofol NHP 1 1 5 1150
Propofol NHP 1 2 5 1100
Propofol NHP 1 3 5 1150
Propofol NHP 1 4 5 1150
Propofol NHP 1 5 5 1100
Propofol NHP 1 6 5 1100
Propofol NHP 1 7 5 1100
Propofol NHP 1 8 5 1100
Propofol NHP 1 9 5 1100
Propofol NHP 1 10 5 1100

Propofol NHP 2 1 5 1000
Propofol NHP 2 2 5 1000
Propofol NHP 2 3 5 1000
Propofol NHP 2 4 5 1050
Propofol NHP 2 5 5 1050
Propofol NHP 2 6 5 1050
Propofol NHP 2 7 5 1000
Propofol NHP 2 8 5 1050
Propofol NHP 2 9 5 1050
Propofol NHP 2 10 5 1050
Propofol NHP 2 11 5 1000

Ketamine NHP 3 1 8 900
Ketamine NHP 3 2 9 850
Ketamine NHP 3 3 9 900
Ketamine NHP 3 4 7 750
Ketamine NHP 3 5 7 725
Ketamine NHP 3 6 9 900
Ketamine NHP 3 7 9 950
Ketamine NHP 3 8 9 950

Ketamine NHP 4 1 9 900

Continued on next page
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Table B.1 – continued from previous page

Agent Animal Session # # of delays Rank

Ketamine NHP 4 2 9 950
Ketamine NHP 4 3 9 900
Ketamine NHP 4 4 9 900
Ketamine NHP 4 5 9 1000
Ketamine NHP 4 6 9 900
Ketamine NHP 4 7 9 1000
Ketamine NHP 4 8 9 950

Dexmedetomidine NHP 3 1 9 900
Dexmedetomidine NHP 3 2 7 800
Dexmedetomidine NHP 3 3 7 725
Dexmedetomidine NHP 3 4 9 950
Dexmedetomidine NHP 3 5 8 900
Dexmedetomidine NHP 3 6 8 850
Dexmedetomidine NHP 3 7 9 950
Dexmedetomidine NHP 3 8 9 1050

Dexmedetomidine NHP 4 1 9 900
Dexmedetomidine NHP 4 2 9 900
Dexmedetomidine NHP 4 3 9 1000
Dexmedetomidine NHP 4 4 8 850
Dexmedetomidine NHP 4 5 9 1000
Dexmedetomidine NHP 4 6 9 950
Dexmedetomidine NHP 4 7 9 950
Dexmedetomidine NHP 4 8 9 900

Grid search section definitions

For propofol sessions, the relevant subsections were awake (the 15 minutes preceding the onset of
infusion), anesthetic induction (the 15 minutes following the onset of infusion), loading dose (from
15 minutes to 30 minutes following infusion), maintenance dose (from 30 minutes to 60 minutes
following infusion), and recovery (from 60 minutes to 75 minutes following infusion). For ketamine
and dexmedetomidine sessions, the relevant sections are the awake oddball, the awake lever press
sections (the 10 minutes preceding and following the awake oddball, respectively), induction (the 10
minutes following infusion), anesthesia oddball, the early unconscious period (from the end of the
oddball until 45 minutes post-infusion), the late unconscious period (from 45 minutes post infusion
until the recovery oddball), and the recovery oddball. 4 windows were randomly selected from each
subsection in each session.
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B.2.3 Session epochs

We divided each session into epochs for the purposes of plotting and comparison. These epochs were
the Awake epoch, the Anesthesia epoch, and the Emergence epoch. For the propofol sessions, the
Awake epoch was defined as the 15 minutes preceding the start of anesthetic infusion. The Anesthesia
epoch was defined as the 45-minute period starting 15 minutes after the onset of anesthetic infusion
and ending 60 minutes after the onset of infusion. The Emergence epoch was defined as the 15
minutes starting from 60 minutes after the onset of infusion (i.e., the end of propofol infusion) and
ending 75 minutes after the onset of infusion. The Induction epoch was defined as the 15 minutes
following the onset of infusion. The Late Anesthesia epoch was defined as the 30-minute period
starting from 30 minutes after the start of infusion until the end of infusion (60 minutes after the
onset of infusion). For the ketamine and dexmedetomidine sessions, the Awake epoch was defined as
the approximately 36-minute period leading up to the start of anesthetic infusion, which included
the awake oddball subsection as well as both awake lever-press task subsections. The Anesthesia
epoch was defined as the approximately 35-minute period beginning with the anesthesia oddball
subsection and ending 45 minutes after the onset of infusion. The Emergence epoch was taken
to be the final oddball subsection, which was administered after the NHPs had awakened from
the anesthetic infusion. The Induction epoch was defined as the 10 minutes following the start of
anesthetic infusion, which leads up to the anesthetic oddball subsection. The Late Anesthesia epoch
was defined from 45 minutes after the onset of infusion until the final oddball subsection.

B.2.4 VAR and baseline comparisons

To validate the stability estimates derived from DeLASE and to benchmark its predictive performance,
we implemented a classical Vector Auto-Regressive (VAR) model and a persistence baseline.

We fit a first-order VAR(1) model to the same 15-second LFP windows used for the DeLASE analysis,
as well as 500 millisecond windows as in previous work (Figure B.2A and Figure B.3A,B).63,190 For
a given window of multichannel LFP data X∈RT ×N (where T is time points and N is the number
of channels), the VAR(1) transition matrix AV AR was estimated using ordinary least squares:

AV AR = argmin
A

⃦⃦
XT

t+1−AXT
t

⃦⃦2
F

where Xt and Xt+1 are the data matrices time-shifted by one sample.

We evaluated the model fit and predictive accuracy of DeLASE against two baselines: the VAR(1)
model described above and a "persistence baseline" which assumes the system state does not change
(i.e., predicting the next state as the same as the current state).

For each analysis window, models were fit on the first portion of the data (training set) and evaluated
on a subsequent held-out test window of equal size (i.e., either 15 seconds or 500 milliseconds,
depending on the training window). Prediction error was quantified via Akaike Information Criterion
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Figure B.3: Validation of DeLASE, robustness checks, and regional destabilization results.
Related to Figure 2.2. (A, B) Stability analysis using classical Vector Autoregressive (VAR) models. Stability
was estimated from the eigenvalues of first-order VAR models fit to either (A) 500 ms windows, as in previous
work, or (B) 15 s windows. While the VAR models are outperformed by DeLASE in predictive accuracy
(see Figure B.2), these more classical methods qualitatively reproduce the central finding: a significant shift
toward instability (less negative eigenvalues) during the Anesthesia epoch compared to...

130



Figure B.3: (Continued from previous page) the Awake epoch. * indicates p < 0.05, ** indicates p < 0.01,
*** indicates p < 0.001, n=10 for propofol NHP 1, n=11 for propofol NHP 2, and n=8 for each NHP in
ketamine and dexmedetomidine, using one-sided Wilcoxon signed-rank test. (C) Surrogate data analysis
confirms DeLASE captures dynamics beyond spectral power. (Top) Stability estimates for a sample Awake
and Anesthesia window (solid bars) compared to Iterative Amplitude Adjusted Fourier Transform (IAAFT)
surrogates (hatched bars). (Bottom) The IAAFT method generates surrogate data that perfectly matches
the power spectrum of the original data. Despite having identical power spectra, the surrogate data has
significantly different stability estimates from the real data. This confirms that the DeLASE measurement
is not trivially driven by changes in spectral power and depends on the complex, cross-channel temporal
structure of the data. (D) Similarity analysis of instability time-series. Pearson correlation matrices show the
similarity between all recording sessions and areas, grouped by Agent (left), Agent and Monkey (middle), and
Agent and Area (right). The clear block-diagonal structure, dominated by the anesthetic agent, demonstrates
that the instability profile is determined by the drug administered, not by subject-specific (animal) or
region-specific (area) differences. (E) Destabilization is consistent across all recorded cortical areas. The
Mean Characteristic Timescale (from Figure 2.2A) is shown but computed per each individual recording area.
For all three anesthetics, the destabilization effect (an increase in the timescale ratio) is observed robustly
and concurrently across all measured brain regions (e.g., vlPFC, FEF, 7b, CPB for propofol; bilateral vlPFC
and dlPFC for ketamine and dexmedetomidine). * indicates p < 0.05, ** indicates p < 0.01, *** indicates
p < 0.001, n=10 for propofol NHP 1, n=11 for propofol NHP 2, and n=8 for each NHP in ketamine and
dexmedetomidine, using one-sided Wilcoxon signed-rank test.

(AIC) and mean squared error (MSE) on one-step-ahead prediction (Figure B.2A). As described
above, AIC is a measure of model quality penalizing for complexity (number of parameters).

These metrics were computed for the DeLASE (HAVOK) model, the VAR(1) model on both 15
second and 500 millisecond time windows, and the persistence baseline to demonstrate the superior
predictive capability of the HAVOK models.

To estimate stability comparable to DeLASE, we computed the eigenvalues λi of the fitted AV AR

matrix. These discrete-time eigenvalues were converted to continuous-time timescales τi using
the transformation τi =

ln (|λi|)
∆t as in previous work,190 where ∆t is the sampling interval. The

maximum 10% of the real part of these exponents was taken as the stability metric for the window,
for comparison with DeLASE (Figure B.3A,B).

B.2.5 Cross-window prediction quality analysis

To evaluate the stationarity of neural dynamics and the validity of our windowed modeling approach,
we performed a cross-temporal generalization analysis (Figure B.2B). For each recording session, we
partitioned the LFP data into the same 15-second windows used for the primary stability analysis.
We trained a separate HAVOK model on each 15-second window (the "training window"). We
then evaluated the predictive performance of each trained model on every other 15-second window
in the session (the "test windows"). Predictive performance was quantified using the MSE of
the one-step-ahead prediction on the held-out test data. This procedure yielded a cross-temporal
generalization matrix M, where the entry Mi,j represents the MSE of the model trained on window
i when predicting the dynamics of window j. This matrix allows us to visualize how well dynamical
models generalize across different epochs (e.g., Awake vs. Anesthesia). High off-diagonal errors
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indicate that the dynamical rules governing the system change over time, necessitating the use of
time-resolved, local models rather than a single global model for the entire session.

B.2.6 Identifying unresponsive windows

For the analysis in Figure B.2C and Figure B.4, to identify windows in which the NHPs were
unresponsive, we considered the percent of correct lever trials (i.e., the trials in which the NHP
successfully pressed the lever in response to the indicating tone). For each 15 second window used for
stability analysis, we computed the percent of correct lever trials in a 120 second window centered on
the start of the 15 second stability window. Any window in which the NHP responded to fewer than
10% of lever presses correctly was labeled an unresponsive window. To estimate times for which
the NHPs were unresponsive (shaded regions in Figure 2.2A), we performed the same analysis for
all ketamine and dexmedetomidine sessions. The mean time of the first window for which fewer
than 10% of lever presses were correct was taken to be the mean time of loss of consciousness. The
mean time of the first window following this time for which more than 10% of lever presses were
correct was taken to be the mean time of return of consciousness. For propofol, the moments at
which the NHP eyes closed and the moment at which they reopened, were judged and recorded by
the experimenter. Thus, the mean time of loss of consciousness was taken to be the mean time of
eyes closing, and the mean time of return of consciousness was taken to be the mean time of eyes
opening.

B.2.7 Resting state stability analysis

To confirm that the observed destabilization was not driven by sensory-evoked responses, we
performed a control analysis restricted to resting-state data (Figure B.2E). Resting-state segments
were identified by isolating periods in the recording where at least 3 seconds had elapsed since the
presentation of any external stimulus (e.g., auditory tones or air puffs). These segments were strictly
limited to a duration of 3 to 3.5 seconds. This restriction was imposed to strictly ensure the absence
of any late-component evoked responses or stimulus artifacts, as finding longer contiguous blocks of
stimulus-free data was constrained by the frequent trial structure of the experimental tasks. We
applied the DeLASE method to these 3 second windows. To ensure comparability with the main
results, we used the same model hyperparameters (embedding delays and rank) as were selected for
the primary 15 second window analysis. Instability was quantified as the mean of the top 10% of the
real parts of the characteristic roots. We then compared the mean instability of these resting-state
windows between the Awake and Anesthesia epochs.

B.2.8 Correlation with physiological markers

To validate that the estimated dynamic instability tracked independent physiological measures
of anesthetic depth, we correlated the time-resolved stability metric with concurrently recorded
physiological signals (Figure S1F). For propofol, we analyzed the electromyography (EMG) signal
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Figure B.4: Dynamic instability tracks real-time responsiveness. Related to Figure 2.2. (A, B)
Time-resolved instability (red line) from two sample dexmedetomidine sessions for NHP 3 (A) and NHP 4
(B). Periods in which the NHP was identified as behaviorally responsive (based on a lever-press task) are
shaded in green. Throughout the sessions, NHPs were presented with tones indicating that they should press
a lever. To identify the periods in which the NHPs were behaviorally responsive, we computed the percentage
of correct lever presses within two-minute windows. For this analysis, responsive windows were taken to be
those in which the NHP pressed the lever in response to more than 10% of the tones. Instability visibly
decreases (becomes more stable) during brief moments of responsiveness and increases (becomes less stable)
during periods of unresponsiveness. (C, D) Mean instability aggregated across all sessions for NHP 3 (C)
and NHP 4 (D). This analysis uses the 10% lever-press accuracy threshold. Unresponsive periods (purple)
were significantly more unstable (less negative) than responsive periods (green) in both NHPs. ** indicates
p < 0.01, n=8 for each NHP, using one-sided Wilcoxon signed-rank test. (E) Robustness analysis for the
behavioral threshold. The analysis from (C) and (D) was repeated using accuracy thresholds ranging from
10% (0.1) to 90% (0.9). The significant difference in stability between responsive (green) and unresponsive
(purple) windows was robustly maintained regardless of the specific threshold chosen. ** indicates p < 0.01,
n=8 for each NHP, using one-sided Wilcoxon signed-rank test.
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recorded from electrodes placed adjacent to the eyes. The magnitude of this signal serves as a
proxy for muscle tone and eye movement, which are known to decrease during anesthesia.456–458

For ketamine, and dexmedetomidine, we analyzed pupil diameter, which was continuously tracked
throughout the sessions. Pupil diameter is a well-established autonomic correlate of arousal and
anesthetic depth.459,460 For each session, we computed the Pearson correlation between the time
series of mean instability (inverse timescale, s-1) and the corresponding physiological time series
(mean eye EMG magnitude or pupil diameter) calculated in matching 15-second windows. To assess
the consistency of this relationship across sessions, we performed a one-sided Wilcoxon signed-rank
test on the distribution of correlation coefficients obtained for each subject. The null hypothesis was
that the median correlation is zero, while the alternative hypothesis was that the correlation is less
than zero (indicating that as the cortex becomes more unstable/less stable, the physiological marker
of arousal decreases).

B.2.9 Surrogate data generation and analysis

To validate that the estimated stability metrics captured complex temporal dynamics rather than
simple spectral properties (Figure B.3C), we generated surrogate data using the Iterative Amplitude
Adjusted Fourier Transform (IAAFT) method.461–463 For a given LFP window, the IAAFT algorithm
iteratively randomizes the phases of the signal's Fourier transform while enforcing the original
signal's power spectrum and amplitude distribution. This process yields surrogate signals that
possess identical spectral power and amplitude distributions to the original neural data but lack the
specific nonlinear temporal correlations. We used a public implementation of the IAAFT.464 As a
proof by contradiction, we picked a sample window from the Awake epoch and from the Anesthesia
epoch and intended to demonstrate that the stability is not trivially determined by the power
spectrum. We then generated 10 surrogates for each window and performed stability analysis on
these surrogates using the same DeLASE model hyperparameters applied to the original data.

B.2.10 Single-area stability and similarity

To determine if the observed destabilization was driven by specific brain regions or was a global
cortical phenomenon, we performed a region-specific stability analysis (Figure B.3E) and a time-profile
similarity analysis (Figure B.3D).

We applied the DeLASE framework independently to data from each recorded cortical area. For
the propofol sessions, the areas were ventrolateral prefrontal cortex (PFC), frontal eye fields (FEF),
posterior parietal cortex (PPC) and auditory cortex (STG). For ketamine and dexmedetomidine
sessions, we analyzed the left and right ventrolateral and dorsolateral prefrontal cortices (vlPFC-L/R,
dlPFC-L/R). We conducted a full hyperparameter grid search for each area, in each session. For each
area, we computed the mean instability (inverse timescale) in 15-second windows across the session.
We then visualized the mean characteristic timescale ratio relative to the awake baseline for each
area to confirm that destabilization occurred consistently across all recorded regions (Figure B.3E).

To quantify the similarity of instability dynamics across different anesthetic agents, subjects, and
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brain areas, we computed the Pearson correlation between their time-courses (Figure B.3D). First,
the instability time-series for each session (or specific area within a session) were linearly interpolated
onto a common temporal grid with a resolution of 15 seconds to ensure alignment across experiments
with slightly varying timings. We then constructed a correlation matrix by calculating the Pearson
correlation coefficient between every pair of interpolated time-series (clipped to from 15 minutes
preceding anesthetic infusion to 85 minutes following anesthetic infusion). These correlations were
grouped by agent, subject, and area to assess whether the dynamic profile of instability was primarily
determined by the anesthetic agent or by other factors. High correlations within agent groups (even
across different subjects and areas) indicated that the temporal progression of destabilization is a
robust signature of the specific drug's action.

B.2.11 AIC-weighted stability estimates

To ensure that our findings were not dependent on the specific choice of model hyperparameters
(embedding delay and rank), we performed a robustness analysis using model averaging (Figure B.1A,
C). We recomputed the stability estimates across a comprehensive grid of hyperparameters for every
session. Due to the computational cost of fitting thousands of models per session, this analysis was
performed with a temporal stride of 120 seconds (instead of 15 seconds) between analysis windows.

For each combination of hyperparameters (rank r and number of delays p), we computed the mean
Akaike Information Criterion (AIC) of the fitted HAVOK models across the session. We then
calculated Akaike weights wr,p for each model specification using the formula:

wr,p =
exp

(︁
−1

2∆AICr,p

)︁∑︁
i,j exp

(︁
−1

2∆AICi,j

)︁
where ∆AICr,p = AICr,p −AICmin and AICmin is the minimum mean AIC value observed across
the hyperparameter grid for that session.465

We then computed an AIC-weighted estimate of the difference in instability (inverse timescales)
for each animal/agent combination by taking the weighted sum of the instability difference values
produced by each model. That is, for a given animal and agent combination, let there be K sessions.
Then, for each session let ∆Sk be the change in mean instability (top 10%) from the Awake to
Anesthesia epoch (i.e. Anesthesia – Awake instability) for k ∈ {1, . . . ,K}. Then, the model weighted
changed in instability for parameters rank r and number of delays p is

∆Sr,p =
K∑︂
k=1

wk
r,p∆Sk

where wk
r,p corresponding to session k (note that AIC weights are computed on a per session basis).

These values are plotted on a per hyperparameter basis in Figure B.1A. In this Figure, we compared
these weighted stability estimates to the null hypothesis of zero-difference using one-sided Wilcoxon

135



signed-rank test to confirm that the destabilization effect was robust to model specification. We
performed further model averaging to identify the AIC-weighted overall estimate of the change in
instability as

∆SAIC =
∑︂
r,p

∆Sr,p

We then used these weighted stability estimates to conduct multiple Wilcoxon signed-rank tests with
various top % of characteristic roots in Figure B.1C.

B.2.12 Robustness across % of characteristic roots

To verify that our stability estimates were not dependent on the specific choice of using the top 10%
of characteristic roots (the threshold used in the primary analysis), we performed a robustness check
across a wide range of threshold values (Figure B.1B,C). We recomputed the mean instability metric
using thresholds ranging from the top 1% to the top 30% of characteristic roots, in increments of 1%.
This range was chosen to encompass both very conservative estimates (relying only on the few most
dominant modes) and broader estimates (averaging over a larger portion of the dynamical spectrum).
This analysis was performed in two ways to ensure robustness. (1) Best-Fit Models (Figure B.1B):
We applied the varying thresholds to the single best-fitting HAVOK model (lowest AIC) identified
for each session. (2) AIC-Weighted Average (Figure B.1C): We applied the varying thresholds to
the AIC-weighted average stability estimate (calculated as described in the "AIC-weighted stability
estimates" section) to account for model uncertainty. For each threshold value in this range (1% to
30%), we compared the mean instability between the Awake and Anesthesia epochs (and Awake vs.
Emergence) using a one-sided Wilcoxon signed-rank test. We plotted the resulting p-values as a
function of the threshold percentage to demonstrate that the significant destabilization effect was
maintained across large portions of the tested range.

B.2.13 Stability analysis with different windows

To ensure that our findings were not artifacts of the specific temporal resolution chosen for the
primary analysis, we tested the robustness of our results to variations in the analysis window
length (Figure B.1D,E). We repeated the complete DeLASE stability analysis using two alternative
window sizes: 5 seconds and 30 seconds. For each window size, we partitioned the recording sessions
into non-overlapping segments (stride equal to window size). We then conducted full per-session
grid searches to identify the optimal hyperparameters, and fit HAVOK models to these windows.
We estimated the dynamic instability using the same pipeline as the primary 15-second analysis.
This included (1) constructing time-delay embeddings and fitting linear dynamics models for every
5-second or 30-second window, (2) computing the mean real part of the top 10% of characteristic
roots for each window, and (3) comparing the mean instability between the Awake, Anesthesia, and
Emergence epochs using a one-sided Wilcoxon signed-rank test. The results from these analyses
demonstrated that the significant destabilization observed during anesthesia was consistent across
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timescales of training windows, remaining robust whether the dynamics were estimated from short
(5s) or long (30s) snapshots of neural activity.

B.2.14 Responsiveness-tracking in dexmedetomidine

To investigate whether dynamic instability tracked real-time fluctuations in consciousness during
dexmedetomidine sedation, we classified 15-second analysis windows as "responsive" or "unre-
sponsive" based on behavioral performance (Figure B.4). Dexmedetomidine is in fact known to
produce an arousable sedation state, in which subjects can move easily between wakefulness and
unconsciousness.466–468 For each 15-second window used in the stability analysis, we calculated the
percentage of correct lever presses in a 120-second window centered on the start of the analysis
window (as discussed above in section “Identifying unresponsive and responsive windows”). Windows
in which the subject responded correctly to fewer than 10% of the auditory cues were classified as
unresponsive, while those exceeding this threshold were classified as responsive. For each session, we
then computed the mean instability (inverse timescales) separately for all responsive and unresponsive
windows (Figure B.4A,B). We then compared these session-averaged stability values using a one-sided
Wilcoxon signed-rank test to determine if unresponsive periods were significantly more unstable than
responsive periods (Figure B.4C,D). To ensure that our results were not dependent on the specific
choice of the 10% accuracy threshold, we repeated this analysis using a range of thresholds from
10% to 90% (in 10% increments). We confirmed that the significant difference in stability between
responsive and unresponsive states was maintained across this range (Figure B.4E).

B.2.15 Sensory response and autocorrelation analysis

We computed sensory responses to auditory stimuli for Figure 2.3 and Figure B.5. For the propofol
sessions, sensory responses to the isolated tones were analyzed. For the ketamine and dexmedetomi-
dine sessions, sensory responses to the auditory oddball task were analyzed. This task was chosen
as opposed to the tones that indicated lever presses to avoid the presence of a motor signal in the
neural data. Sensory responses were averaged over all trials and electrodes within a single session.

To quantify the temporal characteristics of these responses, we computed their autocorrelation
functions (ACFs) (Figure 2.3B). For each trial, the LFP time series was collected in a 1-second
window immediately following the onset of the first auditory stimulus. Given the 1 kHz sampling
rate, this resulted in a time series consisting of T = 1000 samples. Let M be the number of trials in
a given epoch (Awake, Anesthesia, Emergence) of a given session. Let x

(j)
t ∈ RN be the vector of

LFP activity at time t ∈ {1, . . . , T} and for trial j ∈ {1, . . . ,M}. Let x(j)i, t be the activity of the i-th
electrode on trial j at time t. To compute the autocorrelation function of this univariate time series,

one first computes mean µ
(j)
i = 1

T

∑︁T
t=1 x

(j)
i,t as well as the variance

(︂
σ
(j)
i

)︂2
= 1

T

∑︁T
t=1

(︂
x
(j)
i,t − µ

(j)
i

)︂2
.

The ACF R(τ) measures the correlation of the signal with a delayed copy of itself as a function of
the time lag τ . For a given lag τ , one computes the autocovariance function
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Figure B.5: Supplementary sensory and spectral analyses. Related to Figure 2.2-2.4. (A, B) Tempo-
rally zoomed-in LFP responses to auditory stimuli from Figure 3A for (A) ketamine and (B) dexmedetomidine.
The plots show the initial ~250 ms of the response, highlighting the early-latency components of the evoked
potential. (C) Mean power spectral densities (PSDs) for each epoch, averaged across all sessions for propofol
(top), ketamine (middle), and dexmedetomidine (bottom). These plots visualize the well-known shift to
low-frequency power during the Anesthesia epoch (purple) compared to the Awake (green) and Emergence
(orange) epochs. (D) Comparison of mean power in specific frequency bands (delta, theta, alpha, beta,
gamma) across epochs for propofol (top), ketamine (middle), and dexmedetomidine (bottom). This quantifies
the spectral shifts seen in the PSDs, confirming the significant increase in low-frequency (e.g., delta)...

138



Figure B.5: (Continued from previous page) power that is a hallmark of anesthetic-induced unconsciousness.
* indicates p < 0.05, ** indicates p < 0.01, *** indicates p < 0.001, n=10 for propofol NHP 1, n=11 for
propofol NHP 2, and n=8 for each NHP in ketamine and dexmedetomidine, using two-sided Wilcoxon
signed-rank test. (E) Dynamic stability analysis repeated after removing the delta (0.1–4 Hz) frequency range.
The analysis from Figure 2B was re-run on data that was band-stop filtered to remove the primary delta
band. The results show that the significant destabilization during the Anesthesia epoch (purple) persists
even after this dominant low-frequency component is removed, indicating that the effect is not merely an
artifact of delta oscillations but is present in a multitude of low-frequency responses. * indicates p < 0.05, **
indicates p < 0.01, *** indicates p < 0.001, n=10 for propofol NHP 1, n=11 for propofol NHP 2, and n=8
for each NHP in ketamine and dexmedetomidine, using one-sided Wilcoxon signed-rank test.
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The autocorrelation function for electrode i on trial j at time lag τ is then obtained as

R
(j)
i (τ) =

c
(j)
i (τ)(︂
σ
(j)
i

)︂2
This computation yields R

(j)
i (0) = 1 by definition. For each session and epoch, we compute the

mean across trials and electrodes as

R(τ) =
1

MN

M∑︂
j=1

N∑︂
i=1

R
(j)
i (τ)

We can then use these trial- and electrode- averaged values within each epoch to compute the
mean across sessions. For propofol, only the maintenance dose of anesthesia was used for sensory
response analysis. Statistical analyses were performed across sessions as well. In our implementation,
autocorrelations were computed using the statsmodels package.455

To quantify the relationship between dynamic stability and the "memory" of the system's response
to perturbation, we computed a time-resolved metric of autocorrelation. For each 15 second window
used in the stability analysis, we computed the ACF of each electrode up to a lag of 5 seconds (i.e.,
5000 milliseconds, or 5000 lags). We then compute the integral of the ACF (for each electrode’s ACF)
in two ways. First, we integrate it up to 50 milliseconds. Second, we integrate it up to half-maximum.
That is, we integrate up to the lag value at which the ACF crosses 0.5. If the ACF does not cross
0.5 in the 5 seconds analyzed, we integrate up to a time lag of 5 seconds. We then average these
values across electrodes in each window. Then, for each session, we correlate the sequence of Mean
Instability values (in units of inverse seconds) with the sequence of mean integrated ACF values.
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B.2.16 Power-spectral analyses

For the analysis in Figure 2.4 and Figure B.5C,D, within each 15 second window, spectral analysis
was conducted using NumPy’s rfft function.452 We computed the mean spectral power in each
frequency band. The frequency bands we considered were delta (0.1 - 4 Hz), theta (4 - 8 Hz), alpha
(8 - 12 Hz), beta (12 - 30 Hz), and gamma (30 - 100 Hz). For Figure 2.4, we then correlated the
time-series of mean spectral band power at each window (and in each band) with the time series of
mean inverse timescales in each window computed using DeLASE. We used SciPy’s pearsonr function
to compute the Pearson correlation.439 To filter out the delta frequency range for Figure B.5E, we
used a bi-directional Butterworth band-stop filter of order 2 implemented using SciPy.439

B.3 Quantification and Statistical Analysis

For all data plots, “*” denotes a p-value less than 0.05, “**” denotes a p-value less than 0.01, and
“***” denotes a p-value less than 0.001. We note that experiments for each anesthetic were performed
on two subjects, as is standard in the field.272 Our statistical power is primarily derived not from the
number of animals, but from the large number of independent recording sessions collected from each
animal, which provides a strong basis for within-subject analysis. Statistical tests were performed
on a per-animal basis, and in all cases n was equal to the # of sessions. There were 10 sessions for
NHP 1 under propofol, 11 sessions for NHP 2 under propofol, and 8 sessions for both NHP 3 and
NHP 4 under both ketamine and dexmedetomidine. Errors are reported as standard error of the
mean (SEM).

B.3.1 Testing session independence

To rigorously test the assumption that sessions are independent, we fit a linear mixed-effects (LME)
model to test if there was any systematic effect of session order on our stability measurements.
Specifically, we tested whether adding the 'sequential session number' as a predictor improved
the model's ability to predict instability, beyond the effect of the state (Awake vs. Anesthesia vs.
Emergence) and a random intercept at the level of the session (to account for baseline). The results
of this analysis support our independence assumption. For all NHP/anesthetic agent combinations,
a model including the session number did not provide a statistically better fit than a model without
it (as assessed by a likelihood ratio test). Even when evaluating the model including the session
number information, the coefficient for the session number predictor was not significant in all cases,
indicating no systematic drift in changes in stability from one session to the next. Results are
reported in Table B.2.
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Table B.2: Linear mixed-effects model results assessing instability changes and session in-
dependence. This table presents the fixed-effects coefficients and p-values from a linear mixed-effects
(LME) model predicting mean instability (s-1). The Anesthesia and Emergence columns show the estimated
change in instability relative to the Awake baseline for each subject and agent; positive coefficients indicate
destabilization. The Session Order columns show the effect of the sequential session number included as a
predictor. The non-significant p-values (p > 0.05) for both the Session Order coefficient and the Session
Order Model relative to a model with no session order (via log-likelihood ratio test) across all subjects and
agents confirm that there was no systematic drift in stability measurements over time. This supports the
assumption that recording sessions were statistically independent.

Agent Propofol Ketamine Dexmedetomidine

Subject NHP 1 NHP 2 NHP 3 NHP 4 NHP 3 NHP 4

Anesthesia Coeff. 12.70 14.63 5.43 1.60 15.34 14.30
Anesthesia p-value 4.38e-

237
4.32e-
113

1.91e-13 0.002 9.11e-18 1.13e-62

Emergence Coeff. 10.23 6.09 -1.82 -1.58 5.63 5.06
Emergence p-value 1.95e-

154
4.83e-21 0.013 0.002 0.002 3.4e-09

Session Order Coeff. 0.10 0.07 -0.48 -0.37 -0.82 0.04
Session Order p-value 0.605 0.780 0.433 0.516 0.148 0.964
Session Order Model p-value 0.566 0.757 0.377 0.461 0.122 0.958

B.3.2 Changes in stability in neural dynamics

In each NHP, we computed the real parts (i.e. inverse timescales of response) of the top 10% of
characteristic roots from every window using DeLASE. For Figure 2.2A the data was interpolated
onto a grid of time points spaced by 30 seconds for the purposes of aligning the data across sessions.
We performed a two-sided Wilcoxon signed-rank test comparing the mean inverse timescales at
that time point to the per-session mean inverse timescales from the awake state. For Figure 2.2B,
Figure B.3 and Figure B.1, and for the in-text statistics in the section “All three anesthetic agents
destabilize neural dynamics,” we computed the mean inverse timescale within each epoch of session,
with the epochs defined as above. Statistical tests to compare the inverse timescales between epochs
were then performed using a one-sided Wilcoxon signed-rank test, with n again being the number
of sessions for each NHP/agent. For Figure B.4C-E, we computed the mean inverse timescale in
responsive and unresponsive windows, as defined above, and then performed a statistical test using a
one-sided Wilcoxon signed-rank test, with n again being the number of sessions for each NHP/agent.

B.3.3 Effect sizes for changes in stability

To quantify the magnitude of the change in dynamic stability between epochs (e.g., Anesthesia
vs. Awake), we computed a robust estimate of the location shift for paired data. For each subject
and anesthetic condition, we calculated the paired differences in mean instability between the two
epochs across for each session. That is, for a given animal and agent combination, let there be K
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sessions. Then, for each session let ∆Sk be the change in mean instability (top 10%) from the Awake
to Anesthesia epoch (i.e. Anesthesia – Awake instability) for k ∈ {1, . . . ,K}. We estimated the
effect size as the median of these paired differences, which is the effectively the Hodges-Lehmann
Estimator for paired data.469,470

B.3.4 Estimating confidence intervals

To estimate the precision of our stability difference estimates, we computed 95% confidence intervals
(CIs) using a non-parametric bootstrap procedure. For each pairwise comparison, we generated
10,000 bootstrap samples by resampling the observed set of paired differences with replacement.
For each resampled dataset, we re-calculated the median difference. The 95% confidence interval
was then derived using the percentile method, defined as the interval between the 2.5th and 97.5th
percentiles of the bootstrap distribution.

B.3.5 Post-hoc statistical power analysis

To verify the statistical power of our results given the sample size (number of sessions), we performed
a simulation-based post-hoc statistical power analysis. We treated the observed paired differences
in instability as the empirical population distribution. We then ran 1,000 simulations where, in
each iteration, we generated a new synthetic dataset of the same size (K sessions) by resampling
with replacement from the observed differences. We performed a Wilcoxon signed-rank test on each
synthetic dataset with significance level 0.05. The observed power was calculated as the proportion
of these 1,000 simulations that yielded a statistically significant result. Results are reported in
Table B.3.

Table B.3: Post-hoc statistical power analysis results. This table displays the estimated statistical
power for the primary stability comparisons (Anesthesia vs. Awake and Emergence vs. Awake) for each
subject and anesthetic agent. Power estimates were calculated using a simulation-based approach with
1,000 bootstrap simulations per comparison, treating the observed session-level differences as the empirical
population.

Agent NHP Comparison Power

Propofol NHP 1 Anesthesia vs. Awake 1.000
Propofol NHP 2 Anesthesia vs. Awake 1.000

Ketamine NHP 3 Anesthesia vs. Awake 1.000
Ketamine NHP 3 Emergence vs. Awake 0.899
Ketamine NHP 4 Anesthesia vs. Awake 0.630
Ketamine NHP 4 Emergence vs. Awake 1.000

Dexmedetomidine NHP 3 Anesthesia vs. Awake 1.000
Dexmedetomidine NHP 4 Anesthesia vs. Awake 1.000
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B.3.6 Comparing autocorrelation values

For the statistical tests in Figure 2.3B, we computed the autocorrelation of the stimulus-induced
response in each electrode and averaged across all electrodes and trials within each epoch of each
session, as described above. The autocorrelation values at each lag were then compared using a
two-sided Wilcoxon signed-rank test, with n again being the number of sessions for each NHP/agent.

B.3.7 Autocorrelation-instability correlations

As mentioned, for each session, we computed two time-series: (1) the mean instability (inverse
timescale) derived from DeLASE, and (2) the integrated autocorrelation function (ACF) of the
sensory response (integrated either to 50ms or to its half-maximum). We then calculated the Pearson
correlation coefficient between these two time-series for each session. This procedure yielded a
distribution of correlation coefficients for each subject and anesthetic agent (one coefficient per
session). To test whether instability was significantly correlated with the system's memory, we
performed a two-sided Wilcoxon signed-rank test on these coefficients against a null hypothesis of
zero correlation. We report the median correlation and the 95% confidence interval of the median,
estimated via bootstrapping, alongside the p-values in Table B.4.

Table B.4: Statistical results for the correlation between dynamic instability and sensory
response autocorrelation. This table presents the detailed statistics for the correlations summarized
in Figure 2.3C. It reports the relationship between the time-resolved instability estimates (from DeLASE)
and two metrics of the sensory response autocorrelation function (ACF): the integrated ACF up to its
half-maximum and the integrated ACF up to 50 ms. Median Correlation represents the median Pearson
correlation coefficient computed across sessions. 95% CI denotes the 95% confidence interval of the correlation
coefficients. p-values were computed using a two-sided Wilcoxon signed-rank test against a null hypothesis of
zero correlation. The consistently positive correlations confirm that periods of high instability are associated
with slower decay (longer memory) in the sensory response.

Agent NHP Metric p-value Med. Corr. 95% CI

Propofol NHP 1 Integrated ACF to Half-Max 0.001953 0.81 [0.55, 0.92]
Propofol NHP 1 Integrated ACF to 50 ms 0.001953 0.95 [0.95, 0.97]

Propofol NHP 2 Integrated ACF to Half-Max 0.001953 0.24 [0.15, 0.36]
Propofol NHP 2 Integrated ACF to 50 ms 0.000977 0.68 [0.52, 0.77]

Ketamine NHP 3 Integrated ACF to Half-Max 0.007812 0.92 [0.29, 0.95]
Ketamine NHP 3 Integrated ACF to 50 ms 0.007812 0.85 [0.72, 0.89]

Ketamine NHP 4 Integrated ACF to Half-Max 0.007812 0.38 [0.22, 0.66]
Ketamine NHP 4 Integrated ACF to 50 ms 0.007812 0.64 [0.44, 0.77]

Dexmed. NHP 3 Integrated ACF to Half-Max 0.007812 0.87 [0.82, 0.92]
Dexmed. NHP 3 Integrated ACF to 50 ms 0.007812 0.83 [0.79, 0.90]

Dexmed. NHP 4 Integrated ACF to Half-Max 0.015625 0.53 [0.22, 0.81]
Dexmed. NHP 4 Integrated ACF to 50 ms 0.007812 0.79 [0.74, 0.87]
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B.3.8 Band power-instability correlations

For each session, we computed the mean inverse timescale (as described above) in 15 second windows
that were tiled across the session. Then, across each session we computed the Pearson correlation
of the time series of spectral band power and mean inverse timescales as described above. Then,
for each band, we performed a two-sided Wilcoxon signed-rank test comparing the set of Pearson
correlations obtained from each session for each NHP to the null-hypothesis of a correlation value of
zero correlation. We report the median correlation and the 95% confidence interval of the median,
estimated via bootstrapping, alongside the p-values in Table B.5.

Table B.5: Statistical results for the correlation between dynamic instability
and spectral power. This table presents the detailed statistics for the correlations
summarized in Figure 2.4. It reports the relationship between the time-resolved instability
estimates (from DeLASE) and the mean spectral power in five frequency bands: delta (0.1–4
Hz), theta (4–8 Hz), alpha (8–12 Hz), beta (12–30 Hz), and gamma (30–100 Hz). Median
Correlation represents the median Pearson correlation coefficient computed across sessions
between the instability time-series and the band power time-series. “95% CI” denotes the
95% confidence interval of these correlation coefficients. p-values were computed using
a two-sided Wilcoxon signed-rank test against a null hypothesis of zero correlation. The
results quantitatively confirm that destabilization is positively correlated with increased
power in the low-frequency (delta, theta, alpha) bands across all three anesthetics.

Agent NHP Dose Band p-value Med. Corr. 95% CI

Propofol NHP1 High Delta 0.001953 0.8471 [0.7111, 0.8951]
High Theta 0.001953 0.5301 [0.4759, 0.6101]
High Alpha 0.001953 0.4170 [0.3719, 0.4999]
High Beta 0.001953 -0.1710 [-0.2395, -0.1347]
High Gamma 0.001953 -0.3839 [-0.4264, -0.3598]

NHP2 High Delta 0.000977 0.8592 [0.8452, 0.8823]
High Theta 0.000977 0.6979 [0.6483, 0.7946]
High Alpha 0.000977 0.4254 [0.3746, 0.4892]
High Beta 0.000977 -0.2869 [-0.3209, -0.2204]
High Gamma 0.002930 -0.0611 [-0.1570, -0.0479]

Ketamine NHP3 High Delta 0.007812 0.9172 [0.8813, 0.9263]
High Theta 0.007812 0.9208 [0.8809, 0.9459]
High Alpha 0.007812 0.8950 [0.8505, 0.9196]
High Beta 0.007812 0.7221 [0.5975, 0.7512]
High Gamma 0.007812 0.6870 [0.5099, 0.7355]

NHP4 High Delta 0.007812 0.3491 [0.3061, 0.5826]
High Theta 0.007812 0.5065 [0.0606, 0.7333]
High Alpha 0.023438 0.3794 [0.0400, 0.6273]
High Beta 0.039062 0.3063 [-0.0081, 0.4385]
High Gamma 0.023438 0.3404 [0.0414, 0.5899]

Dexmed. NHP3 High Delta 0.007812 0.8462 [0.8403, 0.8926]

Continued on next page
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Table B.5 – continued from previous page

Agent NHP Dose Band p-value Med. Corr. 95% CI

High Theta 0.007812 0.9185 [0.9015, 0.9277]
High Alpha 0.007812 0.5557 [0.5155, 0.6455]
High Beta 0.546875 0.0469 [-0.0927, 0.0839]
High Gamma 0.007812 -0.7224 [-0.7637, -0.5499]

NHP4 High Delta 0.007812 0.8006 [0.7396, 0.8723]
High Theta 0.007812 0.9067 [0.8005, 0.9238]
High Alpha 0.007812 0.6759 [0.4644, 0.7296]
High Beta 0.312500 -0.0497 [-0.1031, 0.0440]
High Gamma 0.007812 -0.8589 [-0.9389, -0.7354]

B.3.9 Multiple comparison in time-resolved analyses

To statistically test for changes in stability over time (Figure 2.2A) and across areas (Figure B.3E),
we compared the instability metrics during anesthesia to those during the awake state at multiple
time points. For the time-resolved analysis in Figure 2.2A and Figure B.3E, instability values were
interpolated onto a common grid of time points spaced by 30 seconds. At each time point, we
performed a two-sided Wilcoxon signed-rank test comparing the distribution of instability values
across sessions to the session-specific awake baseline. Because this procedure involved repeated
statistical testing across many time points, we corrected for multiple comparisons to control the
False Discovery Rate (FDR). We applied the Benjamini-Hochberg procedure to the set of p-values
obtained from the time-resolved tests. We used a false discovery rate (FDR) threshold of 0.05. This
correction ensures that the reported periods of significant destabilization are robust and not due to
the inflated Type I error rate associated with multiple sequential hypothesis tests.

B.3.10 Comparing mean band power

For the analysis in Figure B.5, we computed the mean band power as described above and averaged
it within each epoch of each session (Awake, Anesthesia, Emergence). We then compared the
epoch-wise band powers between sessions using a two-sided Wilcoxon signed-rank test, with n again
being the number of sessions for each NHP/agent.

145



Appendix C

Methods: Characterizing control between
interacting subsystems

C.1 JacobianODE technical details

C.1.1 Parameterizing the time derivative via the Jacobian

Recall that, for the time derivative function f , we have that the path integral is independent of the
choice of path:

f(x(tf ))− f(x(ti)) =

∫︂
C
J ds =

∫︂ tf

ti

J(c(r))c′(r) dr, (C.1)

where C is a piecewise smooth curve in Rn and c : [ti, tf ] → C is a parameterization of C with
c(ti) = x(ti) and c(tf ) = x(tf ) (also see equation 3.2). Path integration notably provides only
differences between f at distinct points. Thus, knowing the value of f at one point is needed for
trajectory reconstruction, which we do not assume. To address this, we note it is possible to represent
f solely through the Jacobian at a point x(t) as

f(x(t)) =
G(t0, t;J, c) + x(t)− x(t0)

t− t0
, (C.2)

where

G(t0, t;J, c) =

∫︂ t

t0

∫︂ t

s
J(cs,t(r))c

′
s,t(r)drds (C.3)

and we have abbreviated cs,t(r) = c(r; s, t,x(s),x(t)), a piecewise smooth curve on [s, t] parameterized
by r and beginning and ending at x(s) and x(t) respectively. Intuitively, we can circumvent the
need to know f by recognizing that integrating f between time points will produce the difference in
the system states at those time points, which are known to us. With this formalism, we avoid the
need to represent f directly, thereby enabling all gradients to backpropagate through the Jacobian
network. The proof of this formalism is presented below.

Proposition 1 (Jacobian-parameterized ODEs). Let ẋ(t) = f(x(t)) and let Jf (x(t)) = J(x(t)) =
∂
∂x f(x(t)). Then given times t0, t we can express f parameterized by the Jacobian as

f(x(t)) =
G(t0, t;J, c) + x(t)− x(t0)

t− t0
,
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where

G(t0, t;J, c) =

∫︂ t

t0

∫︂ t

s
J(cs,t(r))c

′
s,t(r)drds

and we have abbreviated cs,t(r) = c(r; s, t,x(s),x(t)), a piecewise smooth curve on [s, t] parameterized
by r and beginning and ending at x(s) and x(t) respectively.

Proof. For given times t, t0, and s, from the fundamental theorem of calculus, we have that

x(t)− x(t0) =

∫︂ t

t0

f(x(s))ds

and

f(x(t))− f(x(s)) =

∫︂ t

s
J(cs,t(r))c

′
s,t(r)dr.

Letting

H(s, t) =

∫︂ t

s
J(cs,t(r))c

′
s,t(r)dr = f(x(t))− f(x(s)),

we then have that

∫︂ t

t0

H(s, t)ds =

∫︂ t

t0

f(x(t))− f(x(s))ds

=

∫︂ t

t0

f(x(t))ds−
∫︂ t

t0

f(x(s))ds

= (t− t0)f(x(t))− (x(t)− x(t0)).

Letting now

G(t0, t;J, c) =

∫︂ t

t0

H(s, t)ds =

∫︂ t

t0

∫︂ t

s
J(cs,t(r))c

′
s,t(r)drds,

we can see that
G(t0, t;J, c) = (t− t0)f(x(t))− (x(t)− x(t0)),

and thus

f(x(t)) =
G(t0, t;J, c) + x(t)− x(t0)

t− t0
.

∎
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C.1.2 Path integrating to generate predictions

Given an initial observed trajectory x(t0 + k∆t), k = 0, . . . , b of length at least two (b ≥ 1), we
compute an estimate of f̂(x(t0 + b∆t)) of f(x(t0 + b∆t)) by replacing J with Ĵθ in equation C.2.
Specifically, we compute an estimate of f̂(x(tb)) of f(x(tb)) as

f̂(x(tb)) =
G(t0, tb; Ĵ

θ, c) + x(tb)− x(t0)

tb − t0
, (C.4)

In practice, we compute this estimate by constructing a cubic spline on the initial observed trajectory
using 15 points (i.e., b = 14). Given that the computation of G involves a double integral - one over
states and over time - using a spline is computationally advantageous. This is because the path
integral (and all intermediate steps) can be quickly computed along the full spline, with the result of
each intermediate step along the path then being summed to approximate the time integral. The
integral is computed by interpolating 4 points for every gap between observed points, resulting in a
discretization of 58 points along the spline. Integrals are computed using the trapezoid method from
torchquad.359

Once we have constructed our estimate of f̂(x(tb)) we can estimate f at any other point x(t) as

f̂(x(t)) =

⎧⎪⎨⎪⎩
H(tb, t) + f̂(x(tb)), if tb < t

f̂(x(tb))−H(t, tb), if tb > t

f(x(tb)) if tb = t

where by convention we integrate forwards in time and H is the path integral defined above, with Ĵ
in place of J. In practice, for the integration path c(r; s, t,x(s),x(t)), we construct a line from x(s)
to x(t) as

c(r; s, t,x(s),x(t)) =

(︃
1− r − s

t− s

)︃
x(s) +

r − s

t− s
x(t)

to maintain the interpretability of having r in the range [s, t] however it can be easily seen that
setting r′ = r−s

t−s we recover the familiar line

c(r′) = (1− r′)x(s) + r′x(t)

with r′ taking values on [0, 1]. Line integrals are computed with 20 discretization steps using the
trapezoid method from torchquad.359

Using f̂(x(t)), we can then generate predictions as

x̂(t+∆t) = x(t) +

∫︂ t+∆t

t
f̂(x(τ))dτ (C.5)
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where the integral can be computed by a standard ODE solver (we used the RK4 method from
torchdiffeq with default values for the relative and absolute tolerance).

We can then compute the trajectory reconstruction loss as

Ltraj(θ;x) =

T−1∑︂
k=b+1

d (x(t0 + k∆t), x̂(t0 + k∆t)) (C.6)

where d is a distance measure between trajectories (e.g. mean squared error).

C.1.3 Loop closure loss

While the space of Jacobian functions Ĵθ that solve the dynamics problem may be quite large, we
are interested only in functions Ĵθ that both solve the dynamics problem and generate matrices with
rows that are conservative vector fields. To effectively restrict our optimization to this space, we
employ a self-supervised loss building on the loss introduced by Iyer et al. [355]. This loss imposes a
conservative constraint on the rows of the Jacobian matrix. Specifically, for any piecewise smooth
curve Cloop starting and ending at the same state x0, we have that

⃦⃦⃦∫︁
Cloop

Jds
⃦⃦⃦
2
= 0.

Thus, given nloops sets of any L (not necessarily sequential) points {x(l)(t1),x
(l)(t2), ...,x

(l)(tL)} we

can form a loop C(
(l))

loop consisting of the sequence lines from x(l)(ti) to x(l)(ti+1), i = 1, ..., L − 1,
followed by a line from x(l)(tL) to x(l)(t1). We then define the following regularization loss to enforce
this conservation constraint:

Lloop(θ;x) =
1

nloops

nloops∑︂
l=1

1

n

⃦⃦⃦⃦
⃦
∫︂
C(l)
loop

Ĵθds

⃦⃦⃦⃦
⃦
2

2

(C.7)

We note that while other choices for loops would have been possible (for instance, forward and
backward passes along observed trajectories, or arbitrary circles beginning and ending at the same
point), the approach presented here has several advantages (as discussed in Section 3.4.3). Namely,
it balances computational tractability with uniform sampling of the directions in the tangent space.
Enforcing that all the points that comprise the loop are on the data manifold ensures that the loops
are integrated in directions that are as informative as possible for estimating the Jacobian of the
given dynamical system.

C.2 Control-theoretic analysis details

C.2.1 Gramian computation

We begin with equation 3.4 from Section 3.6, in which we separate the locally-linearized dynamics in
the tangent space into separate pairwise inter-subsystem control interactions. These pairwise control
interactions are in general of the form
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δẋA(t) = A(t)δxA(t) +B(t)δxB(t)

where A is the within-subsystem Jacobian, B is the across subsystem Jacobian and xA, xB are the
states of subsystems A and B, respectively. For a given control system, the time-varying reachability
Gramian on the interval [t0, t1] is defined as

Wr(t0, t1) ≜
∫︂ t1

t0

Φ(t1, τ)B(τ)BT (τ)ΦT (t1, τ)dτ

where Φ denotes the state-transition matrix of the intrinsic dynamics of subsystem A without
any input (i.e., δxA(t) = Φ(t, t0)δx

A(t0)).365 Differentiating with respect to t, we obtain δẋA(t) =
∂
∂tΦ(t, t0)δx

A(t0). Noting also that, in the absence of input from subsystem B, we have

δẋA(t) = A(t)δxA(t) = A(t)Φ(t, t0)δx
A(t0)

Thus setting the equations equal to each other and canceling δxA(t0) from both sides we obtain

∂

∂t
Φ(t, t0) = A(t)Φ(t, t0)

Note that Φ(t0, t0) = I. Now, letting Γ(t, τ) = Φ(t, τ)B(τ)BT (τ)ΦT (t, τ) and differentiating the
Gramian expression with respect to the second argument (and using the Leibniz integral rule) yields

∂

∂t
Wr(t0, t) =

∂

∂t

∫︂ t

t0

Γ(t, τ)dτ

= Γ(t, t)
∂

∂t
(t)− Γ(t, t0)

∂

∂t
(t0) +

∫︂ t

t0

∂

∂t
Γ(t, τ)dτ

= IB(t)BT (t)I(1)− 0 +

∫︂ t

t0

∂

∂t
Γ(t, τ)dτ

and observing

∂

∂t
Γ(t, τ) =

(︃
∂

∂t
Φ(t, t0)

)︃
B(τ)BT (τ)ΦT (t, τ) +Φ(t, t0)B(τ)BT (τ)

(︃
∂

∂t
Φ(t, τ)

)︃T

= A(t)Φ(t, t0)B(τ)BT (τ)ΦT (t, τ) +Φ(t, t0)B(τ)BT (τ)ΦT (t, τ)AT (t)

= A(t)Γ(t, τ) + Γ(t, τ)AT (t)

we can continue

∂

∂t
Wr(t0, t) = B(t)BT (t) +A(t)

∫︂ t

t0

Γ(t, τ)dτ +

(︃∫︂ t

t0

Γ(t, τ)dτ

)︃
AT (t)

= B(t)BT (t) +A(t)Wr(t0, t) +Wr(t0, t)A
T (t)
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which illustrates that the reachability Gramian can be solved for using an ODE integrator (with
initial condition Wr(t0, t0) = 0).322 In practice, to compute the reachability Gramians using the
trained JacobianODE models, we fit a cubic spline c(t) to the reference trajectory x(t) and compute
J(t) = J(c(t)). We can then parse the Jacobian matrix into its component submatrices and compute
the Gramians accordingly.

The reachability Gramian is a symmetric positive semidefinite matrix.365 The optimal cost of driving
the system from state δx0 to state δx1 on time interval [t0, t1] can be computed as

(δx1 −Φ(t1, t0)δx0)
T W−1

r (t0, t1) (δx1 −Φ(t1, t0)δx0)

Thus each eigenvalue of Wr reflects the ease of control along the corresponding eigenvector.365,367

Eigenvectors with larger corresponding eigenvalues will have smaller inverse eigenvalues, and thus
scale the cost down along those directions when computing the cost as above.

C.2.2 Extension to non-autonomous dynamics

While we deal with autonomous systems in this work, we note that this construction can easily be
extended to include non-autonomous dynamical systems, of the form ẋ(t) = f(x, t) by constructing
an augmented state x̃ ∈ Rn+1 which is simply the concatenation of x with t. This yields the
autonomous dynamics ˙̃x = f̃(x̃), where f̃ : Rn+1 → Rn+1 is the concatenation of f with a function
that maps all states to 1.

C.2.3 Extension to more than two subsystems

Consider a nonlinear dynamical system in Rn, defined by ẋ(t) = f(x(t)). Suppose now that the system
is composed of K subsystems, where the time evolution of subsystem k is given by x(k)(t) ∈ Rnk .
x(t) is then comprised of a concatenation of the x(k)(t), with

∑︁K
k=1 nk = n. Given a particular

reference trajectory, x(t), with J as the Jacobian of f , then the tangent space dynamics around the
reference trajectory for subsystem α ∈ {1, ...,K} are given by

δẋ(α)(t) =

K∑︂
k=1

Jk→α(x(t))δx(k)(t)

where Jk→α(x(t)) ∈ Rnα×nk is the submatrix of J(x(t)) in which the columns correspond to subsystem
k and the rows correspond to subsystem α. Now, for a given subsystem β ∈ {1, ...,K} with β ≠ α,
we wish to analyze the ease with which β can control α locally around the reference trajectory,
without intervention from other subsystems. Discounting the interventions from other subsystems
equates to setting δx(k)(t) = 0 for k ̸= α, β, leaving the expression

δẋ(α)(t) = Jα→α(x(t))δx(α)(t) + Jβ→α(x(t))δx(β)(t)

which quantifies the influence β can exert over α in the absence of perturbations from any other
subsystem. Using this representation, the reachability Gramian can be computed as described above.
Performing this procedure for all pairs of subsystems α, β ∈ {1, ...,K} thus characterizes all pairwise
control relationships between subsystems along the reference trajectory.
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C.3 Supplementary results

C.3.1 Control and communication capture different phenomena

In the Introduction (Section 3.2) we note that measuring communication between two systems
is different than measuring control. To illustrate this, consider two brain areas, A and B, whose
dynamics are internally linear. The areas are connected only through a linear feedforward interaction
term from area B to area A (Figure C.1A). Concretely, we consider the dynamics:

ẋA(t) = JA→AxA(t) + JB→AxB(t)

ẋB(t) = JB→BxB(t)

Here, the J matrices are time-invariant. When considering communication between brain areas,
one might aim to find the subspaces in which communication between B and A occurs, as well as
the messages passed.303,336 In this construction, the subspace in which area B communicates with
area A is explicitly given by JB→A, and thus the message, or input, from area B to area A at any
time t is simply given by JB→Ax(t). We pick the dimensions of each region to be nA = nB = 4
and let the eigenvectors of the (negative definite matrix) JA→A be given by vi, i = 1, 2, 3, 4. The
eigenvectors are numbered in order of decreasing real part of their corresponding eigenvalue. Now,
suppose we construct the interaction matrix JB→A in two different ways: If we let (1) JB→A

1 = v11
T

(Figure C.1B, left) , then the signal from B is projected onto the most stable mode of region A,
whereas if we let (2) JB→A

2 = v41
T (Figure C.1B, right), the signal is projected onto the least stable

mode. While interaction 1 and interaction 2 communicated messages with identical magnitudes,
interaction 2 led to much lower cost reachability control (Figure C.1C). This illustrates that control
depends not only on the directions along which the areas can communicate, but also on how aligned
the communication is with the target area’s dynamics.

C.3.2 Derivative estimation is not implied by function estimation

An alternative approach to directly estimating the Jacobians would be to learn an approximation f̂
of the function f , and then approximate the Jacobian via automatic differentiation (i.e., an estimate
Ĵ = ∂

∂x f̂ , as with the NeuralODEs). While this can be effective in certain scenarios, it is not generally
the case that approximating a function well will yield a good approximation of its derivative. To
illustrate this, we recall an example from Latrémolière, Narayanappa, and Vojtěchovský [350], in
which functions fn = 1

n cos(nx) are used to approximate the function f(x) = 0 (Figure C.1D). While
these approximations improve with increasing n (i.e., limn→∞ fn = f), this is not the case for the
derivative (limn→∞ f ′

n = − sin(nx) ̸= f ′). This demonstrates the necessity of learning J directly
(rather than first approximating f), which we also demonstrate empirically. In the context of machine
learning, this setting could be interpreted as overfitting.350 As long as function estimates match
at the specific points in the training set, how the function fluctuates between these points is not
constrained to match the true function. For this reason, we included the Frobenius norm Jacobian
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Figure C.1: Communication versus control in linear systems and the challenge of Jacobian
estimation. (A) Setup of two linearly connected brain areas, A and B. (B) Interaction matrices projecting
signals from area B onto either the most stable (Interaction 1) or least stable (Interaction 2) eigenvectors
of area A. (C) Although both interactions communicate identical signal magnitudes, Interaction 2 provides
significantly enhanced reachability due to alignment with unstable modes of area A dynamics. (D) An
illustrative example demonstrating that accurate approximation of a function (left panel) does not guarantee
accurate approximation of its derivative (right panel), emphasizing the necessity of directly estimating the
Jacobian.

regularization in our implementation of the NeuralODEs (Appendix C.4.3).

C.3.3 Full benchmark dynamical systems results

We here present the full results for all considered example dynamical systems. 10 time-step
trajectory predictions along with Jacobian estimation and estimated Lyapunov spectra are displayed
in Figure C.2, along with MSE and R2 in Table C.1 (trajectory prediction) and Table C.2 (Jacobian
estimation). Jacobian estimation errors using the 2-norm are presented in Table C.3.

C.3.4 Ablation studies

To determine the value of the different components of the JacobianODE learning framework, we
performed several ablation studies. We chose to evaluate on the Lorenz system and the task-trained
RNNs, as these together provide two common settings of chaos and stability, as well as low- and
high-dimensional dynamics.
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Figure C.2: Full dynamical systems prediction results. State space representations (using spectral
embedding for systems that have more than 3 dimensions), 10 time-step trajectory predictions, Jacobian
estimation, and Lyapunov spectrum estimates for each of (A) the Van der Pol oscillator, (B) the Lorenz
system, and the Lorenz 96 system with (C) 12, (D) 32, and (E) 64 dimensions.

Ablating the Jacobian-parameterized ODEs The JacobianODE framework constructs an
estimate of the initial time derivative f via a double integral of the Jacobian as described in Section
3.4.2. To briefly recall, Jacobian path integration is described as
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Table C.1: Trajectory prediction metrics (MSE and R2) for each system and noise level. Errors are mean ±
standard deviation across five random initializations of the model architectures.

MSE R2

Project Training noise JacobianODE NeuralODE JacobianODE NeuralODE

VanDerPol (2 dim) 1% 0.00017 ± 0.00007 0.0004 ± 0.0002 0.99987 ± 0.00005 0.9996 ± 0.0002
5% 0.0010 ± 0.0006 0.0009 ± 0.0002 0.9995 ± 0.0003 0.99949 ± 0.00009
10% 0.004 ± 0.001 0.0041 ± 0.0009 0.9979 ± 0.0005 0.9969 ± 0.0003

Lorenz (3 dim) 1% 0.07 ± 0.02 0.045 ± 0.004 0.99979 ± 0.00004 0.99986 ± 0.00001
5% 0.12 ± 0.03 0.10 ± 0.01 0.9996 ± 0.0001 0.99958 ± 0.00004
10% 0.16 ± 0.02 0.41 ± 0.05 0.99928 ± 0.00008 0.9981 ± 0.0003

Lorenz 96 (12 dim) 1% 0.0035 ± 0.0007 0.033 ± 0.003 0.99969 ± 0.00007 0.9969 ± 0.0003
5% 0.014 ± 0.001 0.051 ± 0.003 0.9985 ± 0.0001 0.9955 ± 0.0003
10% 0.038 ± 0.002 0.063 ± 0.005 0.9960 ± 0.0002 0.9940 ± 0.0007

Lorenz 96 (32 dim) 1% 0.079 ± 0.004 0.23 ± 0.01 0.9939 ± 0.0003 0.977 ± 0.002
5% 0.079 ± 0.004 0.26 ± 0.02 0.9939 ± 0.0003 0.974 ± 0.002
10% 0.205 ± 0.001 0.34 ± 0.02 0.9837 ± 0.0001 0.968 ± 0.002

Lorenz 96 (64 dim) 1% 0.72 ± 0.03 1.194 ± 0.005 0.946 ± 0.002 0.8997 ± 0.0007
5% 0.79 ± 0.01 1.205 ± 0.007 0.9400 ± 0.0010 0.8986 ± 0.0010
10% 0.87 ± 0.01 1.23 ± 0.01 0.9332 ± 0.0009 0.896 ± 0.001

Task-trained RNN 1% 0.0042 ± 0.0006 0.00558 ± 0.00002 0.9981 ± 0.0003 0.99762 ± 0.00001
5% 0.0043 ± 0.0006 0.00596 ± 0.00005 0.9981 ± 0.0002 0.99747 ± 0.00002
10% 0.0089 ± 0.0001 0.00655 ± 0.00003 0.99591 ± 0.00004 0.99721 ± 0.00001

f(x(tf ))− f(x(ti)) =

∫︂
C
J ds =

∫︂ tf

ti

J(c(r))c′(r) dr, (C.8)

When we do not have access to the initial derivative and base point f(x(ti)),x(ti), we use the
following formulation

f(x(t)) =
G(t0, t;J, c) + x(t)− x(t0)

t− t0
, (C.9)

where

G(t0, t;J, c) =

∫︂ t

t0

∫︂ t

s
J(cs,t(r))c

′
s,t(r)drds (C.10)

Alternatively, one could use Equation C.8 and learn f(x(ti)) and x(ti) as learnable parameters
(x(ti) is needed as the first point of the path, i.e. c(ti) = x(ti) inside the integral).352 Here, the
path integral between x(ti) and x(tf ) is a linear interpolation, as before. These ablated models
were trained on 10 time-step prediction, as with the original JacobianODEs. For these models,
we completed a full sweep over the loop closure loss weight λloop in order to determine the best
hyperparameter.

Ablating teacher forcing We trained models without any teacher-forcing. That is, models were
able to generate only one-step predictions, without any recursive predictions. Again we did a full
hyperparameter sweep to pick λloop.
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Table C.2: Jacobian estimation metrics (MSE and R2) for each system and noise level. Errors are mean ±
standard deviation across five random initializations of the model architectures.

MSE R2

Project Training noise JacobianODE NeuralODE JacobianODE NeuralODE

VanDerPol (2 dim) 1% 0.18 ± 0.06 0.4 ± 0.1 0.985 ± 0.005 0.97 ± 0.01
5% 0.16 ± 0.02 0.17 ± 0.03 0.987 ± 0.002 0.985 ± 0.002
10% 0.50 ± 0.04 1.6 ± 0.3 0.958 ± 0.003 0.86 ± 0.03

Lorenz (3 dim) 1% 2.4 ± 0.1 12.0 ± 0.7 0.954 ± 0.002 0.77 ± 0.01
5% 4.6 ± 1.2 82.0 ± 9.2 0.91 ± 0.02 -0.6 ± 0.2
10% 5.7 ± 0.2 83.0 ± 5.2 0.891 ± 0.004 -0.58 ± 0.10

Lorenz 96 (12 dim) 1% 0.012 ± 0.003 0.18 ± 0.01 0.9979 ± 0.0006 0.969 ± 0.002
5% 0.053 ± 0.006 0.27 ± 0.02 0.991 ± 0.001 0.953 ± 0.003
10% 0.153 ± 0.008 0.27 ± 0.01 0.973 ± 0.001 0.951 ± 0.002

Lorenz 96 (32 dim) 1% 0.075 ± 0.004 0.28 ± 0.01 0.965 ± 0.002 0.866 ± 0.006
5% 0.060 ± 0.003 0.32 ± 0.02 0.972 ± 0.001 0.850 ± 0.009
10% 0.180 ± 0.003 0.38 ± 0.02 0.915 ± 0.001 0.820 ± 0.008

Lorenz 96 (64 dim) 1% 0.238 ± 0.007 0.515 ± 0.002 0.773 ± 0.007 0.509 ± 0.002
5% 0.286 ± 0.003 0.519 ± 0.003 0.727 ± 0.003 0.505 ± 0.003
10% 0.321 ± 0.004 0.527 ± 0.005 0.694 ± 0.003 0.497 ± 0.005

Task-trained RNN 1% 2.2 ± 0.2 5.2777 ± 0.0009 0.59 ± 0.03 -0.0008 ± 0.0002
5% 1.70 ± 0.08 5.2900 ± 0.0001 0.68 ± 0.01 -0.00315 ± 0.00002
10% 1.99 ± 0.01 5.2889 ± 0.0001 0.623 ± 0.002 -0.00295 ± 0.00002

Ablating loop closure loss We ablated the loop closure loss in two ways. The first was to
set λloop = 0 to illustrate what would happen if there were no constraints placed on the learned
Jacobians. The second was to instead use the Jacobian Frobenius norm regularization that was used
for the NeuralODEs (details are in Appendix C.4.3). We did a full sweep to pick λjac, the Frobenius
norm regularization weight.

Ablation results The performance of the ablated models on Jacobian estimation in the Lorenz
system are presented in Table C.4. The original JacobianODE outperforms all ablated models,
indicating that all components of the JacobianODE training framework improve the model’s per-
formance in this setting. Ablating the Jacobian-parameterized initial derivative estimate resulted
in a slight decrease in the estimation loss. This is potentially because the network could offload
some of the responsibility for generating correct trajectory predictions onto the estimated base point
x(ti) and derivative estimate f̂(x(ti)), slightly reducing the necessity of estimating correct Jacobians.
Ablating the teacher forcing annealing predictably led to worse Jacobian estimation, as the network
no longer has to consider how errors will propagate along the trajectory. The most dramatic increase
in error was with the ablation of the loop closure loss. Without this important regularization, the
learned Jacobians reproduced the dynamics but were not constrained to be conservative, resulting in
poor Jacobian estimation. The inclusion of the Frobenius penalty on the Jacobians mitigated this,
although it did not encourage accurate Jacobian estimation to the same degree as the loop closure
loss.

We then tested the ablated the models on Jacobian estimation in the task-trained RNN, with results
presented in Table C.5. Again, ablating the Jacobian-parameterized derivative estimates, teacher
forcing, and loop closure resulted in worse Jacobian estimation. Interestingly, in this setting, the
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Table C.3: Mean 2-norm error on Jacobian estimation, ⟨∥J− Ĵ∥2⟩, for each system and noise level. Errors
are reported as mean ± standard deviation, with mean and standard deviation computed over five random
initializations of the model architectures.

Project Training noise JacobianODE NeuralODE Weighted Linear

VanDerPol (2 dim) 1% 0.7 ± 0.1 1.0 ± 0.3 6.05
5% 0.71 ± 0.05 0.71 ± 0.08 6.03
10% 1.31 ± 0.05 2.2 ± 0.2 6.02

Lorenz (3 dim) 1% 3.2 ± 0.2 8.6 ± 0.3 17.06
5% 4.9 ± 0.9 25.9 ± 1.5 17.02
10% 6.0 ± 0.1 26.4 ± 0.9 16.95

Lorenz 96 (12 dim) 1% 0.8 ± 0.1 3.5 ± 0.2 14.94
5% 1.75 ± 0.09 4.1 ± 0.1 14.93
10% 2.91 ± 0.09 4.2 ± 0.1 14.92

Lorenz 96 (32 dim) 1% 3.75 ± 0.08 7.8 ± 0.1 16.29
5% 3.10 ± 0.09 8.1 ± 0.2 16.26
10% 4.89 ± 0.05 8.6 ± 0.1 16.28

Lorenz 96 (64 dim) 1% 8.4 ± 0.1 12.63 ± 0.02 16.84
5% 9.04 ± 0.07 12.66 ± 0.03 16.81
10% 9.42 ± 0.06 12.72 ± 0.05 16.82

Task-trained RNN 1% 30.4 ± 0.4 38.565 ± 0.006 39.29
5% 29.4 ± 0.9 38.5611 ± 0.0004 38.91
10% 36.0 ± 0.1 38.5600 ± 0.0004 38.70

Table C.4: Mean Frobenius norm error ⟨∥J− Ĵ∥F ⟩ for different model ablations on the Lorenz system with
10% observation noise. Errors are reported as mean ± standard deviation, with statistics computed over 8
test trajectories, each consisting of 1200 points.

Model variant Frobenius norm error

JacobianODE (original) 6.46 ± 1.50
With learned base derivative point 7.87 ± 1.14
No teacher forcing 11.59 ± 1.30
No loop closure 58.22 ± 2.00
With Jacobian penalty instead of loop closure 9.59 ± 2.45

inclusion of a penalty on the Frobenius norm of the Jacobians outperformed the use of the loop
closure loss. This could potentially be because the loop closure loss is more difficult to drive to zero
in high dimensional systems, or because the loop closure loss is more important in chaotic systems
like the Lorenz system considered above. Future work should consider in what contexts each kind of
regularization is most beneficial to JacobianODE models.
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Table C.5: Mean Frobenius norm error ⟨∥J− Ĵ∥F ⟩ for different model ablations on the task-trained RNN
with 10% observation noise. Errors are reported as mean ± standard deviation, with statistics computed over
409 test trajectories, each consisting of the 49 points from the second delay and response epochs.

Model variant Frobenius norm error

JacobianODE (original) 180.13 ± 1.55
With learned base derivative point 186.28 ± 1.17
No teacher forcing 187.72 ± 1.63
No loop closure 313.31 ± 29.88
With Jacobian penalty instead of loop closure 163.69 ± 4.22

C.3.5 NeuralODEs achieve improved performance at the cost of
increased inference time

In the main paper, we implemented both the JacobianODEs and the NeuralODEs as four-layer
MLPs, with the four layers having sizes of 256, 1024, 2048, and 2048 respectively. This was
done for the fairest architectural comparison between the models, to ensure that both models
had the same representational capacity when generating their respective outputs. However, there
are many architectural changes that we could make to this setup that impact performance. We
hypothesized based on the discussion in Appendix C.3.2 that increasing the hidden layer size of
the NeuralODEs would improve Jacobian estimation, as larger models have been known to learn
smoother representations. Furthermore, we wondered whether including residual blocks in place of
the standard MLP implementation would improve Jacobian estimation.

To test this, we implemented the NeuralODEs as four-layer residual networks and tested three
different sizes of hidden layer: 1024, 2048, and 4096. Results are in Table C.6. For nearly all models,
these changes yielded only marginal improvements over the original NeuralODE model. Only the
model with 4096-dimensional hidden layers under 10% training noise achieves a performance near
the original JacobianODEs. However, the performance limit is still below that of the JacobianODEs,
even with a large increase in the representational capacity of the model. It is furthermore of note that
the NeuralODEs were able to significantly improve performance only in the high noise setting. This
suggests that high noise is necessary for the model to be forced to learn the response of the system
to perturbation. In contrast, JacobianODEs perform similarly across all noise levels, indicating a
stronger inductive bias to learn the response of the system to perturbation.

Table C.6: Mean Frobenius norm error ⟨∥J− Ĵ∥F ⟩ for different model types on the task-trained RNN data
across observation noise levels. Errors are reported as mean ± standard deviation, with statistics computed
over 409 test trajectories.

Training noise Training noise Learnable parameters
Model type 5% 10%

JacobianODE (original) 174.1 ± 2.4 180.1 ± 1.5 4.02e+07
NeuralODE (original) 294.0 ± 2.4 293.9 ± 2.4 6.85e+06
NeuralODE (1024 dim. hidden layers) 291.6 ± 2.3 289.8 ± 2.3 3.41e+06
NeuralODE (2048 dim. hidden layers) 288.5 ± 2.3 275.0 ± 2.7 1.31e+07
NeuralODE (4096 dim. hidden layers) 275.8 ± 2.4 184.2 ± 5.6 5.14e+07
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While the increased hidden layer size seems to induce smoother hidden representations (as expected),
it comes with increasing computational cost. Recall that the NeuralODEmodels directly parameterize
the dynamics as ẋ = f̂ θ(x). The Jacobian at state x is computed by directly backpropagating through
the Neural ODE f̂ θ, thereby significantly increasing compute. On the other hand, the JacobianODEs
only require a forward pass. We evaluated the Jacobian inference time of JacobianODE and
NeuralODE models with four hidden layers of the same size on an H100 GPU. Each model was
timed on inferring the Jacobians of 100 batches of the 128-dimensional task-trained RNN, with each
batch containing 16 sequences of length 25. Timings were repeated ten times for each model. Results
are plotted in Figure C.3.
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Figure C.3: JacobianODEs achieve highly efficient Jacobian inference. Jacobian inference times
computed over ten repetitions of 100 batches (error bars indicate mean ± standard deviation). Red circles
indicate the inference time corresponding to the largest hidden layer dimension of the highest performing
NeuralODE model in Table C.6. Green circles indicate the inference time corresponding to the largest hidden
layer dimension of the highest performing JacobianODE model in Table C.6. Each plot illustrates the same
data but with different x and y scaling.

The JacobianODE achieves much faster inference times than the NeuralODE – approximately
two orders of magnitude faster at large hidden dimension sizes. Furthermore, as shown in Table
C.6, the JacobianODE with a maximum hidden layer size of 2048 outperforms the NeuralODE
with a maximum hidden layer size of 4096 on Jacobian estimation, and does so with orders of
magnitude faster inference (Figure C.3, green and red circles, Table C.6). This suggests that
while both architectures appear to have inference times that scale approximately exponentially, the
JacobianODE achieves more favorable scaling across every hidden layer size we tested. Our analysis
therefore illustrates that it is possible to improve the NeuralODEs’ Jacobian estimation with larger
models, but the inference time scaling renders these models ill-equipped for important settings such
as real-time control and the analysis of high-volume neural data.
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C.3.6 Comparison to echo state networks

Echo state networks (ESNs, or reservoir networks) are tools for time-series forecasting and analysis.
ESNs are typically implemented as RNNs with fixed, sparse, hidden connectivity. The output
weights of the ESNs can then be trained via linear regression to reproduce specific temporal patterns.
ESNs have been shown to be able to forecast the Lorenz 63 system for a particular choice of
hyperparameters.471 We note that Pathak et al. [471] implements the same method as Pathak et al.
[472] . We implemented the ESNs exact hyperparameters reported in Pathak et. al. 2017 for the
Lorenz system, which involved a reservoir of 300 nodes. Our implementation of the Lorenz system
was simulated with a sampling interval of 0̃.015 s, very similar to the 0.02 s used in the paper. Thus,
for consistency of comparison with JacobianODEs, we fit ESN models to data sampled every 0.015 s.

To enable Jacobian estimation, we changed one small implementation detail from Pathak et al. [471].
Specifically, we trained the network output weights to predict the third variable z using only the
network state r(t), as opposed to the vector r̃(t) for which the node state is squared (r̃i(t) = r2i (t)) for
half of the nodes i. This is because squaring the reservoir state complicates Jacobian computation,
and was stated by Pathak et al. [471] and Lu et al. [473] to only be necessary for symmetry breaking
if only the z variable of the Lorenz system were provided. We trained the ESNs on the same
volume of data as the JacobianODEs and NeuralODEs, with 1% observation noise. We swept the
regularization parameter β to ensure a good fit. We furthermore generated predictions using a
150 time-step lead-up to ensure the ESNs converged to a good internal representation. The ESNs
predicted the Lorenz system well, achieving an MSE of 0.03 on the 10-step prediction task from our
paper (on test data). This was very similar to the reported 10-step prediction MSEs of 0.07 and
0.04 for the JacobianODEs and NeuralODEs, respectively.

In Pathak et al. [471], the Lyapunov exponents of the system were computed using the Jacobian
of the interior dynamics of the ESN, as the recursion necessary to compute the Jacobian can be
formulated uniquely only in regard to this state representation. Thus, each of these Jacobians would
be a 300× 300 matrix. While this suffices to compute the Lyapunov exponents, it does not suffice
for our purposes of obtaining Jacobian estimates of the dynamics of the original system. For this
purpose, it has been shown that it is possible to obtain an estimate of the Jacobian of the original
dynamical system (i.e., not the echo state space) using ESNs.474 However, as Banerjee et al. [474]
noted, it is necessary to invert the non-square ESN output matrix in order to obtain these Jacobians,
thus they are non-uniquely determined, and are used in the paper "only for causality estimation
purposes". Nevertheless, we computed ESN-estimated Jacobians on the 1% observation noise test
data. We used a large (7,200 time-step) lead-up and ensured coherence to the trajectory by feeding
in the true state as input. The Frobenius norm error over five random seeds was 85.8± 3.1, much
larger than the reported errors of 3.3± 0.2 and 8.7± 0.3 for the JacobianODEs and NeuralODEs
respectively. Thus, similar to the NeuralODE, while ESNs can achieve comparable prediction on
chaotic systems, they do so without enabling an accurate reconstruction of the Jacobian of the
original dynamical system.
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C.3.7 Analyzing the dimensionality of Jacobian manifolds

RNN activity is often confined to low-dimensional manifolds, potentially simplifying Jacobian
estimation. To address the extent to which this influences our results, we performed the following
analyses.

Jacobian rank: We first note that both the RNN hidden weight matrix and nearly all Jacobians
had full rank (128; ~0.1% had rank 127). To assess the effective rank, we computed the participation
ratio (PR), a singular value-based measure of intrinsic dimensionality. The RNN weight matrix had
a PR of 123, and the Jacobians had a mean PR of ~106 (std 0.7).

Intrinsic-data dimensionality: Another possibility is that the data itself may be low-dimensional.
Since the Jacobian is a function of the trajectory data, the Jacobian manifold’s intrinsic dimension is
at most that of the trajectory manifold. To estimate the intrinsic dimensions, we pooled time points
from a large sample of trajectories. For RNN state vectors, we computed PR directly; for Jacobians,
we flattened them into n2-dimensional vectors before computing PR. We found the RNN trajectory
PR to be ~13.5, and the Jacobian PR to be ~6. Given the 128D extrinsic space, this confirms both
RNN states and Jacobians lie on lower-dimensional manifolds.

Notably, prior work estimated the dimensionality of prefrontal cortex delay activity at 24 using
~4000 neurons, falling to ~6 when subsampled to 100 neurons.475 These values were interpreted
as high-dimensional. Thus, the dimensionalities we observe are consistent with biological systems
performing complex tasks.

Furthermore, in the 64-dimensional Lorenz 96 system, the trajectory PR was ~47.5, and the Jacobians
had a PR of ~50, which we believe to be high-dimensional enough to demonstrate the effectiveness
of our method on complex systems.

We note that in larger systems, approximating the Jacobian as low rank may be more efficient.
Rather than computing each of the outputs directly, we can constrain the Jacobian to be low-rank
by designing the output as a low-rank combination of vectors (e.g., it learns to output a low-rank
singular value decomposition).

C.4 Experimental details

C.4.1 Dynamical systems data

We used the following dynamical systems for the testing and validation of Jacobian estimation.

Van der Pol oscillator We implement the classic Van der Pol oscillator.122 The system is governed
by the following equations
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ẋ = y

ẏ = µ(1− x2)y − x

We pick µ = 2 in our implementation.

Lorenz We implement the Lorenz system introduced by Lorenz [60] as

ẋ = σ(y − x)

ẏ = x(ρ− z)− y

ż = xy − βz

with the typical choices for parameters (σ = 10, ρ = 28, β = 8/3).

Lorenz 96 We implement the Lorenz 96 system introduced by Lorenz [356] and defined by

ẋi = (x(i+1) (mod N) − x(i−2) (mod N))x(i−1) (mod N) − xi (mod N) + F

with F = 8 and N ∈ {12, 32, 64}.

Simulation We use the dysts package to simulate all dynamical systems.357,358 The characteristic
timescale of their Fourier spectrum τ is selected and the systems are sampled with respect to τ . For
all systems, the training data consisted of 26 trajectories of 12 periods, sampled at 100 time steps
per τ . The validation data consisted of 6 trajectories of 12 periods sampled at 100 time steps per τ .
The test data consisted of 8 trajectories of 12 periods sampled at 100 time steps per τ . Trajectories
were initialized using a random normal distribution with standard deviation 0.2. The simulation
algorithm used was Radau. Batches were constructed by moving a sliding window along the signal.
The sequence length was selected such that the generated predictions would generate 10 novel time
points (i.e., 11 time steps for the NeuralODE, and 25 time steps for the JacobianODE, due to the 15
time steps used to estimate the initial time derivative f).

Noise We define P% observation noise with P = 100p in the following way. Let Asignal = E
[︂
∥x(t)∥22

]︂
be the expected squared norm of the signal with x(t) ∈ Rn. Then consider a noise signal η(t) ∈ Rn

where each component ηi(t) ∼ N (0, 1√
n
p
√︁
Asignal). Then

E
[︂
∥η(t)∥22

]︂
= E

[︄
n∑︂

i=1

η2i (t)

]︄
=

n∑︂
i=1

E
[︁
η2i (t)

]︁
=

n∑︂
i=1

1

n
p2Asignal = p2Asignal

and thus the noise percent is ⌜⃓⃓⃓
⎷E

[︂
∥η(t)∥22

]︂
E
[︂
∥x(t)∥22

]︂ =

√︄
p2Asignal

Asignal
= p

162



C.4.2 Task-trained RNN

The task used to train the RNN was exactly as defined in Section 3.6. The hidden dimensionality of
the RNN was 128, and the input dimensionality was 10, where the first four dimensions represented
the one-hot encoded "upper" color, the second four dimensions represented the one-hot encoded
"lower" color, and the last two dimensions represented the one-hot encoded cue. The RNN used for
the task had hidden dynamics defined by

τ ḣ(t) = −h+Whhσ(h(t)) +Whiu(t) + b

o(t) = Wohh(t)

with τ = 50 ms, which for the purposes of training was discretized with Euler integration with a
time step of ∆t = 20 ms. Whh is the 128x128 dimensional matrix that defines the internal dynamics,
Whi is the 128 x 10 dimensional matrix that maps the input into the hidden state, Woh is the
4x128 dimensional output matrix that maps the hidden state to a four-dimensional output o(t),
and b is a static bias term. σ was taken to be an exponential linear unit activation with α = 1.
The RNN hidden state was split into two "areas" each with 64 dimensions. The input matrix
Whi was masked during training so that inputs could only flow into the first 64 dimensions – the
"visual" area. The same procedure was performed for the output matrix Woh, except the mask
was such that outputs could stem only from the second group of 64 dimensions – the "cognitive"
area. The within-area subblocks of the matrix Whh were first initialized such that the real part
of the eigenvalues were randomly distributed on the interval [−0.1, 0] and the imaginary part of
the eigenvalues were randomly distributed on the interval [0, 2π]. The eigenvectors were random
orthonormal matrices. We then computed the matrix exponential of this matrix. The across-area
weights were first initialized to be random normal, then divided by the 2-norm of the resulting
matrix and multiplied by 0.05. The input and output matrices were initialized as random normal
and then scaled by the 2-norm of the resulting matrix. The static bias b was initialized at 0. After
initialization, all weights could be altered unimpeded (except for the masks). Notably, the inputs
u(t) were present only during the stimulus and cue presentation epochs – otherwise the network
evolved autonomously. The loss was computed via cross entropy loss on the RNN outputs during
the response period (the final 250 ms of the trial).

For the training data, we generated 4096 random trials, and used 80% for training and the remainder
for validation. The batch size used was 32. Training was performed for 40 epochs. The learning rate
was 0.0005. For use with the Jacobian estimation models, data was batched and used for training
exactly as was done with the other dynamical systems data (see Appendix C.4.1). Observation noise
was also computed in the same way.

C.4.3 NeuralODE details

NeuralODE models directly estimate the time derivative f with a neural-network parameterized
function f̂ θ. Then the Jacobians can be computed as Ĵ = ∂

∂x f̂
θ.
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The NeuralODEs were implemented as described in Section 3.5 and ODE integration was done exactly
as for the JacobianODE using the torchdiffeq package with the RK4 method.360 To regularize the
NeuralODE we implemented a Frobenius norm penalty on the estimated Jacobians, i.e.

Ljac = λjac⟨
⃦⃦⃦
Ĵ(x(t))

⃦⃦⃦
F
⟩

where Ĵ is the estimated Jacobian computed via automatic differentation and λjac is a hyperparameter
that controls the relative weighting of the Jacobian penalty.362–364 As mentioned in the chapter,
this penalty prevents the model from learning unnecessarily large eigenvalues and encourages better
Jacobian estimation.

C.4.4 Weighted linear Jacobian details

We implemented a baseline Jacobian estimation method using weighted linear regression models as
described in Deyle et al. [85]. Given a reference point x(t∗) at which the (discrete) Jacobian will be
computed, all other points are weighted according to

wk = exp
−θ ∥x(tk)− x(t∗)∥

d̄

where

d̄ =
T∑︂
i=1

∥x(ti)− x(t∗)∥

is the average distance from x(t∗) to all other points. We then perform a linear regression using
the weighted points (and a bias term), the result of which is an estimate of the discrete Jacobian at
x(t∗), which can be converted to continuous time by subtracting the identity matrix and dividing by
the sampling time step (i.e., Ĵ = Ĵdiscrete−I

∆t , where Ĵdiscrete is the discrete Jacobian). The parameter
θ tunes how strongly the regression is weighted towards local points. To pick θ, we sweep over values
range from 0 to 10, and pick the value that yields the best one-step prediction according to

x(t∗ + 2∆t) = x(t∗ +∆t) + eĴ∆t(x(t∗ +∆t)− x(t∗))

where Ĵ is the estimated Jacobian. This form of prediction has been previously been used to
learn Jacobians in machine learning settings.350 To test the method, we pick θ based on data with
observation noise at a particular noise level, then add in the denoised data to the data pool in order
to compute regressions and estimate Jacobians at the true points.

C.4.5 Model details

All models were implemented as four-layer MLPS, with the four layers having sizes of 256, 1024,
2048, and 2048 respectively. All models used a sigmoid linear unit activation. JacobianODE models
output to the dimension n2 which was then reshaped into the matrix of the appropriate dimension.
NeuralODEs output to the dimension n.
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C.4.6 Lyapunov spectrum computation

To compute the Lyapunov spectrum, we employ a QR based algorithm.127,376 We discretize the
Jacobians using the matrix exponential (i.e., Ĵdiscrete = e

ˆJ∆t) and then propagate a bundle of small
vectors through the Jacobians, using QR to ensure the perturbations remain bounded.

C.4.7 Iterative Linear Quadratic Regulator (ILQR)

We implement the standard algorithm for ILQR, the details of which can be found in Li and Todorov
[369] and Tassa, Erez, and Todorov [370]. In brief, the ILQR algorithm linearizes the system
dynamics around a nominal trajectory using the Jacobian, and then iteratively optimizes the control
sequence using forward and backward passes to minimize the total control cost. The state cost
matrix Q was a diagonal matrix with 1.0 along the diagonal. The final state cost matrix Qf was a
diagonal matrix with 1.0 along the diagonal. The control cost matrix R was a diagonal matrix with
0.01 along the diagonal. The control matrix was a 128 × 128 matrix in which the 64 × 64 block
corresponding to the first 64 neurons (the "visual" area) was the 64-dimensional identity matrix.
The control algorithm was seeded with only the initial state of the test trajectory with 5% noise.
The control sequence was initialized random normal with standard deviation 0.001 and mean 0. The
ILQR algorithm was run for a max of 100 iterations. The regularization was initialized at 1.0, with a
minimum of 1× 10−6 and a maximum of 1× 1010. ∆0 was set to 2, as in Tassa, Erez, and Todorov
[370]. If the backward pass failed 20 times in a row, the optimization was stopped. The list of values
for the line search parameter α was 1.1−k2 for k ∈ 0, ..., 9 (see Tassa, Erez, and Todorov [370]). The
linear model used for the linear baseline was computed via linear regression.

C.4.8 Training details

All models were implemented in PyTorch. The batch size used was 16. Gradients were accumulated
for 4 batches. Training epochs were limited to 500 shuffled batches. Validation epochs were limited
to 100 randomly chosen batches. Testing used all testing data. Training was run for a maximum
of 1000 epochs, 3 hours, or until the early stopping was activated (see Appendix C.4.8), whichever
came first.

Generalized Teacher Forcing

The Jacobian can be best learned when training predictions are generated recursively (i.e., replacing
x(t) by x̂(t)). However, in chaotic systems, and/or systems with measurement noise (as considered
here), this could lead to catastrophic divergence of the predicted trajectory from the true trajectory
during training. We therefore employ Generalized Teacher Forcing when training all models.354

Generalized Teacher Forcing prevents catastrophic divergence by forcing the generated predictions
along the line from the prediction to the true state. Specifically, for a given predicted state x̂(t) and
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true state x(t), the teacher forced state is

x̃(t) = (1− α)x̂(t) + αx(t)

with α ∈ [0, 1]. This effectively forces the predictions along a line from the prediction to the true
state, by an amount with proportion α. α = 1 corresponds to fully-forced prediction (i.e., one-step
prediction) and α = 0 corresponds to completely unforced prediction (i.e., autonomous prediction).
Hess et al. [354] suggested that a good estimate of α is

α = max

(︄
max

p

[︄
1− 1

∥G(J(p)
T :2)∥

]︄
, 0

)︄
(C.11)

where J
(p)
T :2 are the Jacobians of the modeled dynamics computed at data-constrained states, p

indicates the batch or sequence index, and

∥G(J(p)
T :2)∥ =

⃦⃦⃦⃦
⃦⃦
(︄

T−2∏︂
k=0

JT−k

)︄ 1
T−1

⃦⃦⃦⃦
⃦⃦

effectively computes the discrete maximum Lyapunov exponent. In our implementation, we compute
∥G(J(p)

T :2)∥ using a QR-decomposition-based Lyapunov computation algorithm.127 As the Jacobian of
the dynamics is necessary to compute this quantity, the JacobianODEs enjoy an advantage over other
models in that the Jacobians are directly output by the model, and do not have to be computed via
differentiating the model itself.

We furthemore employ a slightly modified version of the suggested annealing process in Hess et al.
[354], which sets α0 = 1 and updates αn as

αn = γαn−1 + (1− γ)α

where α is computed according to equation C.11. Following the suggested hyperparameters, we set
γ = 0.999 and update αn every 5 batches. Once the teacher forced state x̃(t) is computed, it can
simply replace x(t) in equation C.5 to generate predictions.

Loop closure loss

We implemented a loop closure loss as discussed in Section 3.4.3 and Appendix C.1.3. For each
loop, we used 20 randomly chosen points from the batch. For each batch, we constructed the same
number of loops as there were batches. Path integrals were discretized in 20 steps and computed
using the trapezoid method from torchquad.359

Validation loss

All models were validated on 10 time-step prediction task with teacher forcing parameter α = 0 (i.e.,
autonomous prediction).
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Learning rate scheduling

For all models, the learning rate was annealed in accordance with teacher forcing annealing. Given
an initial and final learning rates ηi and ηf we compute the effective learning rate as

η = ηf + σ(αn)(ηi − ηf )

where αn is the current value of the teacher forcing parameter and

σ(αn) =
αn

αn + (1− αn)e−kαn

σ(αn) is a scaling function with σ(1) = 1 and σ(0) = 0 and for which the shape of the scaling is
controlled by the parameter k. For positive values of k, the scaling is super-linear, and for negative
values of k it is sub-linear. We use k = 1, ensuring that the learning rate does not decrease too
quickly at the start of learning. We set ηi = 10−4 and ηf = 10−6 for all models.

Optimizer and weight decay

All models were trained with PyTorch’s AdamW optimizer with the learning rate as descried above,
and weight decay parameter 10−4. All other parameters were default (β1 = 0.9, β2 = 0.999, ϵ = 10−8).
We also used gradient norm clipping, with a clipping value of 1.0.

Early stopping

For all models, we implemented an early stopping scheme that halted the training if the validation
loss improved by less than 1% for two epochs in a row.

Added noise during learning

For the models trained on the task-trained RNN dynamics, we added 5% Gaussian i.i.d. noise
(defined relative to the norm of the training data with observation noise already added). Noise was
sampled for each batch and added prior to the trajectory generation step of the learning process.
Additional noise was not added for the loop closure computation.

Hyperparameter selection

For the JacobianODEs, the primary hyperparameter to select is the loop closure loss λloop. To select
this hyperparameter, we trained JacobianODE models with

λloop ∈ [0, 10−6, 10−5, 10−4, 10−3, 10−2, 10−1, 1, 10].
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For each run, the epoch with the lowest trajectory validation loss (Ltraj) is kept. Then, for this
model, we compute the one-step prediction error on validation data, the validation loop closure loss
(Lloop), and the percentage of Jacobian eigenvalues on all validation data that have a decay rate
faster than the sampling rate 1

∆t . We exclude any models that meet any of the following criteria:

1. One-step prediction error greater than the persistence baseline. The persistence
baseline is computed as the mean error between each time step k∆t and the subsequent time
step (k + 1)∆t across the dataset, and constitutes a sanity check for whether a model is
capturing meaningful information about the dynamics.

2. Loop closure loss greater than
√
n, where n is the system dimension (see Appendix C.4.11

for the derivation of this bound). As discussed in the chapter, we are interested in Jacobians
that not only solve the trajectory prediction problem, but that also are constructed so that
the rows of the matrix are approximately conservative vector fields.

3. More than 0.1% of the Jacobian eigenvalues have a decay rate faster than the
sampling rate 1

∆t . Since large negative eigenvalues do not impact trajectory prediction, the
models may erroneously learn Jacobians with large negative eigenvalues. If the decay rate of
these eigenvalues is faster than the sampling rate, we can infer that the eigenvalues are not
aligned with the observed data.

If none of the models that meet criterion (2) meet criterion (1), we discount criterion (2), as this
suggests that a loop closure loss below

√
n bound is too strict to obtain good prediction on this

system. Additionally, if none of the models that meet criterion (3) meet criterion (1), we discount
criterion (1), as this suggests that noise is very high in the data, which leads to both high one-step
prediction error, and large negative eigenvalues to compensate for the perturbations introduced by
the noise. Of the remaining models, we select the one with the lowest trajectory validation loss Ltraj.

For the NeuralODEs, we needed to select the hyperparameter λjac, which regularized the mean
frobenius norm of the Jacobians computed through automatic differentiation. Again, to select this
hyperparameter, we trained JacobianODE models with

λjac ∈ [0, 10−6, 10−5, 10−4, 10−3, 10−2, 10−1, 1, 10].

We followed exactly the above procedure with the exception of criterion (2), which was deemed
unnecessary, as computing the Jacobians implicitly via a gradient of the model (using automatic
differentiation) ensures that the rows of the matrix are conservative.

All other hyperparameters (model size, learning rate, length of initial trajectory, number of dis-
cretization steps, etc.) were fixed for all systems. Given the wide range of systems and behaviors and
dimensionalities that the JacobianODEs are capable of capturing, this indicates that the method is
robust given a reasonable choice of these hyperparameters.

Model hyperparameters and training details

Below are presented the details of all Jacobian estimation models considered in the main paper.
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Table C.7: Hyperparameters used and model details for each system and noise level. Training time is
reported in seconds.

System Noise Model Loop closure weight Jacobian penalty Training time (s) Final epoch Learning rate Min learning rate Weight decay Learnable parameters

VanDerPol (2 dim) 1% JacobianODE 0.0010 0 882.139 15 0.0001 1.00e-06 0.0001 6.568e+06
1% NeuralODE 0 1.00e-06 949.217 21 0.0001 1.00e-06 0.0001 6.564e+06
5% JacobianODE 0.0001 0 692.980 11 0.0001 1.00e-06 0.0001 6.568e+06
5% NeuralODE 0 0 249.451 6 0.0001 1.00e-06 0.0001 6.564e+06
10% JacobianODE 0.010 0 678.794 10 0.0001 1.00e-06 0.0001 6.568e+06
10% NeuralODE 0 0.0010 713.221 16 0.0001 1.00e-06 0.0001 6.564e+06

Lorenz (3 dim) 1% JacobianODE 0.0010 0 972.268 16 0.0001 1.00e-06 0.0001 6.578e+06
1% NeuralODE 0 0.0010 889.819 18 0.0001 1.00e-06 0.0001 6.566e+06
5% JacobianODE 0.010 0 1.147e+03 18 0.0001 1.00e-06 0.0001 6.578e+06
5% NeuralODE 0 0.0010 680.651 15 0.0001 1.00e-06 0.0001 6.566e+06
10% JacobianODE 0.010 0 388.346 6 0.0001 1.00e-06 0.0001 6.578e+06
10% NeuralODE 0 0.010 421.488 8 0.0001 1.00e-06 0.0001 6.566e+06

Lorenz 96 (12 dim) 1% JacobianODE 0.0010 0 1.817e+03 31 0.0001 1.00e-06 0.0001 6.857e+06
1% NeuralODE 0 1.00e-06 1.892e+03 32 0.0001 1.00e-06 0.0001 6.587e+06
5% JacobianODE 0.0010 0 716.408 12 0.0001 1.00e-06 0.0001 6.857e+06
5% NeuralODE 0 0.0010 1.147e+03 19 0.0001 1.00e-06 0.0001 6.587e+06
10% JacobianODE 0.010 0 1.213e+03 18 0.0001 1.00e-06 0.0001 6.857e+06
10% NeuralODE 0 0.0001 851.803 14 0.0001 1.00e-06 0.0001 6.587e+06

Lorenz 96 (32 dim) 1% JacobianODE 0.010 0 5.160e+03 85 0.0001 1.00e-06 0.0001 8.665e+06
1% NeuralODE 0 0.0010 4.204e+03 43 0.0001 1.00e-06 0.0001 6.633e+06
5% JacobianODE 0.0010 0 1.341e+03 22 0.0001 1.00e-06 0.0001 8.665e+06
5% NeuralODE 0 0.0010 3.855e+03 39 0.0001 1.00e-06 0.0001 6.633e+06
10% JacobianODE 0.0001 0 868.262 14 0.0001 1.00e-06 0.0001 8.665e+06
10% NeuralODE 0 0.0010 2.695e+03 28 0.0001 1.00e-06 0.0001 6.633e+06

Lorenz 96 (64 dim) 1% JacobianODE 0.0010 0 2.749e+03 40 0.0001 1.00e-06 0.0001 1.497e+07
1% NeuralODE 0 0.010 4.801e+03 30 0.0001 1.00e-06 0.0001 6.706e+06
5% JacobianODE 0.0001 0 1.748e+03 27 0.0001 1.00e-06 0.0001 1.497e+07
5% NeuralODE 0 0.010 4.879e+03 30 0.0001 1.00e-06 0.0001 6.706e+06
10% JacobianODE 0.0010 0 1.701e+03 25 0.0001 1.00e-06 0.0001 1.497e+07
10% NeuralODE 0 0.010 4.237e+03 26 0.0001 1.00e-06 0.0001 6.706e+06

Task-trained RNN 1% JacobianODE 0.0001 0 2.496e+03 32 0.0001 1.00e-06 0.0001 4.016e+07
1% NeuralODE 0 0 9.777e+03 38 0.0001 1.00e-06 0.0001 6.854e+06
5% JacobianODE 0.0001 0 2.352e+03 29 0.0001 1.00e-06 0.0001 4.016e+07
5% NeuralODE 0 1.00e-05 7.770e+03 27 0.0001 1.00e-06 0.0001 6.854e+06
10% JacobianODE 0.010 0 2.172e+03 27 0.0001 1.00e-06 0.0001 4.016e+07
10% NeuralODE 0 1.00e-05 5.260e+03 18 0.0001 1.00e-06 0.0001 6.854e+06

C.4.9 Information about computing resources and efficiency

All models were able to be trained on a single H100 GPU, with 80 GB of memory.

Jacobian inference times Jacobian inference times for the JacobianODE and NeuralODE models
are discussed in Appendix C.3.5. As discussed, models were implemented with four hidden layers of
the same size, and tested on 100 batches of the 128-dimensional task-trained RNN data, with each
batch consisting of 16 sequences of length 25. Timings were repeated ten times for each model (see
Figure C.3 for details).

Training time Total training times for each of the chosen models are presented in Table C.7.
Furthermore, we include the training time (including backward pass) for 100 batches (with 16
sequences per batch), using 10 time-step prediction, in Table C.8.

C.4.10 Statistical details

All statistics were computed using scipy. For the comparison between JacobianODE and NeuralODE
trajectory and Jacobian predictions, as well as the comparison of Gramian traces and minimum
eigenvalues, we used a two-sample t-test. For the comparison of ILQR control accuracies and errors,
we used a Wilcoxon signed-rank test.
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Table C.8: Trajectory training time (seconds) for each system and noise level. Training used 100 batches,
with 16 sequences per batch, as well as 10 time-step prediction.

Model Lorenz (3 dim) VanDerPol (2 dim) Lorenz 96 (12 dim) Lorenz 96 (32 dim) Lorenz 96 (64 dim) Task-trained RNN

1% noise

JacobianODE 15.772 13.737 11.604 16.469 16.214 23.855
NeuralODE 8.215 8.403 11.852 12.075 18.192 14.955

5% noise

JacobianODE 12.422 16.772 10.655 13.121 12.949 23.197
NeuralODE 6.191 5.841 13.501 8.021 21.307 30.209

10% noise

JacobianODE 12.590 15.719 18.447 10.506 18.900 22.482
NeuralODE 11.083 9.875 15.269 8.008 17.826 33.074

C.4.11 Derivation of loop closure loss bound

We consider the loop closure loss as defined in Section 3.4.3. We are interested in estimating a bound
on the error

E

⎡⎣ 1

n

⃦⃦⃦⃦
⃦
∫︂
C(l)
loop

Jds

⃦⃦⃦⃦
⃦
2

2

⎤⎦
where n is the system dimension. While in theory this quantity should be 0, in practice due to
numerical estimation error, it will not be. First recall, that

∫︂
C(l)
loop

Jds =

L∑︂
i=1

∫︂ x(t(i+1) (mod L))

x(ti (mod L))
J(c(r))c′(r)dr

where L is the number of loop points and c is a line from x(ti (mod L)) to x(t(i+1) (mod L)). We
assume that

E

⎡⎣⃦⃦⃦⃦⃦
∫︂ x(t(i+1) (mod L))

x(ti (mod L))
J(c(r))c′(r)dr
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⃦
2

2

⎤⎦ = E

⎡⎣⃦⃦⃦⃦⃦
∫︂ x(t(j+1) (mod L))

x(tj (mod L))
J(c(r))c′(r)dr

⃦⃦⃦⃦
⃦
2

2

⎤⎦
∀i, j ∈ [1, .., L], which is justified as the numerical error accrued will likely be similar along different
lines for the same system. Thus
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where we have used the fact that the errors are assumed to be equivalent for each of the line segments
comprising the overall loop path. Recall now that for the trapezoid integration rule, the error E in
integrating

∫︁ b
a f(x)dx can be computed as E = − (b−a)3

12M2 f
′′(u) for some u ∈ [a, b]. Thus the squared

error is bounded as

E2 ≤
⃦⃦⃦⃦
max
u∈[a,b]

(b− a)3

12M2
f ′′(u)

⃦⃦⃦⃦2
2

In our case, when path integrating lines, we are effectively integrating from a = 0 to b = 1.
Furthermore, let g(r) = J(c(r))c′(r), the integrand of our line integrations. We assume that
E
[︂
∥maxr g

′′(r)∥22
]︂
∝ n ·

√
n where the first n comes from the fact that the norm involves summing

over the n components of the vector g′′(r) and the second
√
n involves an assumption that loop

closure loss will be more difficult to compute accurately in higher dimensions, though this will be
more pronounced as dimensionality initially starts increasing. Thus E

[︂
∥maxr g

′′(r)∥22
]︂
= kn ·

√
n

for some k ∈ R+. Now, continuing on,
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Finally, assuming that the number of discretization steps M was chosen to be large enough such
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that M4 ≥ 1
122

Lk we finally obtain
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Appendix D

Methods: Disruption of interareal control
during propofol anesthesia

D.1 Supplementary results

D.1.1 Linearity of the learned dynamics and linear baseline analysis

A natural question raised by the conditional JacobianODE model is whether the dynamics it learns
from the neural data are genuinely nonlinear, or whether a strictly linear time-invariant (LTI)
description of the same data would suffice. We address this question in two ways (Figure D.1). We
first investigate how strongly the learned Jacobian vary along the trajectory, and how that variation
trades off against predictive accuracy (Figure D.1A,B). Second, we retrain the dynamics with a
linear delay-embedded model and ask whether the same anesthesia-related Gramian reorganization
is retained (Figure D.1C,D).

The learned Jacobian is approximately linear, despite targeted anti-LTI interven-
tions. We compared the baseline JacobianODE model against five variants designed to push the
Jacobian off the constant-matrix solution: separate per-condition dynamics, a per-batch latent expo-
nential moving average normalization, a null-space penalty, a stop-gradient applied to the loop-closure
target, and a smaller encoder. As a non-LTI reference we include the partially observed working-
memory selection RNN of §D.4.1 (a 128-D task-trained network whose ground-truth dynamics are
genuinely nonlinear). For each model we report three diagnostics on the validation set: the per-
condition Jacobian temporal coefficient of variation, CVc =

⟨︁
σt(Ĵ

θ
ij(z(t), c)) / |⟨Ĵθ

ij(z(t), c)⟩t|
⟩︁
i,j,traj

,
the loop-closure loss Lloop, and the free-running trajectory validation loss (Figure D.1A). The baseline
model had a relatively low temporal CV, indicating approximately LTI latent dynamics. Across
all five interventions, temporal CV stays within a factor of two of the baseline (CV≈10−3.5–10−3),
three orders of magnitude below the task-trained RNN reference (CV≈3). Thus the variation of Ĵθ

along the trajectory is small even when the architecture is explicitly biased against the constant-
matrix solution. None of the interventions yields a meaningful reduction in Lloop or trajectory loss
either. The model is therefore capable of representing strongly nonlinear Jacobians when the data
demand it (the task-trained RNN reference confirms this), but on the propofol cohort it settles
into the approximately-LTI regime. This may have to do with the construction of the dynamics as
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Figure D.1: Linearity diagnostics and linear delay-embedded baseline. (A) Baseline with five
anti-LTI interventions on a single session from NHP 1 (using loop-closure weight 10−2), with a partially
observed task-trained RNN as nonlinear reference. (A, top) Per-condition latent Jacobian temporal coefficient
of variation (CV), used as a measure of nonlinearity. The condition-averaged encoder (JΨ), decoder (JΨ−1),
and round-trip Jacobian CV area overlaid for the baseline and the RNN reference. (A, middle) Validation
loop-closure loss. (A, bottom) Free-running trajectory validation loss. The NHP 1 variants cluster near the
baseline on all three latent-Jacobian diagnostics. The encoder/decoder Jacobians, by contrast, are two to
three orders of magnitude more state-dependent (Eq. D.1), and the reference shows the genuinely nonlinear
regime the architecture is capable of. (B) Best free-running trajectory validation loss vs. loop-closure
weight λloop, per NHP, across the cohort’s chosen-cell sweep grid (per-session lines + mean ± SEM). There
is a monotone-non-decreasing trend in both NHPs, indicating improved fits with models that obey loop
closure laws.. (C) Per-area linear delay-embedded baseline (Eqs. D.2–D.3) applied to the partially observed
task-trained RNN. Reachability and controllability gramian and inverse gramian log traces (log trW and
log trW−1) for the visual → cognitive and cognitive → visual blocks at single-epoch and fully-trained
checkpoints. Ground truth (left of each pair) vs. linear baseline (right). (D) The same linear baseline
on the propofol cohort, with the four sign-agree pooled-Wilcoxon 4×4 Gramian ∆-heatmaps that mirror
Figure 4.5A,B of the chapter. The qualitative reorganization is preserved, with smaller effect sizes and more
variability.
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autonomous, or with the short prediction horizon (10 milliseconds) used for training.

The overall observation-space dynamics remain nonlinear through the encoder
and decoder. The near-LTI behaviour of Ĵθ is a statement about the latent dynamics alone.
The dynamics in the observed delay-embedded space need not be linear, because they are read out
through the nonlinear diffeomorphic encoder. The model advances a delay-embedded observation
by encoding it, evolving the latent state by encoding, integrating Ĵθ, then decoding (x̃(t+∆t) =
Ψ−1

(︁
φθ(Ψ(x̃(t)), c)

)︁
). By the chain rule the observation-space Jacobian therefore factorizes as

Jobs(x̃) = JΨ−1(z′) Jφ(z) JΨ(x̃), z = Ψ(x̃), z′ = φθ(z, c), (D.1)

which is the product of the encoder Jacobian, the latent flow Jacobian, and the decoder Jacobian.
Even when the central factor Jφ is nearly state-independent, the encoder and decoder Jacobians JΨ

and JΨ−1 = J−1
Ψ vary with the state, so the composite observation-space map is genuinely nonlinear.

To quantify this we computed the same per-condition temporal CV for the encoder Jacobian and
the (exactly invertible) decoder Jacobian on the held-out validation set (Figure D.1A, top row; for
NHP 1 the decoder Jacobian is obtained as J−1

Ψ , which matches a direct automatic-differentiation
Jacobian of Ψ−1 to a relative error of ∼10−14). For NHP 1 the encoder and decoder Jacobians vary
substantially along the trajectory. The near-constancy of Ĵθ thus reflects the encoder absorbing
the nonlinearity of the observed dynamics into a coordinate system in which the latent flow is
approximately linear, not the observed neural dynamics being linear.

This view connects the latent JacobianODE to Koopman operator theory, in which a nonlinear system
is rendered linear by lifting it through a map of observables100,101, and in particular to deep-learning
approaches that learn such linearizing coordinates with autoencoders112,113. The diffeomorphic
encoder differs in being an exactly invertible, volume-preserving change of coordinates of the same
dimension, rather than a (generally higher- or infinite-dimensional) lift to a space of observables;
correspondingly the latent flow is only approximately linear, since an invertible, dimension-preserving
change of coordinates cannot in general render a nonlinear flow exactly linear (for instance, when it
possesses multiple isolated fixed points).

Loop-closure regularization trades nonlinearity against predictive accuracy. We
found that as the loop closure loss weight λloop was varied, the best free-running trajectory validation
loss was monotonically non-decreasing for both NHPs. Increasing λloop enforces row-conservativity
of Ĵθ, an integrability constraint that the constant-matrix solution satisfies trivially. Together with
panel A, this is consistent with the interpretation that, for the propofol data, a near-LTI Jacobian is
the most parsimonious model: gains in nonlinearity (lower Lloop) come at the cost of a worse fit.

Linear delay-embedded baseline: per-area eigen-time-delay coordinates with
joint DMD. Given the near-LTI behaviour of the JacobianODE model on the cohort, we asked
whether substituting a strictly linear delay-embedded model for the learned Jacobian preserves the
per-pair Gramian readouts reported in the chapter. The baseline is a per-area extension of the
Hankel Alternative View Of Koopman (HAVOK) construction67,107, fit as follows. For each area
k ∈ {1, . . . ,K} and each time window (§D.4.3), we form the per-area Hankel matrix at depth nk

d
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from the nk
dd

k
obs stacked delay coordinates of §D.3.1, stack the windows of one condition, and take

its reduced SVD to obtain the per-area eigen-time-delay basis:

Hk = Uk Σk (Vk)⊤, Pk ≜
[︁
Vk
]︁
:,1:rk

∈ Rnk
dd

k
obs×rk , (D.2)

so that the per-area reduced state is zk(t) = (Pk)⊤x̃k(t) ∈ Rrk . The pair (nk
d, r

k) is selected per area
by an AIC sweep over nk

d ∈ {1, 3, 5, 10} and rk ∈ {4, 8, 16, . . . , 600} on held-out within-condition
windows (80/20 window-level split, per-area observation-space prediction error). Reduced states
from the K areas are concatenated to a joint state z(t) = [z1(t); . . . ; zK(t)] ∈ RR with R =

∑︁
k r

k

(aligning all windows to the maximum nk
d − 1 leading offset so the per-area snapshot indices align),

and a joint discrete-time linear model is fit by least-squares dynamic mode decomposition,

A⋆ = argmin
A∈RR×R

∑︂
t

⃦⃦
z(t+∆t)−Az(t)

⃦⃦2
2
= Z+ Z+

−, (D.3)

where Z− = [z(t1), . . . , z(tN−1)] and Z+ = [z(t2), . . . , z(tN )] are the stacked snapshot pairs and (·)+
denotes the Moore–Penrose pseudoinverse. The construction of the K-area joint state imposes a
natural block decomposition of A⋆: writing A⋆ =

[︁
A⋆,β→α

]︁K
α,β=1

with A⋆,β→α ∈ Rrα×rβ acting as
the linear analogue of Jβ→α used in the chapter, the discrete-time reachability and controllability
Gramians at horizon T are computed by the square-root QR iteration of §D.3.4 with (Ak,Bk,Ck) =
(A⋆,α→α, A⋆,β→α, A⋆,α→β) time-invariant (the same numerical pipeline, with the constant LTV
reference replaced by the fitted A⋆). All Gramians reported below use horizon T = 10∆t, matching
the chapter’s JacobianODE horizon.

The linear baseline reproduces the JacobianODE ordering on the task-trained
RNN. Applied to the partially observed task-trained working-memory selection RNN of §D.4.1,
the per-area linear HAVOK pipeline qualitatively reproduces the ground-truth pattern of reach
and controllability Gramian magnitudes for the visual → cognitive and cognitive → visual blocks,
both at the single-epoch and fully-trained checkpoints used in the chapter (Figure D.1C). While the
directional ordering between conditions is not perfectly preserved on every panel, the linear baseline
is informative on a nonlinear test bed, and is therefore an appropriate sanity check to run on the
neural data.

The linear baseline reproduces the main propofol findings, with reduced precision.
We ran the same per-area linear pipeline across all 21 sessions of the propofol cohort and computed
the four sign-agree pooled-Wilcoxon log trW and log trW−1 heatmaps that constitute Figure 4.5A,B
of the chapter (Figure D.1D, 10ms integration horizon). The qualitative organization survives:
anesthesia decreases reachability and controllability ease (more negative ∆log trW) and increases
their associated cost (∆ log trW−1) on most pairs, with the same notable exception that anesthesia
increases reach ease from PPC and FEF into vlPFC. Compared to the JacobianODE composite,
however, the linear baseline shows more variability and smaller effect sizes. This is the expected
signature of a less precise model: a single time-invariant block matrix is a coarser representation of
the data than a per-trajectory conditional Jacobian, but the directional reorganization the chapter
reports is robust to this substitution.
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D.1.2 Interareal control reorganization across integration horizons

The directional control summaries reported in the chapter use a T = 10ms integration horizon
(§D.3.4). The gramian integrand combines a cross-area input term (the coupling block B = Jβ→α)
with the within-target state-transition propagator Φα (Eqs. D.52–D.53), thus lengthening the horizon
progressively up-weights the intrinsic within-area dynamics relative to the interareal coupling. To
ask whether the anesthesia-driven reorganization is a property of the coupling or of the intrinsic
dynamics, we recomputed the full set of summaries (reachability and controllability log trW and
log trW−1, and their diagnostic correlations) at integration horizons of 10, 20, 100 and 1000 ms
(Figure D.2).

At the control-relevant 10ms horizon, as reported in the chapter, anesthesia shrinks reachability
between areas (Figure D.2, top row). This reachability reduction progressively dissolves as the
horizon lengthens: the number of pairs with a significant reachability log trW decrease falls from
12 (10ms) to 9 (20ms) to 7 (100ms) to 3 (1 s), and by 1 s the pooled mean difference has reversed
sign (pooled mean ∆ = +0.22, vs. −0.11 at 10ms). Controllability behaves oppositely: the trace
decrease not only persists but amplifies monotonically with horizon, as the longer integration window
accumulates more of the within-target propagator relative to the bounded cross-area input.

The diagnostic correlations tell the same story from the explanatory side. At 10–20ms, the change
in reachability tracks the change in cross-area coupling magnitude (∆∥Jblock∥, ρ = +0.56), coupling
dimensionality (∆PR(σ2), ρ = −0.31), and source-area stability (∆source-area λ, ρ = −0.36). As the
horizon lengthens, the source-area-λ and participation-ratio associations vanish, and the only correlate
that remains stable across all four horizons is coupling magnitude (ρ = +0.56, +0.57, +0.48, +0.47).
A target-area-λ association emerges at the longer horizons but does not reach significance (ρ = +0.45
at 100ms, p = 0.08). The explanatory weight thus migrates from the input coupling toward the
target area’s own dynamics as the integration window grows.

Together, these trends indicate that the anesthesia-driven reachability reorganization reported in
the chapter is a short-horizon, coupling-governed effect. Over longer windows, the within-area
state-transition propagator Φα ∼ exp(Jα→α t) (the intrinsic dynamics whose leading Lyapunov
exponents are characterized in §D.7) increasingly dominates the Gramian over the cross-area input
term, reshaping the apparent reachability landscape (the sign reversal at 1 s). At the same time, the
destabilized anesthetic state drives the controllability ease even further down over long horizons.
Crucially, the increased reachability capability under anesthesia is past the timescale on which one
area can steer another before the target’s own dynamics carry its state away: by the point at which
intrinsic dynamics set the reachability landscape, the window for directed interareal control has
likely effectively closed. The reachability disruption (reduced reachability under anesthesia, set by
the interareal coupling) is the one visible at the short, functionally relevant horizon.
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Figure D.2: Interareal control summaries across integration horizons (n = 21 sessions). Rows:
gramian integration horizon (10, 20, 100, 1000ms). Columns 1–4: 4×4 source–target heatmaps of pooled
anesthesia−awake differences in reachability log trW and log trW−1 and controllability log trW and
log trW−1; teal stars mark cells passing the sign-agree + BH-FDR gate at q < 0.05 (same convention
as Fig. 4.5A,B). Column 5: Spearman correlation between the per-pair change in Gramian log trW and the
change in block-norm, participation ratio, and source- and target-area Lyapunov exponents, with session-
clustered permutation testing (same construction as Fig. 4.5E), computed at that horizon. The 10ms row
reproduces the main-text summaries.

D.2 Proofs

D.2.1 Jacobian-parameterized time derivative

The trick that makes JacobianODE estimation backpropagate cleanly through Ĵθ rather than through
a separately-parameterized f is to express the instantaneous time derivative as a functional of the
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Jacobian alone, evaluated along a smooth path between two observed states. By the fundamental
theorem of calculus along the trajectory,

x(t)− x(t0) =

∫︂ t

t0

f(x(s)) ds. (D.4)

The conservativity-induced path-integral identity (Eq. 4.5) lets us replace each integrand f(x(s)) by
f(x(t)) minus the path integral of J from x(s) to x(t), and solving the resulting linear relation for
f(x(t)) gives the central proposition used throughout JacobianODE training.

Proposition 2 (Jacobian-parameterized f). Given observed states x(t0) and x(t) along a trajectory
of ẋ = f(x) with continuous Jacobian J = ∇f , there exists a functional F of J alone such that

F [J; x(t0),x(t), t0, t] = f(x(t)). (D.5)

Explicitly,

F [J; x(t0),x(t), t0, t] =
x(t)− x(t0) +G(t0, t; J)

t− t0
(D.6)

where

G(t0, t; J) =

∫︂ t

t0

∫︂ t

s
J(cs,t(r)) c

′
s,t(r) dr ds, (D.7)

and cs,t : [s, t]→ Rd is any smooth curve with cs,t(s) = x(s) and cs,t(t) = x(t).

Proof. By the fundamental theorem of calculus along the trajectory,

x(t)− x(t0) =

∫︂ t

t0

f(x(s)) ds. (D.8)

By the row-conservativity path-integral identity, for each s ∈ [t0, t],

f(x(s)) = f(x(t)) −
∫︂ t

s
J(cs,t(r)) c

′
s,t(r) dr. (D.9)

Substituting Eq. D.9 into Eq. D.8 and pulling f(x(t)) outside the now-trivial s-integral yields

x(t)− x(t0) = (t− t0) f(x(t)) −
∫︂ t

t0

∫︂ t

s
J(cs,t(r)) c

′
s,t(r) dr ds⏞ ⏟⏟ ⏞

G(t0,t;J)

. (D.10)

Rearranging gives f(x(t)) =
[︁
x(t)− x(t0) +G(t0, t; J)

]︁
/(t− t0). ∎

Remark. Equation D.6 is implemented in JacobianODE/jacobians/jacobianODE.py: the double
integral G uses a straight-line path cs,t(r) = x(s) + (r − s)(x(t)− x(s))/(t− s) with the trapezoid
rule from torchquad (N=20 subdivisions); the resulting estimate of f(x(t)) is then advanced one step
by a standard ODE integrator (default: RK4 from torchdiffeq). Because F depends only on J, all
gradients backpropagate through Ĵθ, and no separate f -network is trained.
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D.2.2 Invariance of the pairwise reachability Gramian trace under
isometric direct-sum diffeomorphism

The pairwise reachability Gramian quantifies how strongly source area β can drive target area α
along the reference trajectory. We show that when the encoder respects the subsystem product
structure—that is, each subsystem’s latent coordinates depend only on that subsystem’s observed
coordinates—and is an isometry on each subsystem factor, the pairwise reachability Gramian
computed in the latent is conjugate by an orthogonal map to the Gramian one would compute on
the (unknown) data side. Hence the trace and the full eigenvalue spectrum are exactly preserved.

Setup. Let M =M1 × · · · ×MK and ˜︂M = ˜︂M1 × · · · × ˜︂MK be Riemannian product manifolds
with product metrics gM =

⨁︁
k g

k
M and g˜︂M =

⨁︁
k g

k˜︂M. Assume the encoder is a direct sum of
diffeomorphisms, with each area’s encoded coordinates depending only on that area’s observed
coordinates—this is precisely the per-subsystem encoder construction of the Diffeomorphic-encoder
subsection of the chapter Methods section, z = Ψ(x̃) = [Ψ1(x̃1); . . . ; ΨK(x̃K)],

Ψ(x̃1, . . . , x̃K) =
(︁
Ψ1(x̃1), . . . , ΨK(x̃K)

)︁
, (D.11)

with each Ψk an isometric diffeomorphism. Then Ψ is itself an isometry, and its differential is
block-diagonal:

DΨ(x̃) = DΨ1(x̃1) ⊕ · · · ⊕ DΨK(x̃K). (D.12)

We will write DΨα
t ≜ DΨα(x̃α(t)) for short, and similarly for the other subsystems. All adjoints (·)∗

below are taken with respect to the metric on each side. We write Jβ→α(x̃) for the data-side cross-area
Jacobian block (rows of area α, columns of area β), ˜︁Jβ→α(z) for its latent-side counterpart, Φα(t1, τ)
for the within-α state-transition operator under Jα→α, and ˜︁Φα(t1, τ) for its latent counterpart.
Following the pairwise tangent-space equation in §4.3,

Wβ→α
r (t0, t1) =

∫︂ t1

t0

Φα(t1, τ)J
β→α(x̃(τ)) [Jβ→α(x̃(τ))]∗ [Φα(t1, τ)]

∗ dτ, (D.13)

and analogously ˜︂Wβ→α
r (t0, t1) with the tilde objects.

Theorem 1 (Spectral invariance of the pairwise reachability Gramian). Under the setup above,
for any pair (α, β) ∈ {1, . . . ,K}2 with α ≠ β, the pairwise reachability Gramian on the latent is
conjugate to the pairwise reachability Gramian on the data by an orthogonal map at the final time:˜︂Wβ→α

r (t0, t1) = DΨα
t1 W

β→α
r (t0, t1) (DΨα

t1)
−1. (D.14)

In particular,
tr˜︂Wβ→α

r (t0, t1) = trWβ→α
r (t0, t1), (D.15)

and the full eigenvalue spectrum—including λmin—is preserved.

Proof. Each Ψk is an isometry, so DΨk is orthogonal:

(DΨk)∗ = (DΨk)−1 for all k ∈ {1, . . . ,K}. (D.16)
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The block-diagonal structure of Eq. D.12 means that differentiating DΨα(x̃α) with respect to x̃β for
β ̸= α gives zero, so the chain rule applied to the cross-area block of the Jacobian yields a clean
conjugation between the two subsystem factors, with no D2Ψ correction term:˜︁Jβ→α(z) = DΨα(x̃α)Jβ→α(x̃) (DΨβ(x̃β))−1. (D.17)

Taking the adjoint of Eq. D.17 and using orthogonality,

[˜︁Jβ→α(z)]∗ = DΨβ(x̃β) [Jβ→α(x̃)]∗ (DΨα(x̃α))−1. (D.18)

So the β-side factors collapse in the symmetric product:˜︁Jβ→α [˜︁Jβ→α]∗ = DΨα Jβ→α [Jβ→α]∗ (DΨα)−1. (D.19)

The within-α state-transition operator transforms similarly: from δzα(t) = DΨα
t δx̃

α(t) and the
definition of Φα, ˜︁Φα(t1, τ) = DΨα

t1 Φ
α(t1, τ) (DΨα

τ )
−1, (D.20)

and analogously for the adjoint [˜︁Φα(t1, τ)]
∗ = DΨα

τ [Φ
α(t1, τ)]

∗ (DΨα
t1)

−1. Substituting Eq. D.19
and Eq. D.20 into the integrand of ˜︂Wβ→α

r ,˜︁Φα(t1, τ) ˜︁Jβ→α [˜︁Jβ→α]∗ [˜︁Φα(t1, τ)]
∗

= DΨα
t1

[︂
Φα(t1, τ)J

β→α [Jβ→α]∗ [Φα(t1, τ)]
∗
]︂
(DΨα

t1)
−1, (D.21)

where every intermediate DΨα
τ pair cancels: each DΨα

τ appears next to its inverse, and likewise
for the DΨβ

τ pair that hid inside the symmetric product Eq. D.19. Integrating over τ and pulling
the τ -independent outer factors out gives Eq. D.14. Trace and eigenvalues are invariant under
conjugation by an invertible operator. ∎

Remark. The proof extends pointwise to any number of subsystems K ≥ 2, with the only requirement
being that the encoder respect the subsystem product structure (each Ψk acts only on x̃k). It
also extends to the controllability Gramian by replacing Φα(t1, τ) with Φα(t0, τ) throughout. The
hypothesis that each Ψk is an isometry is stronger than what the NICE–Cayley encoder of §D.3.1
guarantees by construction (the encoder is volume-preserving but not in general isometric); we
therefore present the reachability and controllability log-trace summaries reported in the chapter
as invariants up to encoder-induced similarity, which is what their trace summaries measure. The
metric-adjusted Gramian construction of §D.3.4 provides one route to mitigate the residual mismatch
by re-weighting the input matrix by the inverse encoder Jacobian on the source-area input space.

D.2.3 Bounded error under generalized teacher forcing

Generalized teacher forcing (GTF)354 stabilizes recursive prediction by partially anchoring the rollout
to the true trajectory. The strength of anchoring is a scalar α ∈ [0, 1]: the input to the next-step
network at time t is the convex combination

x̃t = αxt + (1− α) x̂t, x̃t+1 = F̂ (x̃t), (D.22)

where xt is the true state, x̂t is the (potentially drifting) recursive prediction, and F̂ is the learned
one-step update. α = 1 recovers full teacher forcing; α = 0 recovers free-running prediction.
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Lemma 1 (Asymptotic bound on the product of one-step generators). For every ϵ > 0 there exists
C ∈ R+ such that for all T ≥ 1,

⃦⃦⃦T−1∏︂
t=0

eJT−t∆t
⃦⃦⃦
2
≤ C

(︁
eλmax+ϵ

)︁T
, (D.23)

where λmax = limT→∞
1
T log ∥GT ∥2 is the maximum Lyapunov exponent of the linearized system along

the trajectory and GT =
∏︁T−1

t=0 eJT−t∆t.

Proof. By the definition of the maximum Lyapunov exponent, for every ϵ > 0 there exists N such
that for all T > N , 1

T log ∥GT ∥2 < λmax + ϵ, which rearranges to

∥GT ∥2 < eT (λmax+ϵ) =
(︁
eλmax+ϵ

)︁T
. (D.24)

For the pre-asymptotic regime 1 ≤ T ≤ N , the sequence consists of finitely many bounded matrix
products, so there exists C ∈ R+ such that ∥GT ∥2 ≤ C

(︁
eλmax+ϵ

)︁T for all 1 ≤ T ≤ N . Taking the
larger of the two constants establishes the claim. ∎

Proposition 3 (Bounded error under GTF; cf.354). Let F̂ be the learned one-step update with
bounded one-step approximation error, ∥F̂ (xt)− F (xt)∥2 ≤ L for some L ∈ R+, and let the GTF
strength satisfy

α > 1− e−λmax . (D.25)

Then the prediction error eT = x̂T − xT remains bounded for all T .

Proof. Define δt = F̂ (xt)− F (xt) (one-step model error). Note that

x̃t = αxt + (1− α) x̂t = αxt + (1− α)(xt + et) = xt + (1− α) et. (D.26)

The error propagates as

et+1 = F̂ (x̃t)− F (xt) (D.27)

=
[︁
F̂ (x̃t)− F̂ (xt)

]︁
+
[︁
F̂ (xt)− F (xt)

]︁
(D.28)

=
[︁
F̂ (xt + (1− α)et)− F̂ (xt)

]︁
+ δt. (D.29)

Linearizing F̂ about xt (which is valid for sufficiently small et),

et+1 ≈ eJt∆t (1− α) et + δt, (D.30)

where Jt = ∇F̂ (xt)/∆t in the continuous-time interpretation (or simply the one-step linearization in
the discrete formulation). This recursion has solution

eT =

T−1∑︂
k=0

(1− α)T−1−k
(︂ T−1∏︂
t=k+1

eJT−t∆t
)︂
δk, (D.31)
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with norm bound

∥eT ∥2 ≤
T−1∑︂
k=0

(1− α)T−1−k
⃦⃦⃦ T−1∏︂
t=k+1

eJT−t∆t
⃦⃦⃦
2
∥δk∥2. (D.32)

Using ∥δk∥2 ≤ L and Lemma 1,

∥eT ∥2 ≤ LC
T−1∑︂
k=0

[︁
(1− α) eλmax

]︁T−1−k
= LC

T−1∑︂
j=0

[︁
(1− α) eλmax

]︁j
. (D.33)

The geometric series on the right converges as T →∞ iff (1− α) eλmax < 1, which is equivalent to
Eq. D.25. Under this condition, ∥eT ∥2 ≤ LC/[1− (1− α)eλmax ] uniformly in T . ∎

Remark. The bound is tight in the sense that for α < 1 − e−λmax the geometric series diverges
and the error grows exponentially; the threshold α⋆ = 1− e−λmax is therefore the minimum GTF
strength that ensures bounded recursive prediction in the linearized regime. In practice we use
αteacher forcing ∈ [αmin, 1] annealed over training (§D.3.2); both the per-rollout maximum effective
λmax (via the learned Jacobians along the reference trajectory) and the geometric series prefactor
enter directly into the validity of the bound.

D.3 Modeling details

D.3.1 Diffeomorphic encoder

Delay embedding

For each subsystem k ∈ {1, . . . ,K}, the per-subsystem observation xk(t) ∈ Rdkobs is stacked with nd

delayed copies at unit stride (τ∆t = ∆t):

x̃k(t) =
[︁
xk(t); xk(t−∆t); . . . ; xk(t− (nd − 1)∆t)

]︁
∈ Rndd

k
obs . (D.34)

The full delay-embedded observation is the concatenation x̃(t) = [x̃1(t); . . . ; x̃K(t)] ∈ Rd′ with
d′ = nd

∑︁
k d

k
obs, ordered most-recent-first within each per-subsystem block. The choice of nd is a

per-session sweep variable for the neural data. In practice, we take τ∆t = ∆t which avoids the
dimensionality blow-up of larger strides. For the propofol cohort, nd ∈ {5, 10, 15} was searched per
session and per area (the per-area block size is nd · 64 for the typical 64-channel block).

Additive coupling layers

Each additive coupling layer411 acts on y ∈ Rn by an even/odd channel split y = (a,b) with
a,b ∈ Rn/2 and applies

a′ = a, b′ = b+mϑ(a, c), (D.35)
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where mϑ : Rn/2×Rdc→Rn/2 is a conditioner MLP and c is a (per-trial, per-batch) condition vector
(binary {−1,+1} for awake-vs-anesthesia). The layer Jacobian is

∂(a′,b′)

∂(a,b)
=

[︃
I 0

∇amϑ I

]︃
, (D.36)

which is unit-triangular: det = 1 identically, regardless of mϑ, a, or c. The layer is exactly invertible
by a = a′, b = b′ −mϑ(a

′, c) in one forward pass.

Cayley orthogonal mixers

Between consecutive coupling layers we insert a learnable rotation Q ∈ SO(n) parameterized by the
Cayley transform of a learnable skew-symmetric matrix A = −A⊤ ∈ Rn×n:

Q = (I−A) (I+A)−1. (D.37)

Lemma 2. For any skew-symmetric A with −1 /∈ spec(A), Q is orthogonal with detQ = +1.

Proof. Q⊤Q = (I+A)−⊤(I−A)⊤(I−A)(I+A)−1 = (I−A)−1(I+A)(I−A)(I+A)−1 = I since
(I−A) and (I+A) share an eigenbasis (commute) and cancel pairwise. The eigenvalues of A are
purely imaginary in conjugate pairs ±iωk, so the eigenvalues of Q are (1− iωk)/(1 + iωk)—complex
of unit modulus in conjugate pairs—and their product is +1. ∎

Implementation uses torch.linalg.solve(I−A, I+A) rather than an explicit inverse for stability.
The skew parameter is built from the strict upper triangle of a free parameter U ∈ Rn×n via
A = striu(U) − striu(U)⊤ (the lower triangle and diagonal of U are unused, and the operation
projects to the skew subspace automatically).

Volume-preserving composition and identity-at-initialization

Let Ψk = Qk
L ◦ CkL ◦ · · · ◦Qk

1 ◦ Ck1 denote the per-subsystem encoder (composition of L additive
coupling layers Ckℓ with Cayley mixers Qk

ℓ ). By the chain rule and Lemma 2,

det∇Ψk(y) =

L∏︂
ℓ=1

det∇Qk
ℓ · det∇Ckℓ (zkℓ ) =

L∏︂
ℓ=1

(+1) · (+1) = +1, (D.38)

so | det∇Ψk| ≡ 1 everywhere on its domain, and each Ψk is a C∞ diffeomorphism on Rndd
k
obs . The

full encoder Ψ = (Ψ1, . . . ,ΨK) inherits these properties on Rd′ and respects the subsystem product
structure required by Theorem 1.

Identity-at-initialization. We zero-initialize the last linear layer of every conditioner MLP, which
makes mϑ(·, ·) ≡ 0 at step 0; every coupling layer is then the identity map. We zero-initialize every
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skew parameter U = 0, which gives Q = I. A final fixed permutation is appended whose composition
with the random per-layer permutations equals the identity, so the entire encoder reduces to Ψ = id
at step 0. Training therefore departs from the trivial identity-reconstruction solution only as the
trajectory and loop-closure losses begin to drive learning, which empirically gives the LR schedule a
clean reconstruction-floor starting point.

Zero-padded reconstruction loss

The encoder is dimension-preserving on Rd′ , but the intrinsic dimensionality of the dynamics is much
smaller. The latent is partitioned as z = [zdyn; znull] ∈ Rddyn ⊕ Rdnull with dnull = d′ − ddyn. The
dynamic-subspace dimension ddyn is fixed per session by a PCA on the delay-embedded training data
at variance threshold 0.99 (per-area block selection; the resulting dkdyn values are concatenated to
define the projection Pdyn = diag(Iddyn , 0dnull)). All decoder calls in the model use the zero-padded
latent [Pdynz; 0] rather than z itself, so any information that lives in znull is ignored on the round-trip.
The reconstruction loss (Eq. 4.10) therefore takes the form

Lrec(θΨ;x) = Et

[︂⃦⃦
Ψ−1

(︁
[PdynΨ(x̃(t)); 0]

)︁
− x̃(t)

⃦⃦2
2

]︂
, (D.39)

penalizing the round-trip error under the zero-padded forward map. Since Ψ is volume-preserving,
every information-bearing dimension of the input must survive somewhere in z; the dynamic/null
split together with the zero-padded round-trip squeeze incentivizes the encoder to concentrate the
dynamics-relevant information into zdyn and dump dynamics-irrelevant content (noise, off-manifold
variability) into znull, where it cannot interfere with the Jacobian-MLP fit.

Induced Riemannian metric on the latent

The encoder Ψ pulls the (assumed-Euclidean) data-side metric on x̃ forward to a Riemannian metric
on z:

R(z) =
[︁
∇Ψ−1(z)

]︁⊤ [︁∇Ψ−1(z)
]︁
=
[︁
DΨ(Ψ−1(z))DΨ(Ψ−1(z))⊤

]︁−1
. (D.40)

Equivalently, in encoder-Jacobian form, R−1(z) = JE(x̃)JE(x̃)
⊤ with JE = DΨ evaluated at

x̃ = Ψ−1(z). Volume preservation gives detR ≡ 1, so the induced metric has unit determinant
everywhere; isotropy of R (i.e., R ≡ I) corresponds exactly to the encoder being a Riemannian
isometry, which is the hypothesis of Theorem 1. In practice, while we don’t enforce isometry, we find
that volume preservation is sufficient to reproduce relative changes in the Gramians on the synthetic
systems.

Encoder geometry diagnostics: rotation angle, Haar reference, and geodesic
distance

Two scalar diagnostics summarize how strongly the trained encoder rotates and warps the latent
geometry (Figure 4.4B,C).
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Per-layer rotation angle. Each Cayley mixer Qk
ℓ ∈ SO(n) (§D.3.1) has eigenvalues in unit-

modulus conjugate pairs e±iθm with θm = 2arctanωm, where ±iωm are the purely imaginary
eigenvalues of its skew generator Ak

ℓ . We summarize the rotation of a single mixer by the mean over
modes of the absolute eigen-angle,

θ̄(Q) =
1

n

n∑︂
m=1

⃓⃓
arg λm(Q)

⃓⃓
∈ [0, π], (D.41)

computed numerically as the mean of |angle(eigvals(Q))|; θ̄ = 0 is the identity (no mixing). Fig-
ure 4.4B reports this per Cayley mixer index ℓ through encoder depth, both for the individual mixers
Qk

ℓ and for the cumulative composite rotation Qk
ℓ · · ·Qk

1 (the net rotation accrued up to depth ℓ),
averaged over the per-area blocks k.

Haar SO(n) reference. To calibrate the rotation-angle scale we compare against the angle a
maximally mixed rotation would produce: a matrix drawn uniformly from SO(n) under the Haar
measure. We sample G ∼ N (0, 1)n×n, take its QR decomposition G = QR, fix the column signs
by Q← Qdiag(sgn(diagR)) (which makes the draw exactly Haar-uniform on O(n)), and negate
the first column whenever detQ < 0 to land on the SO(n) component. The reference is θ̄(Q) of
Eq. D.41 averaged over many such draws and over the per-area block dimensions n. The trained
mixers sit between the identity (θ̄ = 0) and this Haar saturation level, quantifying how far each layer
has rotated relative to a fully randomized rotation of the same dimension.

Geodesic distance of the induced metric to the identity. The induced metric R(z)
of §D.3.1 (equivalently its inverse G = JEJ

⊤
E) is symmetric positive definite (SPD). The natural

distance between SPD matrices is the affine-invariant Riemannian (geodesic) distance, whose value
relative to the identity is

d(I,G) =
⃦⃦
logG

⃦⃦
F

=
(︂∑︂

m

(︁
log λm(G)

)︁2)︂1/2
, (D.42)

where λm(G) are the eigenvalues of G and log is the matrix logarithm; this is invariant to the
choice of R versus R−1 = G since logR−1 = − logG. Writing λm(G) = σ2

m in terms of the singular
values σm of the composite encoder Jacobian JE along the ddyn retained (dynamic-subspace) modes,
log λm = 2 log σm. We report the per-mode root-mean-square normalization of Eq. D.42 (dividing
the Frobenius norm by

√︁
ddyn so the scale is O(1) in log-stretch units),

drms =
∥ logG∥F√︁

ddyn
= 2

⌜⃓⃓⎷ 1

ddyn

ddyn∑︂
m=1

(︁
log σm

)︁2
, (D.43)

averaged over trajectory samples within each session and condition. drms = 0 exactly when all
σm = 1, i.e. when JE is orthogonal and the encoder is a local isometry (the hypothesis of Theorem 1);
larger values indicate a more anisotropic, more strongly warped latent metric. Because the encoder
is volume-preserving (| detJE | ≡ 1, so the full set of log-singular-values sums to zero), drms reflects
the anisotropy of the metric—the spread of its singular values—rather than an overall change of
scale. Figure 4.4C reports the per-session drms, awake vs. anesthesia.
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D.3.2 JacobianODE-parameterized dynamics

Generating predicted states with the Jacobian

The latent JacobianODE rollout is generated as follows. Given an observed conditioning window of
length Tinit (Methods: Tinit = 15), the latent states z(t− (Tinit − 1)∆t), . . . , z(t) are encoded once
and held fixed. The endpoint of this window, zbase ≜ zdyn(t), serves as the base point of the rollout,
and is the only point at which we invoke the double-integral functional of Proposition 2. Concretely,
we compute once

f̂base = F
[︂
Ĵθ; zdyn(t− (Tinit − 1)∆t), zbase, t− (Tinit − 1)∆t, t

]︂
, (D.44)

with the double integral G (Eq. D.7) approximated by the trapezoid rule on the straight-line path
between window endpoints (torchquad, N = 20 subdivisions). All subsequent time-derivative
evaluations along the rollout are then obtained by a single path integral from this base point, using
the row-conservativity identity (Eq. 4.5):

f̂(z) = f̂base +

∫︂
Cbase→z

Ĵθ ds, (D.45)

where Cbase→z is the straight-line path from zbase to z (same trapezoid quadrature, N = 20).
Concretely, at each prediction step s = 1, . . . , T :

1. Take the current predicted latent ẑdyn(t+ (s− 1)∆t) (projected to the dynamic subspace if
needed).

2. Evaluate the time derivative f̂(ẑdyn(t+ (s− 1)∆t)) via Eq. D.45: a single line integral of Ĵθ

from zbase to the current state, added to the cached f̂base.

3. Advance the latent one step by the RK4 integrator from torchdiffeq, producing ẑdyn(t+s∆t).

The number of prediction steps is T . We use T = 30 for most sample systems except for the partially
observed task-trained RNN, for which we use T = 20 due to trajectory length constraints. For the
neural data, we use T = 10 due to the challenging nature of the prediction task. The cumulative
latent rollout {ẑdyn(t+ s∆t)}Ts=1 is fed into the latent and decoded prediction losses below. The base
point zbase and its cached derivative f̂base are not refreshed during the rollout: the double integral of
Proposition 2 is paid exactly once per rollout, and every per-step time-derivative evaluation costs
only one straight-line

∫︁
Ĵθ rather than a nested double integral. All gradients still backpropagate

through θ because f̂base itself is a functional of Ĵθ.

Generalized teacher forcing

The recursive rollout is partially anchored to the encoded ground-truth via the GTF input

z̃dyn(t+ s∆t) = αTF zdyn(t+ s∆t) + (1− αTF) ẑdyn(t+ s∆t), (D.46)
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which then feeds the next-step prediction ẑdyn(t + (s + 1)∆t) = F̂ (z̃dyn(t + s∆t)). The mixing
weight αTF is annealed during training from αinit = 1 (pure teacher forcing) downward toward the
theoretical bound of Proposition 3,

α⋆
TF = 1− e−λ̂

(batch)
max , (D.47)

where λ̂
(batch)
max is the maximum Lyapunov exponent of the model’s own linearized rollout, computed

per training batch from the predicted Jacobians Ĵθ(z(tk)) along each batch trajectory by the same
discrete QR iteration used in §D.3.5. Because λ̂

(batch)
max is recomputed at every batch from the current

model and the current batch’s reference trajectories, the annealing target is data-adaptive: as the
model learns more chaotic dynamics, λ̂ (batch)

max grows, the bound α⋆
TF rises toward 1, and the schedule

keeps αTF above the Proposition 3 threshold that guarantees bounded recursive error. Conversely,
when the inferred dynamics are nearly stable, α⋆

TF→0 and the schedule permits aggressive annealing
toward free-running prediction. The per-batch decay rate (gamma_teacher_forcing, default 0.999)
controls how quickly αTF approaches the current bound from above; a hard floor αmin = 10−3

is enforced for numerical safety so that αTF never drops below this value even when the data-
adaptive bound would permit it. At validation time, the trajectory val_loss is reported at αTF = 0
(free-running) and the one-step MASE is reported at αTF = 1 (teacher-forced).

Latent prediction loss

The latent prediction loss (Eq. 4.11) penalizes the deviation between the rolled-out latent and the
encoded ground-truth latent at each prediction step:

Lpred,z(θ;x) = Et

[︄
T∑︂

s=1

⃦⃦
ẑdyn(t+ s∆t)− zdyn(t+ s∆t)

⃦⃦2
2

]︄
, (D.48)

where zdyn(t+s∆t) = PdynΨ(x̃(t+s∆t)) is the encoded ground-truth dynamic latent. In production
we use this plain mean-squared error directly, without per-batch generalized-variance normalization
or any other rescaling: because the encoder is volume-preserving (§D.3.1), the latent and the
delay-embedded observation share an absolute scale, and the reconstruction, latent-prediction, and
decoded-prediction MSE terms can be summed at equal weight (§D.3.6) without further normalization.

Decoded prediction loss

Eq. 4.12 introduces the decoded prediction loss, which compares the decoded prediction against the
observed delay-embedded data, projected to the most-recent slice Precent:

Lpred,x(θ;x) = Et

[︄
T∑︂

s=1

⃦⃦
PrecentΨ

−1
(︁
[Pdynẑ(t+ s∆t); 0]

)︁
− x(t+ s∆t)

⃦⃦2
2

]︄
. (D.49)

Precent extracts the most-recent dobs entries of the delay-embedded vector, eliminating redundant
comparison against entries that overlap with the conditioning window. This loss closes the loop
between the latent dynamics and the data on which they were defined: the encoder is forced to
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produce a latent whose forward time evolution decodes back to a trajectory that matches the
observation. Without this loss the encoder can drift to a latent on which the Jacobian-MLP fits well
but whose decoder image is unconstrained.

D.3.3 Loop-closure loss

Implementation

Loop-closure regularizes Ĵθ to be row-conservative, exploiting the fact that the path integral of a
gradient field along any closed contour vanishes. We sample loops in the dynamic-latent space as
concatenations of random straight-line segments connecting randomly selected data points: for each
batch we sample Nloops loops of Nloop pts ≥ 3 data points each, closing the polygon by appending the
first point to the end. The line integral along each segment is approximated by the same trapezoid
rule used for the path integral G (torchquad, Ninterp = 20 subdivisions per segment), and the
regularizer is the squared 2-norm of the accumulated row vector across the loop:

Lloop(θ;x) = Et

[︂⃦⃦∮︂
Cloop

Ĵθ ds
⃦⃦2
2

]︂
. (D.50)

By default the loops are mixed across trajectories within a batch (mix_trajectories=True); turning
this off restricts each loop to data points from a single trajectory, which we found to be slightly less
effective at sampling tangent-space directions orthogonal to the local flow.

Consistency under diffeomorphism

A natural concern is that loop closure is defined in the latent rather than the data space. The
following proposition verifies that the regularizer is well-posed in the sense that row-conservativity
transfers across C1 diffeomorphisms; in particular, training the latent Jacobian network against this
loss is a consistent inductive bias, not a misspecified one.

Proposition 4 (Diffeomorphic transfer of row-conservativity). Let f :M→ Rd be a C1 vector field
on an open set M⊆ Rd with Jacobian J = ∇f , and let ϕ :M→ ˜︂M be a C1 diffeomorphism with
Jacobian D = ∇ϕ. Define the pushforward field ˜︁f = ϕ∗f = Df ◦ ϕ−1 on ˜︂M. Then for every i, the
i-th row of ˜︁J = ∇˜︁f is the gradient of a scalar potential on ˜︂M iff the corresponding row of J is onM.

Proof. On simply connected domains, a C1 vector field is the gradient of a scalar potential iff its
line integral along every closed contour vanishes (Poincaré lemma). Let C ⊂ ˜︂M be a closed loop and
let ˜︁r : [0, 1]→ ˜︂M parameterize it. Pull back via ϕ−1 to a loop r = ϕ−1 ◦ ˜︁r in M. For row i, with
Ji,: = ∇ui for some scalar ui :M→ R,∮︂

C
˜︁Ji,: d˜︁r =

∮︂
ϕ−1(C)

Ji,: dr = 0, (D.51)
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because the line integral of a gradient field along any closed contour vanishes; conversely, every
closed loop inM has an image loop in ˜︂M under ϕ, so the vanishing transfers in both directions. ∎

D.3.4 Gramian computation

Continuous-time definitions

Along a reference trajectory of the linearized subsystem δżα(t) = Jα→α(z(t)) δzα(t)+Jβ→α(z(t)) δzβ(t)
of the pairwise tangent-space equation in §4.3, let Φα(t2, t1) denote the within-target state-
transition operator (propagator of δżα = Jα→α δzα on [t1, t2]), take the cross-area input matrix
as B(τ) ≜ Jβ→α(z(τ)), and take the output matrix as C(τ) ≜ Jα→β(z(τ))—the target-to-source
Jacobian block, i.e., the reverse-direction coupling through which the target’s state propagates back
into the source’s dynamics. The three pairwise Gramians on [t0, t1] are then

Wβ→α
r (t0, t1) ≜

∫︂ t1

t0

Φα(t1, τ)B(τ)B⊤(τ)Φα⊤(t1, τ) dτ, (D.52)

Wβ→α
c (t0, t1) ≜

∫︂ t1

t0

Φα(t0, τ)B(τ)B⊤(τ)Φα⊤(t0, τ) dτ, (D.53)

Wβ→α
o (t0, t1) ≜

∫︂ t1

t0

Φα⊤(τ, t0)C
⊤(τ)C(τ)Φα(τ, t0) dτ. (D.54)

The reachability Gramian Wβ→α
r (Eq. D.52) measures how much of target subsystem α’s state space

at the final time t1 can be reached from a unit-energy input applied through source subsystem β
over [t0, t1]; trWr summarizes the total reachable volume, and λmin(Wr) the worst-case direction.
The controllability Gramian Wβ→α

c (Eq. D.53) is the same input–output coupling propagated to
the initial time t0; equivalently, trW−1

c is the minimum input energy required to drive α from a
unit-norm state at t0 to the origin at t1. The observability Gramian Wβ→α

o (Eq. D.54) measures
how strongly perturbations to α’s state at t0 are read off by β over [t0, t1] via the target-to-source
coupling C—i.e., how well source area β observes target area α’s activity. As with reach, the β → α
superscript denotes the actor-on-target direction (here, β observing α); it is the natural dual of
Wβ→α

r along the same reference trajectory. We do not report observability summaries in the chapter
but include the definition for completeness because JacobianODE/control/gramians.py accepts
(A,B,C) = (exp(Jα→α∆t), Jβ→α, Jα→β) and computes all three Gramians simultaneously by the
same square-root QR mechanics.

Square-root QR iteration and numerical stability

We compute the time-varying reachability, controllability, and observability Gramians along the refer-
ence trajectory by a low-rank square-root QR iteration365, which preserves rank across time steps and
keeps the Gramian spectrum reliably computable even when the dynamic range spans many orders of
magnitude (as it does for chaotic latents). Implementation lives in JacobianODE/control/gramians.py.
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Discretize the LTV system along the trajectory at step ∆t, Ak = exp(Jα→α(z(tk))∆t), Bk =
Jβ→α(z(tk)). The square-root factor Sr,k of the reachability Gramian at step k is initialized to zero
and updated by

Zk =

[︃
Ak S

⊤
r,k

Bk

√
∆t

]︃
, Z⊤k = Qk Rk (reduced QR), Sr,k+1 = R⊤

k . (D.55)

The reachability Gramian at horizon T is recovered as Wr = Sr,TS
⊤
r,T ; the controllability Gramian

is computed by the analogous backward sweep with Pk = A−1
k replacing Ak.

Why log scaling is required. For chaotic latents the dynamic range of Sr,k spans many orders
of magnitude: the Frobenius norm grows or shrinks at rate ∼ eλmaxk∆t. Over the 10ms horizon
used for the main-text Gramian summaries the per-trajectory factor is modest, but over the longer
FTLE/asymptotic horizons used in §D.3.5 (T ∼ 104–105 samples) the unscaled ∥Sr,k∥F leaves the
float64 representable range entirely. The eigenvalues of Wr inherit this dynamic range squared , so
naively computing log trWr or log σi(Wr) on the unrescaled factor produces inf/nan, or quietly
saturates at the smallest representable singular value, long before the underlying signal has saturated.

The log-prefactor decomposition. We avoid the overflow by representing the square-root
factor as a product of an explicit log-domain scalar and a bounded matrix:

Sr,k = eℓk S̃r,k, ℓk ∈ R, ∥S̃r,k∥F ≤ 1, (D.56)

where ℓk accumulates the exponential magnitude and S̃r,k is the rescaled factor whose Frobenius
norm is bounded by 1 by construction. The Gramian itself satisfies

Wr,k = Sr,kS
⊤
r,k = e2ℓk S̃r,kS̃

⊤
r,k, (D.57)

so all eigenvalue and trace summaries factor into a closed-form ℓk contribution plus a bounded
contribution from S̃r,k.

Per-step update. At step k we form the stacked matrix

Zk =

[︄
Ak S̃

⊤
r,k

e−ℓk Bk

√
∆t

]︄
, (D.58)

where the driving term is itself rescaled by e−ℓk so that both blocks share the same log-domain
reference. We then compute ρk = max(∥Zk∥F , ϵ) (floored at ϵ = torch.finfo(float64).tiny to
avoid taking the log of zero on initial steps where S̃r,0 = 0), divide Zk by ρk, reduced-QR-factor the
result, and accumulate log ρk into ℓ:

Zk

ρk
= Qk R̃k, S̃r,k+1 = R̃⊤

k , ℓk+1 = ℓk + log ρk. (D.59)

Substituting Eq. D.56 into the Gramian recurrence Wr,k+1 = AkWr,kA
⊤
k + BkB

⊤
k∆t and using

Z⊤
kZk = R̃⊤

kR̃k verifies that Eq. D.59 preserves the invariant: Wr,k+1 = e2ℓkρ2k S̃r,k+1S̃
⊤
r,k+1 =

e2ℓk+1S̃r,k+1S̃
⊤
r,k+1. The bound ∥S̃r,k+1∥F ≤ 1 follows from ∥R̃k∥F = ∥QkR̃k∥F = ∥Zk/ρk∥F ≤ 1.
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Recovering log-trace and per-mode log-eigenvalues. At horizon T we recover the
summaries used in the chapter (§4.4) from the pair (S̃r,T , ℓT ). The log-trace is

log trWr(t0, t0 + T∆t) = 2ℓT + log
⃦⃦
S̃r,T

⃦⃦2
F
, (D.60)

and the per-mode log-eigenvalues come from the SVD S̃r,T = Ũ diag(σ̃i) Ṽ
⊤:

log λi(Wr) = log σ2
i (Sr,T ) = 2ℓT + 2 log

(︁
max(σ̃i, ϵ)

)︁
. (D.61)

The inverse-log-trace log trW−1
r is computed entirely in the log domain via the log-sum-exp identity

on the per-mode log-eigenvalues, so the smallest eigenvalues (which dominate trW−1
r but are most

vulnerable to underflow) are recovered without intermediate exponentiation.

Numerical safeguards. The full square-root QR iteration runs in float64; no intermediates
are downcast. The SVD on the rescaled factor uses torch.linalg.svd with driver=’gesvd’ (the
more numerically stable QR-based driver, preferred over ’gesdd’ for the ill-conditioned rescaled
factors that arise near the smallest singular values), and singular values are clamped at ϵ before
taking logarithms. The log-prefactor floor ρk ≥ ϵ guarantees that ℓk stays in the float64 range even
on initial steps where Z0 = [0; B0

√
∆t] would otherwise have a vanishingly small Frobenius norm.

The horizon used for the main-text propofol analyses is t1 − t0 = 10∆t at ∆t = 1ms, i.e., a 10ms
window.

Metric-adjusted Gramians

Theorem 1 guarantees that the pairwise reachability Gramian is preserved under an isometric direct-
sum encoder. The NICE–Cayley encoder is volume-preserving but in general not isometric, so we addi-
tionally provide a metric-adjusted variant of the Gramian (JacobianODE/control/gramians_metric.py)
that re-weights the input matrix B by an arbitrary per-step right-factor Bfactor(τ):

Wmetric
r (t0, t1) =

∫︂ t1

t0

Φα(t1, τ)B(τ)Bfactor(τ)Bfactor(τ)
⊤B⊤(τ)Φα(t1, τ)

⊤ dτ. (D.62)

The natural choice is Bfactor = J−⊤
E evaluated on the source-area input space at τ , which gives

BfactorB
⊤
factor = (JEJ

⊤
E)

−1 = R, the induced latent-space metric (§D.3.1). Under this choice, control
effort is measured in the obs-space-induced inner product on the latent control space rather than in
the bare latent Euclidean inner product, which removes the residual non-isometry of the encoder from
the reachability calculation. When the factors are absent (Bfactor = I), the metric-adjusted routine
reproduces the standard square-root QR iteration of §D.3.4 numerically. The metric-adjusted variant
is available in the codebase as an experimental construction; in the present paper, the production
propofol-cohort figures use the standard square-root QR Gramian of §D.3.4 (no metric adjustment),
so the directional reach/ctrl log-trace summaries we report are invariants up to encoder-induced
similarity rather than exact diffeomorphism invariants.
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D.3.5 Lyapunov exponent computation

The Lyapunov spectrum of the latent dynamics is computed by discrete QR iteration127 on the se-
quence of per-step generators Ak = exp(Ĵθ(z(tk))∆t). Implementation lives in JacobianODE/jacobians/analysis.py:compute_lyaps.

Starting from Q0 = Iddyn×k for top-k exponents (or k = ddyn for the full spectrum), at each step we
QR-factor

Ak Qk−1 = Qk Rk, (D.63)
enforcing positive diagonal of Rk by sign correction (column-wise multiplication of Qk by the sign
of diag(Rk)), and accumulate the log-diagonal:

λi =
1

T∆t

T∑︂
k=1

log |Rk,ii|, i = 1, . . . , k. (D.64)

The full spectrum reported in the chapter (§4.4) is estimated per resting-state window (§D.4.3)
and averaged across the windows of each condition: for each window we run the QR iteration over
its valid latent trajectory, truncated to Tmax = 2000 samples (2, s at the 1, kHz step, by which
the leading exponents have stabilised). Each condition retains ∼20–30 windows (∼!3× 104 latent
samples per condition in aggregate). The exponents are sorted in descending order at the end and
divided by ∆t to convert to continuous-time exponents. All arithmetic is in float64.

The 10-ms finite-time Lyapunov (FTLE) summaries are derived from the same per-step QR contri-
butions, post-processed in the analysis pipeline by accumulating

∑︁
i log |Rk,ii| over non-overlapping

10-sample windows and averaging across windows to obtain the per-window generator log-determinant
trace. The FTLE-max and FTLE-full-spectrum-mean reported in the chapter (§4.4) are computed
at this 10-sample window length.

D.3.6 Training details

Optimizer and weight decay

Training uses AdamW476 with β1 = 0.9, β2 = 0.999, ε = 10−8, weight decay 10−4, and gradient
clipping at ℓ2 norm 1.0. Encoder and Jacobian-MLP parameters share a single optimizer with the
same hyperparameters.

Learning rate schedule

The learning rate is coupled to the teacher-forcing strength via the TeacherForcingLRScheduler
(JacobianODE/jacobians/lightning_base.py). Let α = αTF and let α̃ = (α − αmin)/(1 − αmin)
be the renormalized TF strength on [0, 1]. The per-step learning rate is

LR(t) = LRmin + s(α̃) ·
(︁
LRstart − LRmin

)︁
, s(α̃) =

α̃

α̃+ (1− α̃) exp(−k α̃)
, (D.65)
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where k is a fixed shape parameter. In production we use k = 1 (k_scale: 1 in every conf/experiment/*.yaml),
which makes s(α̃) approximately linear in α̃ for α̃ near 1 and slightly compresses LR decay near
α̃ = 0 relative to the bare linear schedule k = 0; the effect is a more gradual LR drop early in
training (when αTF is still close to 1) and a slightly steeper drop toward the floor late in training.
The two strengths anneal together: as αTF decays from αinit = 1 toward αmin, the LR follows it
down toward LRmin. We use LRstart = 10−4, LRmin = 10−6, αmin = 10−3.

Early stopping and two-stage protocol

Training runs until early stopping on the free-running trajectory validation loss with patience 5 epochs
and a minimum of 15 epochs. For the sample-systems experiments (Lorenz fully observed, Lorenz
partially observed, WMTask RNN fully observed, WMTask RNN partially observed), we use the
two-stage protocol of39 as implemented in JacobianODE/jacobians/tuning/two_stage_cull.py:
Stage A trains every cell of the sweep grid for 20 epochs (stage_a_epochs=20), after which a culling
step retains the top-⌈(1− c)N⌉ cells ranked by best-so-far median trajectory val_loss, and Stage B
warm-starts the retained cells from the Stage A last.ckpt and continues until the early-stopping
criterion fires. For the propofol cohort, we ran only a single full sweep—without a Stage A cull—after
pilot runs established that the best nd always fell within {5, 10, 15}; the full 3× 7 per-session grid is
then small enough that the cull does not deliver wall-time savings comparable to the sample-systems
regime.

D.3.7 Hyperparameter selection

Sweep grid

For the propofol cohort, each session is trained on a per-session grid over two hyperparameters: the
delay-embedding depth nd and the loop-closure regularizer weight λloop. The nd range {5, 10, 15} was
established by pilot runs (early sweeps with a wider candidate set always selected one of these three
values); the λloop range is the canonical seven-point geometric grid {0, 10−6, . . . , 10−1} used in39. All
other architecture and training settings (Table D.2) are held fixed across the cohort. The per-session
grid therefore has 3× 7 = 21 cells, and the cohort comprises 21 sessions, for 441 production training
runs in total.

Fixed per-session architecture and training settings are reported in Table D.2.

Selection criteria

For each session we select a single chosen run from the 21-cell sweep by applying two hard criteria (C1
and C2, Table D.3) and ranking the survivors by free-running trajectory validation loss. The criteria
gate the cells before ranking rather than serving as a post-hoc tiebreaker, so a cell that achieves the
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Table D.1: Per-session sweep grid for the propofol cohort. Sample-systems experiments swept a wider grid
in a two-stage protocol; see Table D.4 for the chosen sample-systems runs.

Variable Values

Delay depth nd {5, 10, 15} (3-point grid)
Loop-closure weight λloop {0, 10−6, 10−5, 10−4, 10−3, 10−2, 10−1} (7-point geomet-

ric)
Total cells per session 3× 7 = 21
Number of sessions 21 (10 NHP 1 + 11 NHP 2)
Total production training runs 21× 21 = 441

Table D.2: Fixed per-session architecture and training settings.

Encoder coupling layers L 16
Conditioner MLP width 1024
Conditioner depth 2 hidden layers, SiLU activation
Dynamic dim chosen by PCA on delay-embedded train, variance threshold 0.99
Jacobian MLP widths (2048, 2048, 4096, 4096), SiLU activation
Condition vector dim dc 1 (binary {−1,+1})
Latent prediction loss weight 1
Decoded prediction loss weight 1
Reconstruction loss weight 1
Trajectory sequence length 25 samples
Sequence spacing 15 samples
Prediction steps 10
Initial window Tinit 15
Training noise (obs_noise_scale) 0 for the chosen production cohort
Optimizer AdamW, weight decay 10−4

LR schedule TeacherForcingLRScheduler, 10−4→10−6

Early stopping patience 5 epochs (free-running trajectory val_loss)
Minimum epochs 15

lowest trajectory val_loss but fails C1 or C2 is rejected. C1 (decoder-corrected one-step MASE < 1)
certifies that the model’s one-step prediction beats the decoded-persistence baseline on the validation
split; C2 (loop-closure <

√︁
ddyn) certifies that the learned Jacobian is approximately row-conservative

on the per-session dynamic subspace. We do not gate on C3 (small fast-eigenvalue fraction): although
it is computed alongside C1 and C2 in JacobianODE/jacobians/tuning/selection.py, dropping
it from the selection rule produces the identical chosen run on every session of the propofol cohort, so
it does not bind in practice. The implementation reads the per-cell val metrics from the W&B logger,
evaluates each criterion, and returns the chosen run name (which we recover from chosen_extras.pkl
for downstream analysis).
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Table D.3: Per-session model-selection criteria. Among the 21 cells of each session’s sweep, the chosen run
is the one that minimizes the free-running trajectory val_loss subject to passing both criteria.

C1 (one-step accuracy) decoder-corrected one-step MASE < 1 on the validation split.
The decoder-corrected variant subtracts the reconstruction
floor by comparing the predicted next-step against the decoded
encoded ground-truth next-step rather than the raw observation;
this prevents the reconstruction floor itself from disqualifying
otherwise-good cells.

C2 (loop closure) loop-closure validation loss <
√︁
ddyn, with ddyn the per-session

dynamic-subspace dimension.
Tie-break among cells passing C1–C2, the one minimizing free-running

trajectory val_loss is chosen.

Sample-systems run identifiers and chosen hyperparameters

The W&B run identifiers for the four sample-systems runs reported in the chapter (§4.4) are reported
in Table D.4.

Table D.4: Run IDs for the four sample-systems runs reported in the chapter (§4.4).

Run Run ID Native prediction horizon (steps)

Lorenz, fully observed ns3oemeh 30
WMTask RNN, fully observed uq0q07eo 30
Lorenz, partially observed db6w4w0x 30
WMTask RNN, partially observed gagriild 20

Evaluation is on the held-out test split at 10 prediction steps with αTF = 0 (free-running) for R2

and αTF = 1 (teacher-forced) for one-step MASE. Selection criteria match the per-session criteria
above (C1–C2 with best-trajectory-loss tie-break).

Per-session chosen hyperparameters for the propofol cohort

The chosen nd landed at each of {5, 10, 15} at least twice across the cohort, and λloop ranged from
10−5 to 10−1; no single sweep cell dominated, confirming that the per-session selection reflects
genuine cross-session variation rather than a degenerate winner. Any analysis directories carrying
the smallenc recipe slug (a separate encoder-size investigation that is not part of the production
cohort) are excluded from this table at the extraction stage; the audit CSV emitted by the extraction
script documents the exclusions.
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Table D.5: Per-session chosen hyperparameters under the C1–C2 criterion across the 21 propofol-cohort
sessions. The chosen (nd, λloop) pair was selected from each session’s 3 × 7 sweep by minimizing the free-
running trajectory val_loss subject to C1–C2; ddyn is the per-session PCA-99% dynamic-subspace dimension
on the delay-embedded train data (sum across the four areas), and depends on nd. Session labels follow
the <YYYYMMDD>-<NN> convention. Values extracted from the on-disk chosen_extras.pkl and per-session
report.md artifacts; see figures/paper/extract_chosen_hyperparams.py.

Session Animal nd λloop ddyn

20160809-01 NHP 1 5 10−4 115
20160818-02 NHP 1 5 10−2 93
20160822-02 NHP 1 5 10−1 97
20160826-02 NHP 1 10 10−3 129
20160831-02 NHP 1 15 10−2 96
20160902-02 NHP 1 10 10−4 135
20160908-02 NHP 1 5 10−2 128
20160912-02 NHP 1 10 10−3 144
20160914-02 NHP 1 10 10−1 136
20160916-02 NHP 1 5 10−3 110

20160105-01 NHP 2 10 10−1 176
20160107-01 NHP 2 10 10−3 146
20160109-01 NHP 2 10 10−2 134
20160113-01 NHP 2 10 10−3 153
20160121-01 NHP 2 5 10−4 107
20160123-01 NHP 2 10 10−5 133
20160125-01 NHP 2 10 10−4 164
20160201-01 NHP 2 10 10−4 173
20160206-01 NHP 2 5 10−1 120
20160210-01 NHP 2 15 10−5 166
20160301-01 NHP 2 5 10−1 128

D.4 Experimental details

D.4.1 Dynamical systems data

Lorenz system

We use the canonical Lorenz60 system, ẋ = σ(y − x), ẏ = x(ρ − z) − y, ż = xy − βz, with the
standard chaotic parameters σ = 10, ρ = 28, β = 8/3. Following39, trajectories are simulated using
the dysts package357, which samples each dynamical system at 100 time steps per characteristic
Fourier-spectrum timescale. Integration uses scipy.integrate.solve_ivp (default Radau, or RK45
when configured) through the dysts backend (JacobianODE/dysts_sim/flows.py). We use nics =
32 trajectories of nperiods = 12 Fourier periods each (1200 samples per trajectory), with initial
conditions perturbed from the system’s default IC by Gaussian noise of standard deviation 0.2
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(new_ic_mode=’random’, traj_offset_sd=0.2). The train/test split is the standard 80/20 split
across trajectories. For the fully observed variant, we expose all three dimensions (x, y, z) as the
per-subsystem observation. For the partially observed variant, we observe only the x coordinate
(dobs = 1) and delay-embed before encoding. To evaluate the methods under observation noise, we
additionally train with 1%, 5%, and 10% Gaussian observation noise added i.i.d. over time, where
the percentage is the ratio of the Euclidean norm of the noise to the mean Euclidean norm of the
data.

Task-trained working-memory selection RNN

The 128-dimensional task-trained RNN is the working-memory selection network of39, inspired by368

(codebase: ControlJacobians/wmtask/wmtask.py). The RNN has continuous-time dynamics

τ ḣ(t) = −h(t) + Whh σ(h(t)) + Whi u(t) + b, o(t) = Wohh(t), (D.66)

discretized in implementation by Euler integration as hk+1 = hk+(∆t/τ)
[︁
−hk+(Whi⊙maskin)uk+

Whh σ(hk) + b
]︁

with τ = 0.05 s and ∆t = 0.02 s. Here Whh ∈ R128×128 defines the recurrent
weights, Whi maps the input into the hidden state, Woh ∈ R4×128 maps the hidden state to a
four-dimensional output, b is a bias term, and σ is the exponential linear unit (ELU) activation
(σ′(h) = 1 for h > 0 and σ′(h) = exp(h) otherwise). The network has two 64-neuron areas (denoted
N1 = N2 = 64 in the codebase): a “visual” area (which receives sensory input via an input mask
zeroing the cognitive-area inputs) and a “cognitive” area (whose readout mask zeros the visual-area
outputs). The within-area weights are initialized with greater connectivity strength than the across-
area weights; because input enters only the visual area and output exits only the cognitive area, the
two areas are forced to interact to solve the task. The RNN solves a working-memory selection task
with trial structure (in milliseconds): fixation 500, stimuli 500, delay 1 750, cue 100, delay 2 750,
response 250 (total 2850ms); on each trial two of four colors are presented (one-hot vectors) during
the stimulus epoch, and the cue then selects one of the two for the response. The RNN achieves
100% accuracy. JacobianODE training is performed on the post-cue delay + response portion of
the trial, where the dynamics are state-locked to the cued color. The discrete Jacobian along the
rollout is Jdisc = I+(∆t/τ)

(︁
−I+Whh diag(σ

′(h))
)︁
. For the partially observed variant, we retain 16

randomly chosen channels from each of the two areas (dobs = 32 total). We condition the model on
the discrete trial-condition variable c ∈ {−1,+1} corresponding to the cued color. As in the Lorenz
case, we add 5% Gaussian observation noise during training;39 reports that this improves Jacobian
estimation across all systems considered there.

Synthetic two-area linearization (conceptual control factors)

Figure 4.1E illustrates, on a small synthetic linear system, how the pairwise reachability and
controllability Gramians depend on four properties of a source→target interaction: the target area’s
dynamic stability, and the magnitude, alignment, and dimensionality of the cross-area coupling
block (codebase: JacobianODE/_notebook/render_damping_vs_coupling.py). In every case we
form a source→target control system (Atgt,B,C)—with Atgt the target’s within-area dynamics and
B = C the coupling block playing the role of Jβ→α—and compute the reachability and controllability
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Gramians by the same square-root QR pipeline used for the learned models (§D.3.4), over a horizon
of T = 1000 steps at ∆t = 0.01 (10 s), reporting log trW.

Stability and magnitude (coupled damped-oscillator areas). For the stability and
magnitude factors the system is an 8-D pair of two 4-D areas. Each area’s 4× 4 intrinsic block is
a direct sum of two planar damped-rotation blocks o(d, ω) =

[︁ −d ω
−ω −d

]︁
at frequencies ω1 = 1.0 and

ω2 = 2.3 and common damping d; the coupling is isotropic, B = C = g I4. To vary dynamic stability
we sweep the target damping d = b from 0.8 down to 0.02 (40 log-spaced values; source damping
fixed at 0.8, g = 0.25); the abscissa is the system stability −maxiReλi(A), which decreases as
b→ 0. To vary coupling magnitude we sweep g from 0.02 to 1.5 (50 linearly-spaced values; target
damping fixed at 0.4), so that ∥B∥F = 2g.

Alignment and dimensionality (fixed diagonal target, shaped coupling). For
the alignment and dimensionality factors we fix a 4-D target with diagonal dynamics Atgt =
−diag(0.3, 0.6, 1.0, 1.5) (eigen-timescales ordered slow→fast) and shape the coupling block B to have
a prescribed set of squared singular values {σ2

m} with left singular vectors aligned to the target
eigenbasis, holding the total energy fixed at ∥B∥2F =

∑︁
m σ2

m = 1. Coupling alignment is varied by
sweeping the energy σ2

1 that B places on the slowest target mode from 0.05 to 0.95 (30 values),
spreading the remaining energy uniformly over the other modes. Coupling dimensionality is varied by
sweeping the participation ratio PR(σ2) =

(︁∑︁
m σ2

m

)︁2
/
∑︁

m σ4
m of the coupling spectrum (from ≈ 2

to ≈ 3) along two mirrored paths that redistribute the off-leading energy toward either the slowest or
the fastest minor mode; the two paths share the same PR at each step but yield different Gramians,
illustrating that the dimensionality scalar alone does not determine reachability/controllability—the
direction in which the coupling spreads its energy, relative to the target’s own timescales, also
matters.

D.4.2 Non-human primate electrophysiology

The neural data for this study is the propofol cohort previously deposited in association with37,
comprising 21 sessions from two rhesus macaques (Macaca mulatta), denoted NHP 1 and NHP 2.
NHP 1 was female, aged 8 years, ∼ 6.6 kg; NHP 2 was male, aged 14 years, ∼ 13.0 kg. All procedures
followed the guidelines of the Massachusetts Institute of Technology Committee on Animal Care
and the National Institutes of Health. The animals were pair-housed in temperature-controlled
environments, were not involved in previous procedures, and were surgically implanted with a
subcutaneous vascular access port (Model CP-6, Norfolk Access Technologies, Skokie, IL) at the
cervicothoracic junction of the neck, with the catheter tip reaching the termination of the superior
vena cava via the external jugular vein. Both NHPs were implanted with 8× 8 chronic Utah arrays
(“Utah arrays”, MultiPort: 1.0mm shank length, 400µm spacing, Blackrock Microsystems, Salt Lake
City, UT), yielding 64 channels per multi-electrode array. Electrodes were placed in four areas:
ventrolateral prefrontal cortex (vlPFC), frontal eye fields (FEF), posterior parietal cortex (PPC), and
auditory cortex (STG). In each session, the NHP performed a non-demanding pre-anesthesia task
(passive airpuff/tone classical conditioning); following this task, the NHP was infused with propofol
anesthesia for 60 minutes (30 minutes at a higher loading dose of 0.58mg kg−1min−1 for NHP 1
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and 0.285mg kg−1min−1 for NHP 2; 30 minutes at a lower maintenance dose of 0.32mg kg−1min−1

for NHP 1 and ∼ 0.075mg kg−1min−1 for NHP 2). The infusion was then stopped and the NHP
gradually returned to a normal awake state. Propofol was intravenously infused via a computer-
controlled syringe pump (PHD ULTRA 4400, Harvard Apparatus).

LFP recording and preprocessing. Local field potentials were recorded at 30 kHz and
filtered online via a lowpass at 250Hz, then downsampled to 1 kHz. Areas STG and PPC shared a
common subdural ground/reference; areas FEF and vlPFC each had their own ground/reference.
Across recording sessions, a synchronization test signal with locally unique temporal structure was
simultaneously injected on one auxiliary analog channel of each system and used to rectify residual
cross-system timing offsets (event-code shifts plus linear interpolation to a common time base).
Following37 we removed the across-session per-channel mean from each LFP, line-noise-removed
via temporally windowed sinusoidal fits at 60Hz and all harmonics (and at the empirically found
107.35, 214.7, 190.2, 196.8, 393.6Hz line-noise frequencies), and low-pass filtered each LFP at
300Hz with a third-order bidirectional Butterworth. Signals were subsequently low-pass filtered at
80Hz. We did not remove eye-movement or muscle artifacts: intracortical recordings (in contrast
to scalp EEG/MEG) are not subject to the same scalp-contact contamination, so these signals
are non-cerebral by location but not by amplitude (the recording site is below the dura). All four
areas were included in the analysis with no per-channel averaging within an area: the analysis
models population dynamics, and channel averaging discards the information that the per-channel
representation transforms over time.

Amplitude-threshold artifact rejection. To remove residual recording artifacts (e.g. elec-
trical transients or movement-induced glitches) we applied the same amplitude-threshold rejection
procedure used in the cross-anesthetic destabilization study of Eisen et al. [38] (the same procedure
was introduced for the propofol cohort in37). We first split each session into non-overlapping windows
of the length used for analysis (W = 15 s; §D.4.3). Within each window we computed, for every
electrode, its maximum absolute amplitude over the full window. If two or more electrodes exceeded
1mV within a window, that window was excluded from all subsequent analysis; any electrode that
exceeded the 1mV threshold was additionally excluded from the remainder of that session. As
an added safeguard against onset transients, we also excluded the window immediately preceding
any window in which an artifact was detected. Across the propofol cohort this procedure removed
between 4 and 23 electrodes per session and between 6% and 44% of windows per session. The
surviving per-channel, per-window validity mask is the noise-valid mask consumed by the resting-
state window selection of §D.4.3; because electrodes were never averaged within an area (above),
a rejected electrode is simply dropped from the population state for the remainder of the session
rather than imputed.

D.4.3 Selection of resting-state windows

Resting-state windows for the propofol cohort are carved by the loader, which retains only the two
protocol epochs of interest (“awake” and “maintenance dose”) and explicitly excludes the induction
and loading-dose transients (these epochs are simply not assigned to any of the per-condition output
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sections). Within each retained epoch, candidate windows begin at least tpost trial = 3.0 s after
each preceding behavioral-trial offset, are W = 15 s long, and are advanced with stride S = 15 s
(non-overlapping). A candidate is kept only if at least 1.5 s of contiguous samples survive the
per-channel noise-valid mask (computed from a per-session amplitude-threshold rejector); shorter
contiguous blocks are coalesced where possible. Each retained window is assigned to a condition by
the position of its midpoint relative to infusion start. The default per-channel decimation factor is 1
(no downsampling). Because windows are non-overlapping with stride equal to length, the resulting
awake and maintenance corpora are exhaustive on the retained epochs and identical across sessions
in structure; the only per-session degrees of freedom are the noise-valid channel mask and the exact
number of windows that survive coalescing in each condition.

D.5 Statistical analyses

D.5.1 Sign-agreement gate

For every 4×4 source–target cell or per-area summary axis, we compute the per-NHP mean of the
per-session paired difference (anesthesia − awake), separately for NHP 1 and NHP 2. A cell is
admitted to significance testing only if these two per-NHP means agree in sign. The gate is a guard
against pooled artifacts: a near-zero pooled difference produced by two equal-and-opposite per-NHP
shifts is not a population-level signal, and the gate rejects such cells before any p-value is computed.
We do not interpret cells that fail this gate even if the pooled Wilcoxon would have been significant.

D.5.2 Pooled signed-rank test

For the per-pair 4×4 grids we apply a one-sided Wilcoxon signed-rank test in the agreed-upon
direction. For the per-area summary axes we apply a two-sided test on the pooled paired differences.
For the session-level single-quantity metrics (R2, decoder-corrected MASE) we report per-NHP
and pooled paired two-sided Wilcoxon. Wilcoxon was chosen over a paired t-test because the
per-session paired differences are heavy-tailed in several metrics and the sample size (n = 21) is
small enough that the assumptions of the t-test cannot be confidently verified. All Wilcoxon tests
use scipy.stats.wilcoxon with the zero_method=’wilcox’ convention for tied pairs.

D.5.3 Benjamini–Hochberg correction across the 4×4 grid

For each 4×4 grid (reach trace, reach inverse trace, ctrl trace, ctrl inverse trace, block Frobenius
norm, block participation ratio) we apply Benjamini–Hochberg FDR control across the 16 cells at
q < 0.05. The grid-level family is the appropriate test family because the cells of each grid share a
common per-session denominator and the substantive question is which cells of the grid carry the
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signal. The per-area summary axes are tested separately at p < 0.05 because the axis-level family is
single-axis.

D.6 Per-pair statistical tables

The chapter reports the 4×4 source–target heatmaps of mean differences (anesthesia − awake) for
the six per-pair quantities tested in this study and flags significant cells in the figures. The following
tables provide the underlying numerical detail for each cell that passes the sign-agree + Benjamini–
Hochberg gate at q < 0.05 (§D.5.1–D.5.3). For each significant cell we list: the source→target pair,
the pooled paired-difference mean ± standard error of the mean (across all 21 sessions), the per-NHP
mean differences separately for NHP 1 and NHP 2 (which by the sign-agree gate must share the same
sign), and the (one-sided, in the agreed direction) pooled Wilcoxon signed-rank p-value before BH
correction. Cells that fail the sign-agree gate or the BH-FDR cut are omitted from each table. The
six tables in this section cover the four directional Gramian summaries reported in Figure 4.5 (reach
log trW, reach log trW−1, ctrl log trW, ctrl log trW−1) plus the per-block Jacobian summaries
(block Frobenius norm, block participation ratio).

Reachability log-trace log trW

Per-pair (anesthesia − awake) differences in reach log trW are reported in Table D.6.

Table D.6: Per-pair reach log trW, anesthesia − awake, n = 21 sessions. All cells listed pass the sign-agree
+ BH-FDR gate at q < 0.05.

source → target pooled ∆±SEM per-NHP ∆ (NHP 1, NHP 2) p

PPC → PPC −0.1006± 0.0130 −0.1218, −0.0813 9.54×10−7

PPC → STG −0.0709± 0.0328 −0.1228, −0.0237 0.01753
PPC → vlPFC +0.2451± 0.0774 +0.3348, +0.1635 0.006346
STG → PPC −0.3917± 0.0555 −0.5249, −0.2706 4.77×10−7

STG → STG −0.0666± 0.0127 −0.0824, −0.0522 5.25×10−5

STG → FEF −0.1267± 0.0334 −0.1117, −0.1404 0.0008001
STG → vlPFC −0.1179± 0.0275 −0.1089, −0.1261 4.20×10−5

FEF → PPC −0.3001± 0.0325 −0.3361, −0.2673 4.77×10−7

FEF → STG −0.2026± 0.0421 −0.3147, −0.1008 8.06×10−5

FEF → FEF −0.1518± 0.0109 −0.1689, −0.1362 4.77×10−7

FEF → vlPFC +0.1330± 0.0479 +0.1110, +0.1531 0.009737
vlPFC → PPC −0.2767± 0.0465 −0.3887, −0.1748 1.43×10−6

vlPFC → STG −0.3110± 0.0375 −0.3667, −0.2604 9.54×10−7

vlPFC → vlPFC −0.1292± 0.0155 −0.1682, −0.0936 1.43×10−6

202



Reachability inverse log-trace log trW−1

Per-pair (anesthesia − awake) differences in reach log trW−1 are reported in Table D.7.

Table D.7: Per-pair reach log trW−1, anesthesia − awake. All cells listed pass the gate.

source → target pooled ∆±SEM per-NHP ∆ (NHP 1, NHP 2) p

PPC → PPC +0.4176± 0.1347 +0.7230, +0.1400 0.0001464
PPC → STG +0.4167± 0.0669 +0.3490, +0.4782 9.06×10−6

PPC → FEF +0.3425± 0.0681 +0.4447, +0.2497 9.06×10−6

STG → PPC +0.3682± 0.0339 +0.3707, +0.3659 4.77×10−7

STG → STG +0.1855± 0.0557 +0.1444, +0.2228 1.57×10−5

STG → FEF +0.3242± 0.0402 +0.4042, +0.2515 4.77×10−7

STG → vlPFC +0.2791± 0.0278 +0.2322, +0.3217 4.77×10−7

FEF → PPC +0.3394± 0.0335 +0.3027, +0.3727 4.77×10−7

FEF → STG +0.3546± 0.0339 +0.3917, +0.3208 4.77×10−7

FEF → FEF +0.3347± 0.1043 +0.2788, +0.3856 4.77×10−7

FEF → vlPFC +0.2154± 0.0272 +0.2051, +0.2248 4.77×10−7

vlPFC → PPC +0.4035± 0.0397 +0.4622, +0.3501 4.77×10−7

vlPFC → STG +0.4827± 0.0617 +0.4959, +0.4706 2.38×10−6

vlPFC → FEF +0.4442± 0.0747 +0.5966, +0.3056 1.43×10−6

Controllability log-trace log trW

Per-pair (anesthesia − awake) differences in ctrl log trW are reported in Table D.8.

Controllability inverse log-trace log trW−1

Per-pair (anesthesia − awake) differences in ctrl log trW−1 are reported in Table D.9.

Jacobian block Frobenius norm ∥Ĵij∥F

Per-pair (anesthesia − awake) differences in the Jacobian block Frobenius norm are reported in
Table D.10.
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Table D.8: Per-pair ctrl log trW, anesthesia − awake. All cells listed pass the gate.

source → target pooled ∆±SEM per-NHP ∆ (NHP 1, NHP 2) p

PPC → PPC −0.3193± 0.0475 −0.3105, −0.3274 3.34×10−6

PPC → STG −0.4217± 0.0527 −0.4447, −0.4008 2.38×10−6

PPC → FEF −0.2975± 0.0578 −0.3062, −0.2895 4.77×10−6

STG → PPC −0.5151± 0.0791 −0.6274, −0.4131 4.77×10−7

STG → STG −0.3830± 0.0427 −0.3511, −0.4121 4.77×10−7

STG → FEF −0.4218± 0.0531 −0.4735, −0.3748 4.77×10−7

STG → vlPFC −0.3410± 0.0343 −0.2940, −0.3838 4.77×10−7

FEF → PPC −0.4867± 0.0706 −0.5920, −0.3909 3.34×10−6

FEF → STG −0.6202± 0.0623 −0.7128, −0.5361 4.77×10−7

FEF → FEF −0.2879± 0.0339 −0.3195, −0.2592 4.77×10−7

FEF → vlPFC −0.1653± 0.0578 −0.1496, −0.1796 0.005063
vlPFC → PPC −0.4950± 0.0655 −0.5774, −0.4202 1.43×10−6

vlPFC → STG −0.6657± 0.0536 −0.6806, −0.6523 4.77×10−7

vlPFC → FEF −0.4487± 0.0637 −0.5770, −0.3320 4.77×10−7

vlPFC → vlPFC −0.2069± 0.0224 −0.2004, −0.2127 4.77×10−7

Table D.9: Per-pair ctrl log trW−1, anesthesia − awake. All cells listed pass the gate.

source → target pooled ∆±SEM per-NHP ∆ (NHP 1, NHP 2) p

PPC → PPC +0.5058± 0.1475 +0.8585, +0.1853 6.53×10−5

PPC → STG +0.4384± 0.0706 +0.3351, +0.5323 1.19×10−5

PPC → FEF +0.4495± 0.0751 +0.5844, +0.3268 9.54×10−7

PPC → vlPFC +0.1757± 0.0510 +0.1295, +0.2176 0.001876
STG → PPC +0.4083± 0.0362 +0.4392, +0.3802 4.77×10−7

STG → STG +0.2374± 0.0583 +0.1913, +0.2794 2.62×10−5

STG → FEF +0.4461± 0.0473 +0.5567, +0.3456 4.77×10−7

STG → vlPFC +0.4118± 0.0283 +0.3845, +0.4366 4.77×10−7

FEF → PPC +0.3786± 0.0363 +0.3637, +0.3922 4.77×10−7

FEF → STG +0.3888± 0.0380 +0.4051, +0.3740 4.77×10−7

FEF → FEF +0.4758± 0.1091 +0.4705, +0.4805 4.77×10−7

FEF → vlPFC +0.3386± 0.0312 +0.3371, +0.3399 4.77×10−7

vlPFC → PPC +0.4511± 0.0496 +0.5531, +0.3583 4.77×10−7

vlPFC → STG +0.5252± 0.0600 +0.5085, +0.5403 9.54×10−7

vlPFC → FEF +0.5602± 0.0801 +0.7317, +0.4044 4.77×10−7

Jacobian block participation ratio PR(σ2
ij)

Per-pair (anesthesia − awake) differences in the Jacobian block participation ratio are reported in
Table D.11.
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Table D.10: Per-pair ∥Ĵij∥F , anesthesia − awake. All cells listed pass the gate.

source → target pooled ∆±SEM per-NHP ∆ (NHP 1, NHP 2) p

PPC → PPC −47.4514± 7.7469 −65.5622, −30.9870 1.19×10−5

PPC → STG −25.0390± 2.9885 −30.0683, −20.4668 4.77×10−7

PPC → FEF −18.3192± 1.7879 −19.1833, −17.5336 4.77×10−7

PPC → vlPFC −13.6493± 1.3243 −11.9255, −15.2164 4.77×10−7

STG → PPC −8.1960± 1.6578 −11.8104, −4.9101 5.25×10−5

STG → STG −72.6155± 7.6688 −70.2020, −74.8096 9.54×10−7

STG → FEF −17.3419± 1.9623 −20.6818, −14.3057 4.77×10−7

STG → vlPFC −18.1553± 1.8810 −14.9224, −21.0943 4.77×10−7

FEF → PPC −2.3021± 1.0957 −1.4782, −3.0511 0.03507
FEF → STG −13.4517± 1.3642 −13.5055, −13.4027 4.77×10−7

FEF → FEF −118.1231± 9.7532 −138.5780, −99.5278 4.77×10−7

FEF → vlPFC −10.3758± 1.5540 −13.4146, −7.6131 3.34×10−6

vlPFC → STG −14.6888± 1.5594 −9.9267, −19.0181 4.77×10−7

vlPFC → FEF −4.2621± 2.3600 −5.5720, −3.0713 0.04790
vlPFC → vlPFC −89.6821± 8.0704 −93.6591, −86.0666 4.77×10−7

Table D.11: Per-pair PR(σ2
ij), anesthesia − awake. Only six cells pass the gate (four diagonal blocks plus

the FEF↔vlPFC reciprocal pair).

source → target pooled ∆±SEM per-NHP ∆ (NHP 1, NHP 2) p

PPC → PPC −0.5508± 0.0991 −0.5169, −0.5817 6.68×10−6

STG → STG −0.3202± 0.0926 −0.0498, −0.5661 0.0001206
FEF → FEF −0.8093± 0.1111 −0.8368, −0.7842 4.77×10−7

FEF → vlPFC −0.4312± 0.1403 −0.4433, −0.4201 0.0008001
vlPFC → FEF −0.6870± 0.1330 −0.7032, −0.6721 1.57×10−5

vlPFC → vlPFC −0.8698± 0.1159 −0.9023, −0.8402 4.77×10−7

D.7 Per-area Lyapunov: leading exponent and
within-area spectra

Per-area within-area Lyapunov leading-exponent results (anesthesia − awake) are reported in
Table D.12.

The single per-area cell that passes the sign-agree gate on the leading exponent is FEF; the per-area
full-spectrum mean (reported in the chapter (§4.4)) passes the gate on STG, FEF, and vlPFC,
indicating that the cohort-wide destabilization signal is broad-spectrum rather than concentrated in
the leading mode.
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Table D.12: Per-area within-area Lyapunov leading exponent maxλ (1/s), anesthesia − awake. Per-area
paired two-sided Wilcoxon; “sign-agree” indicates whether the per-NHP mean differences agree.

Area maxλ awake maxλ anesthesia ∆ Wilcoxon p sign-agree

PPC −14.33± 2.49 −13.53± 2.97 +0.81± 1.10 0.68 no
STG −27.15± 3.73 −25.95± 3.32 +1.20± 0.73 0.14 yes
FEF −36.37± 3.44 −34.02± 3.47 +2.35± 0.73 0.0025 yes
vlPFC −28.88± 3.48 −30.29± 3.63 −1.40± 1.30 0.29 no

D.8 Per-NHP session bookkeeping

Per-animal session counts and per-condition window lengths are reported in Table D.13.

Table D.13: Session counts per animal and per condition. Resting-state windows: 15min awake-baseline,
30min maintenance-dose centered on the middle of the maintenance epoch.

Animal sessions awake (min) maintenance (min) areas

NHP 1 10 15 30 PPC, STG, FEF, vlPFC
NHP 2 11 15 30 PPC, STG, FEF, vlPFC
Total 21 — — —

D.9 Software and reproducibility

All numeric results can be reproduced by checking out the JacobianODE library at commit 4c6e86f8
and the MindControl analysis pipeline at the corresponding commit on the main branch, and
running the sweep with the hyperparameter grid in Table D.1 on the sessions listed in the per-
NHP bookkeeping table. PyTorch 2.7.1+cu118, torchdiffeq 0.2.5, SciPy 1.17.1 are pinned in the
repository’s environment file. Training was carried out on the Engaging compute cluster at MIT.
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